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PREFACE 


The algebraic method as an aid to the simplification of work 
with the differential equations and integrals met with in the field 
of mathematical physics has been appreciated only partially in 
electrical engineering and hardly at all in any other field. Even 
in electrical engineering the lead of Oliver Heaviside has been 
inadequately followed up because of his mathematical limitations, 
which have seemed to narrow the horizon of those who - have been 
interpreting his work. 

This text is an outgrowth of an attempt (1) to search out the 
history of these methods; (2) to codify the set of theorems found; 
(3) to connect them with the work of the rigorists; and (4) to 
extend the theorems by all possible means. It is not well known 
that the history of these methods covers more than a century, 
and it is also not known what a wealth of work has already been 
done and written up and lost in the literature. A simple list 
of the theorems reads like a treatise on differential equations or a 
table of integrals. At present a number of mathematicians are 
doing some elegant work on the rigorous analysis of the opera- 
tional forms and placing them in the category of high-grade 
mathematical tools, which mathematicians in general (let alone 
the practical workers) need not deign to use for their convenience. 
Moreover, there are many places in the theory where it is obvious 
that much immediate satisfactory research work can and needs 
to be done. 

This text is not written for the mathematician, even though it 
will challenge his attention because of the fundamental character 
of the methods used. It is written primarily for all those who 
live and work to make mathematics useful to mankind, because 
of the inherent simplicity and beauty of the operational forms and 
because of their wide application to the daily tasks of the teacher 
and worker in our engineering schools and industrial laboratories. 

Briefly, the essential nature of the method here presented is 
that of (1) “algebraizing”* the operators of the differential and 

* This is the word used first by Oliver Heaviside in his characterization 
of his short methods which themselves come under the theory of this text. 
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integral calculus; (2) simplifying the algebraic forms thus 
obtained by the rules of ordinary algebra; and (3) then reinter- 
preting the resulting forms as operators, which are then found 
to be easier to use than the original ones. Great economy of time 
and space is thus gained, and difficult problems are resolved 
easily and quickly. The operations of the calculus in general, and 
the integration of differential equations in particular, are rendered 
as simple as are the solving of ordinary algebraic equations. An 
example or two will illustrate this. 

To integrate the form Jx 4 e x dx we should use the formula of 

integration by parts four times with one further integration. 
By the operational method there is no integration, only some 
algebra and differentiation, viz. : 

J x 4 e~ x dx ss ^e-*x 4 operational definition of integration 

= e~ x jj by operational shifting theorem 

== ~ e x(\ — D )- 1 ^ 4 algebraic reciprocal 
ss — + D 2 + D 3 + D 4 + * * • )x 4 binomial 
theorem 

= — e~ x (z 4 + 4 x 3 + 12z 2 + 2ix + 24) simple differ- 
entiation 

(No further powers of D need be used, as they would produce 
zeros.) 

The particular integral of the differential equation found in 
electrical engineering practice 

( D 2 + 2 Dh + h 2 + q 2 )y — Ce~ ht cos kt 

is called its “steady-state solution. 77 
Completing the square, we have 

[(D + h ) 2 + q 2 ]y = Ce~ ht cos kt 
Solve for y algebraically; 

y = (D + h) 2 + q 1 ' Ce ~ h ‘ C0S U 
Use the “shifting theorem,” 


V 


= Ce~ 


1 

D 2 + q* 


cos kt 
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then the substitution of — fc 2 for D 2 , giving the result 


y 


Ce~ ht 


cos kt 

T 2 


The text is full of illustrative examples of like simplification 
for the mathematician, the physicist, and the engineer. 

Since the completion of this text, two books have been pub- 
lished to which special reference should be made — particularly 
so because no attempt is here made to justify rigorously any of 
the methods ; only to show analytic parallelism. Full justification 
for all the methods will be found in the following: 


H. T. Davis, “The Theory of Linear Operators,” Principia Press, 1936. 

E. G. Poole, “Introduction to the Theory of Linear Differential Equations,” 
Clarendon Press, 1936. 


For continued encouragement in the development of this work 
the author is indebted to Prof. Walter L. Upson, professor of 
electrical engineering, Washington University, St. Louis. Grate- 
ful acknowledgment is made to Dean Harry E. Clifford for his 
suggestions as to form; and to Dr. Francis Regan of St. Louis 
University for his rigorous criticism and reading of proofs. 

Eugene Stephens. 

St. Louis, Missouri, 

October , 1937. 
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ELEMENTARY THEORY 

OF 

OPERATIONAL MATHEMATICS 


CHAPTER I 


INTRODUCTION AND DEFINITIONS 


§1. Introduction. 

(1) In the calculus and its applications, as in differential equa- 
tions, a certain simplicity is obtained if we use single symbols 
for the forms for indicating differentiation and integration. 


In indicating differentiation, if, instead of using ^ we use simply 


D, we have substituted a single letter for three letters and a bar; 
and since integration is the inverse of differentiation, the sugges- 
tion is now obvious to use the algebraic inverse of D to indicate 


integration; thus, I or D~ 1 for J ()dx. We can then write Df(x) 
or D~ l f(x), respectively, for or Jf(x)dx. 


(2) In differential equations, powers of D would be in order. 
Thus our differential equation for harmonic motion would become, 
D-y + n-y = 0, or, algebraically, ( D 2 + n-)y = 0. Here we 
have substituted a single form to operate on y instead of the sum 
of two forms operating on y. Our simplification for the second 
derivative brought into the picture another simplification in 
the form of a single expression combining the whole story of the 
operations to be performed on y. Now, still another simplifica- 
tion is exposed (or rather suggested) by that form, viz., the 
solving of the latter equation algebraically for y. Acting on the 
suggestion, we would have 


1 

V D*"+ n 2 


0 or 


— (D 2 -|- ft 2 ) 
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If we try to interpret this form, we might say that the value of 
y is an inverse operation upon zero. If this could only be per- 
formed, or if we could develop simple rules for such an operation, 
we might have revealed quickly the actual value of y which 
would satisfy the algebraic equation and, what would be more 
to the point, the differential equation. The rules for handling 
the operator and forms containing it are really in existence, are 
easily used, and when handled with skill born of knowledge of 
their nature are powerful instruments for problems in the calculus. 
Two illustrations will suffice to indicate this. 

(3) Let us integrate x 2 e x . Here the integral form is Jx 2 e x dx. 

The operational form is D~ 1 x 2 e x . A rule developed in Chap. II 
is “Shift e x across the operator by adding the coefficient of x 
(in e x ) to the D i.e., 


D 1 e x x 2 = e x (D + 1) l x 2 

A second rule says “Expand the inverse operator into an infinite 
series in D”; i.e.: 

(D + l)- 1 = 1 - D + D 2 - D* + - • - • 

Substitute and operate by differentiation (instead of integration); 
thus, 

e x (D + l)-^ 2 3 e *(l - D + D 2 - + • • • )x 2 
= e x (x 2 - 2x + 2) 

We have 

jx 2 e x dx = e x (x 2 — 2x + 2) + constant of integration 

the indefinite integral. We have not integrated but have 
differentiated. Integration by parts twice will show that this 
is the correct value of the integral. 

(4) The other example is the differential equation of motion 
y n + n 2 y = 0. Thus, 


(D 2 + n 2 )y = 0 
y = i)2 + n 2 c 
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Turn (D 2 + n 2 )~ 1 into partial fractions; i.e., 

(. D 2 + w 2 ) -1 s (D + ni)~ l (D — ra) -1 

= (2ni) _1 [(D - m)- 1 - (D + m)' 1 ] 

Then (ignoring the 1/2 ni and the minus sign) 

y = (D 2 + n 2 )- 1 • 0 = (D - m)- 1 • 0 + (D + m) -1 • 0 

Insert e nix e~ nix = 1 and e~ nix e nix = 1, respectively, between the 
operators and zero; 

(D — ni)~ 1 e nix e~ nix ■ 0 = e nix (D — ni + • 0) 

= • D- 1 • 0 

(D + ni)~ l e~ nix e nix ■ 0 = e~ nix (D + ni — ni )~\e nix ■ 0) 

= e nix . J)-l . © 

Now interpret D~ 1 ■ 0 as J'odx = c and obtain 

y = e nix Cl e~ nix C2 

which is the complete solution of the differential equation, 
obtained operationally. 

(5) The operational method is simple, easily acquired, and 
powerful, and we shall proceed to develop the formal rules 
forthwith. 

§2. The Necessity for Definitions. 

Since every subject must have a convenient notation, and 
every student of it a complete understanding of the terms and 
symbols used, our first concern is with the elementary terms which 
are used throughout this text. The following set are an irreduci- 
ble minimum of fundamental ideas, in terms of which our subject 
is developed. 

§3. Definitions. 

(1) Subject. The subject is the function upon which an opera- 
tion is to be carried out. 

(2) Operator. An operator is a symbol that is used in place of 
a description of a mathematical process or procedure. It 
symbolizes the specific instruction or set of instructions for 
process or procedure. Operators may be monomials, poly- 
nomials, linear, compound, iterative, or functional. 



THEORY OF OPERATIONAL MATHEMATICS [Chap. I 


a. Monomials (single symbols) : 
b • a = c 
* x m — (x + A) 7 
A • a x = a x+h 


T\ 

D ■ u = ~u 

nnr 


L 

h~> o 




U 

h^O 


■ u 


dr -f{x, y) ) = Af(x, y ) = 


A->0 

$-u=x-D'U = x- 4~u 
ax 


These are defining equations. Operators are known when the 
results of their action are known. 

b. Polynomials: 


A - rp - 1, ^ = A + 1 

o 

F(D) = X AkDk ’ ehD - X jfjCW 

k=n k = 0 ' 

d d S 

v "te + di + Tz^ dl + d2 + d3 

7 d . d 

^ ^ &17; — * ~1“ a%- — + 

/ OXi dx^ 

In the foregoing it is seen that the process of symbolizing can 
be a cumulative one. The left-hand symbol is one covering 
several separate and simultaneous operations indicated on the 
right-hand side. When this is the case, they are said to be 
identical, and the identity sign is used. 

c. Linear operators are those in which the operative symbols 
appear to the first degree only. 

d. A compound operator consists of a group of simple, defined, 
monomial, or polynomial operators, the subject of each of them 

after the first being the result of all the preceding operations 
Thus : 


A • \p - a • x 2 = a(2hx + 3 A 2 ) 


a(x 2 ) = ax 2 
\P(ax 2 ) = a(x + A ) 2 

A[a(# + A) 2 ] = a(x + 2 A) 2 — a(x + A) 2 
= a(2hx + 3A 2 ) 


for 
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e. Repeated (iterated) operators are indicated by an exponent 
(index). Thus: 

D 3 - x 4 = D - D ■ D ‘ (x 4 ) 

== D • D • (4x 3 ) 

= D • (12x 2 ) 

- 24x 

/. A functional operator is one that is algebraic or tran- 
scendental in form but not simple or compound. It includes 
rational or irrational fractions of simple operators, or trigo- 
nometric or logarithmic forms. They all must be capable of 
expansion by the known methods of algebra or calculus into 
ascending or descending powers of the simple operator involved. 
Examples would be : 

1 D = l + D + D* + 

e hD =1 + hD + ^ h 2 D 2 +••• 

sin D = D — + ^Z) 6 

log (1 + D) m D — y 2 D* + y s D 3 - • • • 

Vl - d 2 = 1 - l Ad- + y&d* - ■ ■ ■ 

(3) Order . Unless the order of performance of the single 
operations indicated by a group or compound operator is indiffer- 
ent because of mutual relations, the operators should be ordered; 
i.e. y the operations should be performed in the same succession 
as the symbols are written, from right to left. If the order is 
thus relevant, the separate operators are said to be noncommuta- 
tive ; if indifferent, commutative, or permutable. [cf. Commuta- 
tion, (6).] Thus: 

D and x are noncommutative; 

D • x • (x 2 ) = Dx 3 = 3x 2 
x * D • (x 2 ) = x(2x) = 2x 2 

D and a are commutative; 

D * a • (x 2 ) = D • ax 2 = 2ax 
a * D • (x 2 ) = a • 2x = 2ax 
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(4) Result. That function or quantity which is obtained by 
carrying out the operation upon the subject, connected with the 
operator subject by an equality sign. Thus: 

\p • x 1 — {x + A) 2 
(Operator) • (subject) = (result) 

(5) Elementary Algebraic Transformations, a. Indicated oper- 
ations of addition, subtraction, multiplication, division, evolu- 
tion, involution, and transcendentals. 

b. Identical substitutions. 

c. Commutation. 

d. Expansion into series. 

(6) Commutation. Transmutation in place, or permutation 
in order of the component consecutive operators of a group or 
compound operator. 

(7) Interpretation . An operator is interpretable if it can be 
transformed by elementary algebraic transformations into a 
series of simple or elementary known operators, each of which 
can be carried out in order. Thus: 

+ + )s 

s + hs' + + . . . 

which makes it possible to interpret e hD from the result. 

(8) Inverse. In general, an inverse operation is that which 
when performed upon a result will bring back the original 
subject unchanged. Thus: 

~[a(x 2 )] = -(ax 2 ) = x 2 
a a 

Q~ l • Q * u = u 

The inverse operator uses the same symbol as the direct but with 
— 1 as its exponent. 

An inverse of a compound operator will be defined as the 
inverse of its component parts in the reverse order. This 
definition is easily seen to be a logical one, if we consider that in 
the second example above Qr l • Q s 1 if the relation is to be true. 
Using this, we can see that 
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if 

then 


Q = V ' Q • r 


Q- • Q 

= 

Q- 1 

. p . 

Q • 

r 



1 

== 

Q- 1 

■ p * 

Q * 

r 



r -i 

= 

Q- 1 

. p . 

Q ’ 

(r 

* r~ x ) 

Q- 1 

<T l 

= 

Q- 1 

■ p • 

(q 

* q~ 

- 1 ) 

* Q- 1 

r -i . g- i . p- i 

= 

Q- 1 

• ( V 

* V~ 

- 1 ) 


^ Q- 1 


Q 

— 1 = 

r —l 

* q~ 

-1 . 

p- 1 



(9) Equivalency . a. Two operators may be used equivalently 
if one can be obtained from the other by the use of elementary 
algebraic transformations. 

b. Provided, that one can be interpreted. “ The mere processes 
of symbological reasoning are independent of the conditions of 
their interpretation.” [Boole, “ Differential Equations,” 2d ed., 
p. 399; i.e.j an experimental principle, not a mathematical 
theorem.] 

c. But the results of equivalent operations upon the same func- 
tion are not necessarily identical. 

This can be seen to be reasonable from the fact of the indeter- 
minacy of the indefinite integral in the calculus. 

(10) Validity . The validity of the result of an operation 
may be established by the use of the inverse, i.e.j as in the direct 
and inverse operations of the calculus. 

(11) Abstraction. When relations exist between operators 
independently of the form or value of the subject, as under the 
principle of equivalency, we may abstract the consideration of 
the operators themselves, ignoring the subject; and then an 
equivalency sign [==] between the operators is understood to 
indicate that they are universally equivalent. 

This is important from the point of view of pure operational 
mathematics. As in arithmetic, we abstract number relations 
from the counting and combination of concrete things, so in 
operational work we can abstract operational relations from the 
subj ects and consider the algebraic or analytical relations obtain- 
ing between the operators themselves. The whole method 
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consists essentially of this type of abstraction. The following 
quotations from the article “Operation” in the Penny Encyclo- 
paedia , published nearly a century ago ? would not be inapropos: 

The use of symbols of operation not standing for magnitude but for 
directions how to proceed with magnitudes began with Leibniz and 
Newton, before whose time algebraical characters denoted simple 
numbers. The progress of the differential calculus forced the attention 
of mathematicians upon modes of denoting, not results of processes, but 
ways of proceeding. The generalizations arising out of the organization 
which notation gave to processes led to the use of indefinite and arbi- 
trary symbols of operation. Finally it was observed that the symbols 
of operation employed in many general theorems would give simple and 
well-known relations if their meaning as symbols of operation were for- 
gotten and they were considered as symbols of quantity. 


In this way many theorems were investigated, upon the following 
plan of proceeding: — 1. Throw away symbols of quantity from a known 
theorem, and proceed in any manner which may appear eligible with 
the symbols of operation, treating them as if they were quantities. 
2. When a result has been obtained, restore the symbols of quantity 
to their old places, and those of operation to their old meaning. 3. The 
result as thus viewed has all the presumption in its favor which arises 
from its being the legitimate consequence of a method which, whether 
accurate or not, has never been found to lead to anything but what 
could otherwise be satisfactorily shown to be true. And though 
Lagrange himself, Arbogast, the English translators of Lacroix, Brinkley, 
etc., may have used language in reference to this method which would 
seem to imply that they considered it as one of demonstration, yet it is 
obvious, from the care taken by them to have abundant external veri- 
fication in every case, that their results were considered by themselves 
as resting on such a presumption as that above noted; though it is also 
evident that they considered the presumption as amounting to moral 
certainty, which indeed they were justified in doing. 

In reality, one can easily see, from the preceding, and the 
definitions of this section, that this subject is 

. . . neither a resemblance of an algebra, nor a calculus of functions 
founded on algebra, but an algebra, or if the reader pleases algebra 
itself; so that its conclusions rest upon the same foundations as those of 
ordinary algebra. 



CHAPTER II 


THE OPERATOR D = -j- 

dx 


§4. Definitions and Elementary Algebra. 

(1) Definition. The symbol D has been fairly universally 
adopted as that for differentiation. But its use as an algebraic 
symbol in the simplification of applications to the calculus has 
been singularly frowned upon in certain mathematical circles. 
We are here merely defining it by the form 


and its inverse by 



( 2 ) 


Reference should be made to the definition of an “inverse” 
[see §3 (8)] and to “inverse operations and the appendage” 
[Appendix III, §60 (6), (7), (8)] for a proper understanding of 
the use of the constant of integration in operational work; and 
its full significance will transpire in the present chapter (§7) 
under “Operations on Zero.” 

(2) When a single independent variable, other than x, is used, 
the symbol D may still be used, though sometimes (particularly 
in electrical usage) p is found as 

d 

V = dt 

where time t is the independent variable. This is the symbol 
used by Oliver Heaviside and by Paul Levy.* But it must be 


* Le ealcul symbolique d’Heavisidc, Bull. sci. math., (2) 60 (1926), 174— 
]92. Levy, however, uses D in his paper, Sur la derivation et l'integration 
generalisees, same publication, pp. 307-352. 

9 
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remarked that the symbol for differentiation and for integration 
can be any letter or character that will be so defined. We must 
not be slaves to symbols in this operational work. It is relation- 
ships and their forms that are essential. 

(3) Iteration. With Z> = — , repeated or iterated differen- 
tiation can be indicated by the exponential form 

D” = D-D ■■■ D 

_ d_ d d _ d” 

~ dx dx dx dx n 


Thus D n - fix) calls for the n successive differentiations of f(x). 

(4) Likewise, iterated integration is indicated by 


D-» = D- 1 ■ D- 1 ■ D- 1 ■ ■ ■ D-' 


1 1 l l 

~ D D D D 

3 J"dx • J"dx ■ J~dx ■ • ■ J'dxQ 

- p rod * ’* 

Ja Ja 


r° dx " + i° ixi (4) 

i = 0 

(5) Distribution. D, any power of D, and therefore any 
rational integral function of D are distributive operators; i.e., 
they can be performed upon any sum of subjects separately. 
Thus 

D * (u + v) s D • u + D * v 

D • [f(x) + g(x) +•••] = D -fix) + D ■ g(x) + • ■ ■ 

D n • (u + v + • * • ) == D n * u + D n * v + * * • 

D n ■ [f(x) + g{x) + • * ■ ] = D n ■ f(x ) + D n • g(x) + ■ • ■ 

F(D ) • [ic + » + • • • ] = F(D) * u + F(D) * + * * * 


(6) By Jf^(Z>) we mean a rational integral function of D of 
the type 

n 

F ( D ) = ^ o,kD k = a,o + a\D + a^D 2 + ■ * * ~h (5) 

*=o 


the afc being fixed constants in the complex field. 514 

* Pincherle and Amaldi, “Le operazioni distributive/ 5 Bologna, 1902. 
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(7) F(D) can also include any operator in D that can be 
expanded into such a form by Taylor’s theorem or by actual 
algebraic operations; thus: 

e° = 1 + D + ~D 2 + ^D 8 + ■ • • 


1 Hr D 


= 1 - D + D- - D 3 


sin D = D — Id 3 + + 


log (1 + D) = D 


\ D ' + 1 D ' - \ D ‘ + 


(8) Commutation. Differential operators are commutative 
with respect to both addition and multiplication. With 

D p =e and c a fixed constant, we have 


D p == p + D for 
D • p s= p • D for 
D • c = c • D for 


du d-u __ du du 

dx dt ~ dt dx 

d 2 u __ d 2 u 
dx • dt ~~ dt * dx 
dcu __ du 
dx dx 


( 6 ) 

(7) 

( 8 ) 


From this last equation (8) it follows that any rational integral 
function of D or any function expansible into such is commu- 
tative with any other of the same kind; i.e., 

F(D)-f(D) • • - mf(D)-F(D) • • • (9) 

A particular case of this would be 

(D - a) • (Z> - b) • • • s (jD - b) • (D - a) ■ • • 


where a and b are fixed constants. 

(9) Index Law. For positive integral powers of D we shall 
have 

D m • D n = D w+n (10) 

and, in general, 

[F(D)] m • [F(D)]” s [F(Z>)]~+» (11) 

(10) For negative values of the exponents, if we neglect the 
appendage, we can state the following: 


D m * L)~ n = I)~ L ' D™ — L) m ~ n 


( 12 ) 
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from which, for rn = n , 

Dm . J)~ m s = £) 0 s j 

Equation (13) is in line with our general definite , . ^ 

[see §3 (8)]. Also, in general, ^ ° f “ 

( F ( D )] m ■ [F(D)]~™ ~ [f(D)]o = j 

(11) Attention is called to the effect of consideration nt 
appendage upon the principle of commutation. We hi " ‘ he 

d 

dx* 

|irw + ci 


D-D* 


But 


Thus 


-m 


D -‘ D '<*>-/[£'<*>} 
= /(*) + a: 


'dr 


D ■ D 1 = 1, but D- 1 ■ D f£ 1 

resZl W lX ^ZTJtZ ° f * ^ ^ 

D~\ then D • /A n f ° peratl0n 5 or operation 

as a particular function and • D ? Ven u think of /(*) 

Then with the proper conditions on the resur^^lT^ 11 ' 1 ^"' 
stant could be evaluated in snrh . * the arbltrar y con- 

to the original function" “/S Z‘\Z ° m” 8 ^ 

be the same as if the two nnpmt dna res ults would 

could also be done with F(D), i n generlfTf ™ mmatative - This 
m thw text we are going to work in\ + ?[’ I S ° desired • And 

specified. We shall see in theteQuel th^f+K— UnIeSS otherwise 
(12) Expansion of Inverse Operator “ JUSt “ wdI - 

the inverse of a rational inteo-roi t 1- Wh We Wlah to use 
change its form into a series rwL f ^ nctl0n of D > we frequently 
D - Sometimes there are several ser‘ ^Tw descendin g Powers of 
we have to choose between them ^ ^ be ° btained > a *d 
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(13) Division is the usual and simplest way of obtaining the 
series, and this can be done in more than one way. For instance, 


with the operator D — a, the inverse 

l 

be expanded 

D - a Can 

by division : 


1 

1 


1 1 

D 


1 ~ D a 



1 

D a 



1 1 , 

B D 2<1 ~ 



D 

+ i a2 



+ ■ ■ ■ 


so that we have 



* = 1 

D~ k 

(15) 


If we divide as follows: 


— CL D 


1 - ~D 

a 


-D 


D - 




1 

a 




we obtain 

1 °° 

-= -%ar^.D> (16) 

k =0 


Equations (15) and (16) are essentially different with respect to 
their action as operators. If (15) is used on a rational integral 
function of z, we shall have an infinite series. But if (16) is 
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used on the same function, we have an entire expression as a 
result. For example, 



— * x 1 
a 


D 


— • x 2 
a 





— -j- 3*4 -| — —x* ”j~ 

3 ^3-4 '3-4-5 ^ 




The question would then arise as to which of these results is the 
valid one. The answer would depend entirely upon the connec- 
tion that the operation has upon other considerations. The 
values of x that make either of these results finite would have to 
be determined. We should have to exclude values that would 
make either infinite. It may even be possible that the sum of 
both of these would under certain conditions be all right. How- 
ever, attention must be called to the fact that since the identities 
(15) and (16) are identities of operators only, no question need 
be raised until after the operations are performed and the results 
obtained. 


(14) If we have an inverse function like tv then 

{D — a)(D — b) 

we shall have three forms of expansion to choose from, one of 
which is called a Laurent series. We should thus have three 
different results after operation upon a given subject. These 
three would have to be examined carefully to see which would 
satisfy the conditions under which our result is desired to be valid. 

(15) Expansions can always be safely made if we use Taylor's 
theorem. For simple operators like (D — a)“ 3 , expansion by 
the binomial theorem produces the same result as by Taylor's 
theorem. 


(16) As exercises, the student should expand the following, 
each in as many * ways as possible: 

(а) (D - 1)-K 

(б) (D - 1)-*. 

■ (c) [(D — 1)(Z> — 2)]~h 
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(d) (D 2 - I)" 1 . 

(e) (D 2 + l)- 1 . 

Also, by means of the expansions of the operators, obtain the 
results and compare them for the following: 

(f) C D - l)- 1 • z 4 . 

(S) (D “ I)" 2 • *■ 

(17) Partial Fractions. It is often necessary in operational 
work to expand inverse operators into partial fractions. The 
algebra of partial fractions is given here. Though a chapter on 
partial fractions can be found in all college algebras, most of 
them do not give the simplest methods, which are by the use of 
the calculus. These methods are detailed in the following 
paragraphs. 


(18) Consider the rational fractional function 


m 


with the 


*(D) 

degree of f(D ) lower than that of By the theory of 

equations <t>(D) can be separated into factors of the following 
types only: 

Type I : D — a. 

Type II: (D — ay. 

Type III: [(D - a) 2 + 6 2 ]. 

Type IV: [{D - a) 2 + V]*. 

(19) Types I and II will be treated by the method given by 
Joseph Edwards.* 

(20) Type I: (D — a) Present Once. Here we have 


4>(D) « CD - a)«(D), 


which will give us 

m = m . , gipi 

4>(D) “ (D ~ a)a(D) D - a a(D) 

The numerator A is to be determined as a constant, 
have 

m = . , g(D)(D - a) 

«(D) “ a(D) 

with D = a 


m 

a (a) 


= A 


(17) 
We shall 


: “Integral Calculus,” vol. I, §139, pp. 
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and we then obtain 


m s /(«) . _ i_ , g(D) 

a(a) D — a <x(D) 


The first term on the right of the identity sign is the partial 
fraction corresponding to the factor ( D — a) in <t>(D). 

(21) If all factors of <j>(D) are distinct and of Type I, the method 
can be repeated for each one. Thus; in the example, 


(D - 1)CD - 2) (D 
1 

(Z> - 2) (D - 5) 
1 

(D - 1) (D - 5) 
1 

(D - 1 )(D - 2) 


- 5 ) 

£>=1 


£>=2 


D— 5 


and 


D - 1 + D — 2 
1 

(1 - 2)(1 - 5) 

1 

(2 - 1)(2 - 5) 

1 

(5 - 1)(5 -2) : 




I - 1 1 , 1 

(D - 1)(£> - 2)(D - 5) 4(£> - 1) 3(Z> - 2) + 12(£> - 5) 

(22) Type II: (D — a) Repeated p Times. Here 
4>(D) = (D - a)*- • a(D), 

which will give us 


m _ /(£>) 

</>(D) (Z) - a)” • a(Z)) 


-A 1 — -) A... 4 - 

£> - a T (Z> - a)- ^ 


+ 


+ 


(£> 



(£> —’a)' 3 
, ?(0) 
«(£>) 


(18) 


Now put D - a = y, so that £> = y + a = a + y. Then 


/(« + y) 

_a(a + y)_ 

By division of f(a + y) by a(a + y) we obtain an ascending 
power series in y, the coefficients of the first p terms of which 
will be, respectively, A p , A p ~ i, . . . Av, Ai, as can be shown as 
follows: 


/(£>) = 1 . 

(£> - a) p ■ a(D) D „ a+I/ y" 
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1_ 

f(a + y ) 

1 ' 

yP 

a(a + y)_ 

_ y v . 


A,, + A p -iy + A p -iy~ + 


+ 


Aiy>‘ 1 + 


_ H, i ^ p-i I -'H— 2 _j_ . 

yP ' T yP-l f yp-2 ' 

Now, changing back y = D — a, we have 


+ — + 


% )y p 
«(« + 2 /)J 
A (2/) 


y a(a + y) 


1 


f(g ± y) 

y p \_a(a + J/) 


y=*D — a 

A v 


+ 


Ap- 


(D - a)" ' (D - a) 


h • 

r.V-1 ^ 


+ jA — i- 

D — a 


Each repeated factor in 4>(D) will be treated separately in the 
preceding manner for the respective coefficients due to that factor. 

(23) If a(D) is a single linear factor, the division can be per- 
formed by a sort of synthetic division process which gives the 
coefficients quickly. An example of this would be 


Dividing 


we have 


(D - 1) 3 (D + 1) 
2j 1 


1 

2 +y_ 


X M -X 


He 


X -X 


X -He 


.2^-1 * +V-JL vl 

2 +y 2 ^ 8 y . 16 (2 + y) 


so that 


1 


— + 1 
A . .9 ■ 


1 


y\2 + y\~ 2 y 3 4 y 2 8 y 16(2 + y) 

Substituting back, we have 

1 

( D -m D +D 

iii 
+ ■ 


2(D — l) 3 4(D — l) 2 1 8(D — 1) 16(2) + 1) 
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(24) An example of two repeated factors is the following: 

1 

(D - 1 ) 3 (D + l) 2 

“ (D - l) 3 + (D — l) 2 ^ D - 1 ^ (D + l) 2 ^ D + 1 
Since when D — 1 = y, D + 1 = 2 + y, and 
(D + l) 2 = 4 + 4j/ + y 1 

we have 

(D - 1) 3 (D + l) 2 D-i=y 2/ 3 L4 + 42/ + y 2 ] 

Dividing 

4 4 1) 1 M = A 

l + i + H 

- l -X -H = B 

- i - i - Va 

% + H He = C 

When D + 1 = y, D - 1 = -2 + y, and 

(D - l) 3 = -8 + 122/ - 62/ 2 + 2/ 3 

and 

1 - =ir l_ 1 

(Z> - 1) 3 (D + l) 2 n + i_ y\ -8 + 122/ - 6t/ 2 + 2/ 3 J 

Dividing 

-8 +12 -6 +1 1 1 -H = E 

~ 1 -H + H- H 

H-H + Vs -He = E 

we thus have 

1 _ L_ 1 4. 3 

(D - 1) 3 (D + l) 2 _ 4(D - l) 3 4 (D - l) 2 ^ 16(D - 1) 

1 3 

8(D + i) 2 mb + 1) 

(25) Types III and IV are treated by the method given by 
Williamson. * 


“Integral Calculus,” §41, pp. 49jf. 
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(26) Type III: One Pair of Imaginary Roots a ± ib. Here 
<*>(D) ® [(D - ay- + 6 2 ] • a(D), or <f>(D) ^ \D- + pD + q] ■ a(D), 
where p = — 2a and q = a- + b-. Then 

f(D) f(D) LD + M h(D) 

4>(D) ~ (D 2 + pD + q) ■ a(D) D- + pD + q a(D) 1 ’ 

The partial fraction corresponding to the factor D- + pD +■ q 
is the first term on the right of the identity sign. Then we have 

m, LD + M + m (D , + pD + {) ( 20 ) 

Now set D- + pD + q — 0, or D' 2 = — pD — q, obtaining 
/(D) ee a(D)(LD + M) 

in which every D 2 must be set equal to — pD — q. When this 
equation is simplified, and that is done, we shall have an identity 
in D and can equate coefficients, which will give us two linear 
equations in L and M , sufficient for their determination. 

(27) An example of this is 

2D - 1 

(D 2 + 2D + S)(D - 1 )(D - 2) 

LD + M A B 

“D 2 + 2D + 5~^D — 1 D 2 

Multiply through by D 2 + 2D + 5: 

(D - 1)(D - 2) - LD + M + + 2D + 5) 

Set D- + 2D + 5 = 0, and multiply through by (D — 1) (D — 2) : 

2D - 1 = (D - 1)(D - 2 )(LD + M) 

* LD 3 - 3 LD 2 + MD 2 + 2LD - 3MD + 2 M 

Set D 2 = —2D — 5, and collect terms on the right: 

2D — 1 s — 2LD- + (-5L - 2 M + 2L - 3 M)D - 5 M + 2 M 
Again set D- = —2D — 5 and collect terms: 

2D - 1 a (L - 5Af)D + (10L - 3M) 

Now equate coefficients: 

L - 5M = 2 

10 L -3 M = -1 
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from which 

L=-%, M=- % 

Thus the partial fraction due to D 2 + 2D + 5 is found to be 

-11D - 21 

47 (D 2 + 2D + 5) 

(28) Type IV: A Pair o/ Imaginary Roots Repeated k Times. 
Here 0(D) = (D 2 + pD + $)* • «(D), and 

/(D) = /(D) 

0 (D) (D 2 + pD + 5 )* • a(D) 

_ D/D + ilf; c Dt_iD + M/ ; _i 

~ (D 2 + pD + # \ (D 2 + pD + g)*~‘ ' ' ' 

LiD + M, 

D- + pD + g 

There are k partial fractions corresponding to the 
(D 2 + pD + g) fc 

Multiply through by that factor, obtaining 

= L k D + AT* + (D*_,D + M,_,)(D 2 + pD + g) 

+ ' • ' + £§j(D* + pD + g) A ' (22) 

Set D 2 = — pD — q 


+ 

+ *W (21) 
+ a(D) W 

factor 


/(D) 

«(D) 


= Dj-D + Mu 


(23) 


This equation is now treated exactly as in Type III, giving the 
values of Li, and M k . For the next set Dj-i and Mi— 1 , differ- 
■ntiate equation (22) with respect to D, obtaining 


± /(D) 

dD[a(D) 


= L k + [L,_,D + Af*_J(2D + p) 

+ (D 2 + pD + g)(L,_, + A) 


(24) 


idiere K is immaterial, since we are setting D 2 = — pD — g; 


d 

dD 


/(D) 
“(D) J 


= Da- + [D/ ; _jD + M/,_i](2D 4" p) 


(25) 
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When this equation is simplified, and all D 2 are finally set equal 
to — pD — g, we may equate coefficients and obtain two linear 
equations in L A -_ i and Mjt-i. For the third set of coefficients 
Lh ~ 2 and JkT; c _ 2 , differentiate equation (22) twice with respect to 
D and proceed as for the second set. Repetitions of this method 
eventually produce all k sets of coefficients. 

(29) A simple example of Type IV is 


D 3 + D UD + ¥ 2 LJ) + ¥ i 

(2> 2 + JD + l) 2 “ (D 2 + D + l) 2 + D 2 + D + 1 

Multiplying through by (D 2 + D + l) 2 , we have 

D 3 + D s LJ) + ¥ 2 + (LiD + Mi) (D 2 + D + 1) (a) 

Set. D 2 = —D — 1 


or 

and 


from which 


D( — D - 1) + D s L 2 D + M 2 

-D 2 - D + D s LoD + ¥ 2 

— ( — D — 1) = L 2 D + M 2 
D + 1 = UD + ¥ 2 

Lo = 1 and ¥ 2 = 1 


Now differentiate (a): 

3D 2 + 1 s L 2 + (LiD + ¥i)(2Z) + 1) + (D 2 + D + 1 )L X 
In this, set D 2 = —D — 1 


— 3 D — 3 + 1 = L 2 + 2 Li( — D — 1) + L]D + 2MJ> + ¥ 1 


or 


— 3Z) — 2 = (— Li + 2M\)D + ( — 2Li + ¥1 + 1) 
from which 

—Li + 2¥i = -3 
— 2Li + Mi = -3 

and 


Li = 1 and ¥1 — — 1 
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We then have 

D* + D _ D + 1 D - 1 

(Z> 2 + Z) + l) 2 “ (Z) 2 + D + l) 2 + Z) 2 +"D + 1 


(30) The following are examples in partial fractions, to be 
worked out by the student : 


I. (a) 

(c) 

(d) 

(fi) 

(g) 

II. (a) 
(o) 
(d) 

III. (a) 
(c) 

IV. (a) 
I, II. (a) 

(c) 

(d) 

I, III. (a) 

(c) 


(b) 


Z) 2 + 11D + 14 
(D + 3)(Z) 2 - 4)' 

6 D - 1 

(2D + 1)(3D - 1)' 

4D 

(D + l)(D + 2)(D+3)' 
D' 2 + 2D + 3 

(D - 1)(D - 2 )(D - 3)(D 
D 3 — D 2 — 5D + 4 
D 2 - 3D + 2 
D + 1 


2D + 11 
(D - 2 )(D +3)' 


4) 


(/) 


8D + 2 
D — D s 


D 2 (D - l) 2 
2D 2 - D + 1 
(D 2 - D) 2 
2D 3 - 3D 2 + 4D ■ 
(D +3) 6 
1 

(D 2 + 1)(D 2 + 4)' 
D 3 + D + 3 


( 6 ) 


D 2 - 1 


(D - 2) 3 (D + 2) 2 


0 b) 


, , 2D 3 - D 2 + 1 

(C} (D --2) ' • 

D 2 + D + 1 


(&) 


D 4 + D 2 + 1 
1 

(D 2 + 2) 3 
2D 2 

(D + 2) 2 (D - 2)‘ 
D 2 

(D - 1) 3 (D + 1)' 
2D 2 - 3D - 2 
D(D - 1) 2 (D + 3) 2 
3D - 1 

(D - 2)(D 2 + 1)' 

1 

(D - 1)(D 2 + 1) 


2D 5 


(D 2 + 1)(D 2 + 2) 
D + 1 


(D 2 + D + 1)* 
3D - 4 


0 b) 


(e) 


D(D - 4) 2 

D 2 + 6D - 1 




(D - 3) 2 (D - 1)' 
4D 2 - 3 


(D - 2) (D- + 2D + 5) ‘ 
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§0 J 


id) 

I, IV. (a) 
II, III. (a) 


D 2 + 2 
1 + D 3 
D 2 + 2 


(e) 

(b) 


3D°- - D + 2 


C D 2 + 2) (D 2 - D - 2) 
1 


(1+Z>)» w (Z> - 1)(D 2 + l) 2 ' 

£> 3 + 1 ... D 3 + 2D 

(D - 1) 2 (D 2 + 1)' W 

§5. Fundamental Theorems. 


(D - 1) 5 (D 2 + 1) 


(1) In this section are given the fundamental working theorems 
of functions of the operator D. They are few in number but 
should be learned thoroughly by the student. They are merely 
formal but very powerful for the simplification of work. They 
are the following: 

I. F(D) • e*< x) = e* ix> ■ F[D + <j>'(x)] 

II. F[x + <t>'(D)\ ■ e = e^ D) ■ F(x) 


III. F(D-) 

IV. F(D-) 


sin 

cos 

sinh 

cosh 


ax 


F( — a 2 ) 
ax = F(a 2 ) 


sin 

cos 

sinh 

cosh 


ax 


ax 


( vi \ V m “In / m \ 

n«ij* ■(fit*) 

t-I / Li-1 J \k ~ 1 / 




n\ 


TT 


-°n k=i 

k = 1 

* 1 n JL 

VI. F(D) = Xh Dlk * F(k) ( D *> m e l ' dD '~ * 

A:=0 

F(D) • 


(2) 


'(*)] 


(I) 


The derivation of this theorem is given in Appendix III [§60 (11a) 
Eq. V] originally made by Robert Murphy in 1837. In 1853, 
it was again derived in an entirely different manner by Charles 
Graves [Appendix III, §62 (10) Eq. (15)]. A third derivation, by 
induction, is here given, as the simplest. 

Given S = S(x), then 


D ■ e* {x) • S = e <l>(x) ■ DS + S • De+ ix > 

= e«*WS + ■ S 

= e^[D + <j>'(x)] * S 
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From this, by abstraction, we have 

D . € <hx) s e <K*)[D -f <l>'(x)] (I) 

Now using Eq. (1) and operating on the left by e~+' x \ we 
obtain 

e - < Kx ) . d . e <Hx) == d 4>'(x) (2) 

With (2) and the axiom that equals multiplied by equals give 
equals, we have 

e-+ (x) • D • e* (x> • e-* z) • D • = [D + (j>'(x)] * [/> + J 

or 

€"♦(*) * D 2 • S [Z> + <£'(*)]- 

Similarly, 

e -<^(x.» . £)». . g*(*) == [7J _f_ 

By the use of constant multipliers with the foregoing, we can 
build up a rational integral function which will give 

. /?(/)) . 6 *(x> == F[D + <t>'(x)] 
or 

F(D) * s e«*'F[I) + 4>'(z)\ (3) 

the desired theorem. 

(3) Or we can start with 

D • e+<*> • S = e«*>[D + <l>'(x)] • S 

and operate on the left by /J, obtaining 

D*e« r) S = D - + 4>'0)]/? 

The operation on the right is performed as follows: 

D • D + *'(*)] ■ S 

= e 0(r) • Z)[Z) + 0 / (^)]S + [i? + (b*)]$ ' Dr ,t>lje) 

= ■ Z) • [D + < P'(x)]S + e+<*'4>’(x)[D + <f>'(x)} • S 

= e*<*[D + 4>'(z)][D + <£'(*)] ■ S 
= e«*'[D + 4>’(x)]* • >3 

so that 

D 2 ■ e* (x) ■ S = e**'[D + 4>'(x)Y - S 
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or 

D- • e* ix) = e^ x) [D + <P'(x)Y 

Similarly, 

D a . e <Hx> s 4 - ^'(s)]« 

and by multiplying by constants and adding for various values of 
n we obtain Eq. (3). 

(4) For the inverse, use Eq. (3): 

F(D) ■«♦<*> s • F[D + 

then operate on the left by F~ 1 (D) and on the right by 
F~'[D + *'(*)]; 

thus: 

F~ l (D) * F(D)e <Hx) • F~ l [D + <F(x)] 

S F~ l (D) • e*<*>F[D + <#>' (a;)] • F^D + 4 >'(z)] 

Since F" 1 • F = 1 7 we then have 

F~ l (D)e+ ( * ] = e^F^D + ^'(rc)] (la) 

There is no question as to infinities here involved, as since F(D) 
is not zero, F[D + <£'(:r)] is not. 

(5) If 4>(z) = arc, we have <F(z) = a, and Theorem I becomes 

F(D)e ax ^ e ax F(D + a) (16) 

and if a subject S = 1 is used with 

F(D + a) ^ F(a) + F'(a)D + }4F"(a)D* + * * * , 

it is seen that 

F(D)e ax • 1 = e ax F(D + a)l 

^ e-[F(a) + F'(a)D + • ■ • ]1 
= e ttX F(a) 

i.e 

F(D)e ax = e ax F(a) (Ic) 

(6) If S ss 1 and <j>(x) = oar, and a is a root of multiplicity r 
of E(D) = o, Theorem la gives us an interesting form of practical 
value in applications; thus: 

F~ l (D)e ax ■ 1 = e ax F~ 1 (D + a)l 
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in which F(D + a) is expanded by Taylor’s theorem to obtain 


Then 


F(D + a) » glfWfo) ‘ D* 

k-r 


F~ l (D + a) ■ 1 




We can neglect terms k > r, obtaining 


or 


F-'iD + a) * 1 


r! 1 . _ x r 
F ir) (a) * D r ~ W(aj 


F~ l (D) ■ e ax = (Id) 

The justification for this neglect of the terms of power higher 
than r is shown by the following. If a is a root of F(D) =* 0 of 
multiplicity r, then 

F(D) = (D — a) r <t>(D) 

and 

F^(D) | ^ = r! ■ 4>(D) | ^ 

We then have 


F~ l (D) -e a *-l = 


1 


*(D)(D ~ a) 
1 


e ax . 1 


D r • <t>(D + a) 


= 0a z. 

— e ax - 
= e a* 

— e a 


1 1 


D r *(a) 


(j>(a) D r 
1 x r 


4>(a) r! 
x r 

F^Jaj 

e <KD) . ^ + ^( 7 ))] . 


by (5) 


by (6) 


( 7 ) 


(II) 



§ 5 ] 


THE OPERATOR D = d/dx 


27 


This correlative theorem to Theorem I we shall derive by induc- 
tion, as follows: Using F(D) = D, in I, 

e-tu) . p = D + 

and in it replace £) by —x and x by D [according to Graves’s 
theorem, Appendix III, §62 (2) Eq. (3)]. 

e -^D)^ x ) e ^D) <£'(£>) 

or 

. e <t>(D) == £ _ <p'(D) 

Now, by the axiom of multiplying equals, 

• x • • «-*<»> • x • e+w = [x - <t>'(D)] • [r - 4>'(D)] 

or 

. ^2 . e <KD) = [ X - 4 /(D)] 2 

Similarly, 

£-<£(£>) • - e <t>(D) == [x — <£'(D)] n 

and by multiplication by constants and adding for various values 
of n we obtain 


• F(s) • = F[x - <jf>'(D)]. 

Now multiply on the right by obtaining 

e -<MD) . = p[ x _ 

Then insert 4>(D) for —<j>(D) and get the theorem desired. 
Notice that when the e^ D) is taken across the F(x) to the right, 
it adds to x, whereas in Theorem I when the e ^ x) is taken 

across the F(D) to the right it subtracts <j> r (x). This Theorem II 
was first exhibited in 1853 by Charles Graves [Appendix III, 
§62 (11) Eq. (14)]. Another proof of II can be obtained by the 
use of the extension of Leibnitz’s theorem below. 

(8) For the inverse, operate on II on the left by F~ x [x + <£'(. D)] 
and on the right by F _1 (:r); thus: 

F[x + <t>'{D)]e^ s -F(x) 

F~'[x + 4>'(D)]F[x + 4>'{D)]e^ D) F~\x) 

^ F-^x + <t>'(D)]e^ D) F(x)F- l (x) 
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Then with FF~ X = F~'F = 1, we shall have 

e*u»F- l (x) = F~'[x + 4>'(D)]e«*' (Ha) 

(9) Some special cases of II are interesting and useful. Set 
<f>(D) = kD ; then 4>'(JD) = k, and II becomes 

e kD F(x) = F(x + k)e kD (lib) 

Now, if the subject S = 1, we have 

e kD F(x) • 1 = F(x + k ) ■ e kD • 1 

Perform the operation on the right after expanding 

e kD = 1 + kD + ^Z> 2 + • • • 

so that 

e kD \ =(l + kD + D 2 + - • • )l = 1 
which gives us 

e kD F(x ) = F(x + k) (lie) 

which is Taylor’s theorem in one variable in symbolical form. 

(10) If e k = a, so that k = log,, a, then lib becomes 

a D F(x) s F(x + log* a)a D (lid) 

from which, with S = 1, we obtain 

a D F(x) = F(x + logo a) (He) 

(11) Owing to the fact that an even number of differentiations 
of sin ax, cos ax, sinh ax, and cosh ax bring in the same func- 
tions again with a multiplicative constant factor of a given form, 
we have a simple substitution theorem for operators on them, as 
follows: 

(HD 

r,/r\o\ sinh n/ o\ sinh 

) cosh ax ~ ^( a “) cosh ax (IV) 

These are inductively proved without any difficulty. The proofs 
should be worked by the student. 
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(12) A question involved here is that of so changing the form 
of a function that D 2 appears in it for substitution. Given a 
function /(D), can we form the function </>(D 2 ) =/(D)? An 
example or two will show that any function can be put into the 
following form : 

/(D) = <p(D 2 ) + D - ^(D 2 ) 

i.e., 

(а) D 2 + 2D - 1 = (D 2 - 1) + D • 2 

(б) D 5 + 3D 4 - 2D 3 + D 2 — D + 1 == (3D 4 + D 2 + 1) 

+ D(D 4 - 2D 2 - 1) 

It is also easy to see that any form can be factored or transformed 
in such a way that one or more factors may be forms in D 2 , as 

/(D) ^ <KD 2 ) - \I/(D) 

i.e., 

/ \ 1 D + l_ 1 , .v 

W D - 1 D — 1 D + 1 — D 2 — 1 (£) + 1) 

2)2 _ £) + i - (2) 2 + 1) - P 

1 (-D 2 + 1) + Z> 

- (D 2 + 1) - D (D 2 + 1) + 2) 

(D 2 + 1) + D 
~ ( 2)2 + 1)2 _ 2)2 

= Pi ±i 1 1 v 

(D 2 + l) 2 - D’- (D 2 + l) 2 - 2) 2 

This latter type of transformation of operators is especially 
useful in the solution of differential equations. 

(13) For the inverses of III and IV it must be noted that there 
are exceptions to the validity of the results whenever F( ± a 2 ) = 0. 
In such cases, the operations upon the trigonometric functions 
cannot be directly performed unless substitutions of the expo- 
nential functions are made before operating. Then Theorem I 
will control and give valid results. 

(14) Examples of the direct and the inverse operations of the 
foregoing type, and the exception, are here given. 

a. Direct: 

D 4 ' sin 3x = (D 2 ) 2 • sin 3x = (-3 2 ) 2 sin 3x = 81 sin 3x 
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b. Direct: 

(D 4 - 2D 2 + 3) - sin x = [( — l) 2 - 2(— 1) + 3] sin x 
— 6 sin x 

c. Inverse: 

7V) . _ cos 2x = - 0 ,/ , 1 cos 2x = — ~ cos 2x 

D~ -f" X — & *T" I O 

rf. Inverse: 

1 ■ q 1 D — 1 . 

D + i Sm 3x D + 1 D - 1 Sm 3 * 

= (D — 1) ■*_ sin 3a; 

= (D — 1) 7 sin 3a; 

= -Ko(^ — 1) sin 3a: 

= — o[3 cos 3a: — sin 3a*] 


e. Inverse; exception: 


jr )2 ^ ~ ^ ^ OAAA ^ 

To work this we must perform the operation 


sm x = °c • sm x 


— - pix 

z> 2 + i (d + iy +1 

- e .- 1 ! 
Z> 2 + 2 iD 

= ^ ^.1 

D D + 2t 


D 2z 


[Th. 16] 
[Expanding] 
[Factoring] 
[Th. I c] 


Now substitute 


and obtain 


= 6 2?' 


e ix = cos x + i sin x 


[Def. of Z)- 1 ] 


-t JO 

Z) 2 l ^ cos 1 + i sin = 2f[ cos ^ + i sin 


a; sin a; , . x 

— 2 l~ l Zl2 C0S * 
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then equate real and imaginary terms ; 

D 2 + 1 C0S x = 

1 


D 2 + 1 


cos x 


The latter is the desired result in this exceptional case. It is thus 
evident that the exceptional case brings an integration into the 
result. 

(15) In general, when F( — a 2 ) = 0, we may note the following: 


1 sin 
F(D 2 ) cos 


1 e iax + e 

Tip 2 ) 2 

ir i _ 


. p%ax ~r • p—ia>x 

2\_F(D 2 ) + F(D 2 ) J 

jo ict x — *1 | p—iax I 

2|_ F[(D + ia) 2 ] 1 F[(D - ia) 2 ] 1 


F[(D ± ia) 2 ] will be factorable and of form D n • $(D ± ia ), 
so that the operations on 1 will bring results as in 

i 1 = J: 1 

F[(D ± ia) 2 ] D n 4>(D ± ia) 1 
=± b i 

D n 4>(±ia) 

1 1 , 1 x n 


<j>(±ia) D n c t>{±ia) n\ 


The final result will then be 


1 sin 
F{D 2 ) cos 


If 1 


2 n \ \_<t>{ia) 
x n f 1 


e mx + 


4>(—ia) 


2 * n\\_4>{ia) 


(cos ax + i sin ax) + 


_ x n r / i 

2 • n\_\4>(ii 


-y (cos ax — i sin ax) 


4>(ia) + </> ( — ia) ) GOS ax 


h + Aw ainax . 
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The real term of this result only is to be taken. There will 
always be a real term. 

(16) Examples to be worked by the student: 

(u) j ^ (^0 jJa 2j)2 | 2 

(&) sin px ^ W D 2 - 1 c0sh x 

(c) sin ^ (/) /ji ^ 4 co » 2x 

(17) The Leibnitz Theorem. Stated in Appendix I, §57 (33), 
this theorem will b$ used here as the foundation for one that is 
the culmination of fundamental theorems in this subject and has 
a remarkably widespread application. First let us develop it 
as Leibnitz did with w = u • v. 

w = u • V 

dw = u • dv + v • du 

d 2 w = u • d' 2 v + dv * du + v ■ d 2 u + du • dv 

= u • d 2 // + 2d// • dv + y • d 2 w 

d 3 tt> = u • d ;l y + d 2 y * du + 2d?/ • d 2 y + 2 • dv • d 2 t/ 

+ y • d a u + d 2 u • dw 

= ?/ ■ d : % + 3d//. • d 2 v + 3d 2 // • dy + y • d :< y 


d w w; = // * d n v + n • d// * d'^y + ^d 2 // - d n ~~ 2 v + ■ • * 

+ ~ 2 ^ d n ~ 2 u • d 2 y + u * d" 1 w * dv + y * d"u 


or 


d n (w • u) = 7 / * d n y + C L d// • d w " l y + C 2 d 2 // • d""~ 2 y + ' ■ 

+ C'zd n ~ 2 u • d 2 y + Cid w “ l 7 / * d?; + vd. 1l u 
where C 1 , C 2 , . . . etc., an 1 the binomial coefficients. 

(18) If, now, u and v are functions of x, we can write 
d H (u • y) d n . /y du d n ~ l 

dx’‘ _ V + C 'Tx dx*~' V + ' ' ' 

or, symbolically, 

l) n ' (u • v) = uD n v + C]I)u • D v ~ l v + • • ■ 
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§ 6 ] 


i.e., 


D" • (m ■ v) = 2 ) ■ D-% 

k = 0 


St = 


k)'.kl 


(Vo) 


(19) Theorem Ya can be derived symbolically by a device that 
is used considerably in operational work with success and can be 
stated as follows: 

A linear operator can be separated into a sum of linear opera- 
tors each one of which is of the same type as the whole operator 
but is limited in its capacity to a particular subject or factor of 
a subject. 

That is to saw if I) = 4~- we can write 
ax 


D = D 1 + D, + • • • 


chere Di = -y- and Z) 2 = 


but Di will differentiate with 


d 

dx “““ ~ dr 

respect to x one of the factors of the subject and be null as respects 
all others. D« differentiates another factor, etc. Thus, with 


S = St(_x) ■ S 2 (x) 

D = Di + D« 

D ■ S m (D 1 + D 2 ) • &(*) ■ St(x) 

= D 1 ■ Si(x) ■ S 2 (x) + D , • S,( x) ■ Sn(x) 
■ S,(x) ■ D • &(*) + Si( x) ■ D ■ St(x) 

now. 


D" = (D, + D 2 )" = £ 

A- = 0 

and if this is applied to S = u * v, we may have Di operating only 
on u and null as regards v and D 2 operating only on v and null as 
regards u. Then 


/> •(«■») = X • D * n ~ k • « - v 

k —0 

n 

= X V/iVn • D 2 n ~ k v 

A- = 0 
n 

= ^ n CkD k u • D n ~ k v, the former theorem 

A- = 0 
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(20) In the literature this has been extended to a product of 
three factors: 

D n ■ (u- v w) = ( D 1 + D 2 + D z ) tl * u • v ' w ( Vb ) 

Expand (D l + D 2 + D z ) n by the binomial theorem and operate 
D i on u , jD 2 on v, and D 3 on w only. 

(21) It is obvious that this can be extended to any number of 
factors; thus: 

( m \ r m ~\n / m \ 

• ( H u k J symbolically 

- X~TLD k °<u k ( v) 

n 

i = 1 

where 2s, = m, D h ~ u k , by the multinomial theorem. 

(22) Extension of the Leibnitz Theorem. The theorem devel- 
oped in this paragraph was first stated as an easily developed one 
by Hargreave in 1847 (Phil. Trans., London, 1848) without proof. 
The Rev. Robert Carmichael, who wrote “A Treatise on the 
Calculus of Operations” in 1855, developed it by induction as 
follows : 

Use, as above, the identical operators 

n 

D n = 

k = 0 

Multiply by the constant a n , take the equation for all integral 
values of n, and add to obtain on the left an integral rational 
function of D. We then have 

00 

F (D) = (VI) 

k = 0 ’ 

(23) A simpler way to derive this is by means of Taylor’s 
theorem for one variable. With 

oo 

F(x + h) = 

k=0 
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set 

x h = Z) = 10 1 -f- Z)o, x = Z) 2 ? h ^ Di 

then, at once 

“ i>x*i 


W) ® Xl f J ' W(D *> 


k= o 


(24) If we use the symbolical form of Taylor’s theorem, viz., 
F(x + h) = e' £i> • F(x) 


and set 


then 




z = p, h = q 


F(D) m eW(p) 


Expand the right-hand side, which then becomes identical with 
the right-hand side of (VI) ; thus : 


F(D) m e dp F(p) 


. , d , ? 2 d 2 , 
1 + + 2!d^ + 


-2 


A = 0 


_1 

k! 


$ F(P) . 


= 2 )n«* F<W(p ) ° fform 

A- = <) 


E(p) 


A* = 0 ' 


In this, q and p are differentiators, and each can operate inde- 
pendently in similar manner as D i and Z> 2 . This equation would 
be used as follows: 


F(D) ■ P(x) - Q(x) = ' Fa '(P) ■ P ■ Q 

k = 0 

where q operates only on Q, and p only on P, and F (fc) (p) means the 
form in p obtained by k successive differentiations of F(p) with 
respect to p . 
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(25) An example of the use of (VI) 

1 is 

1 , . „ 

jy _|_ J X 3 sm 2a; 

Here 

F(D) = ^ 1 

D + 1 

Dx z = 3x~ 

F'(D) = Zl 

' P + 1)* 

D 2 x z = Qx 

F"(D) = . 

P + 1) 3 

D z x z = 6 

F'"(D) = ~ 6 

1 P + 1) 4 

o 

II 

3* 

There will thus be only four terms in the expansion. 


1 ^ 


D -j- 1 


' D + 1 
_l_ 6a: 


1 


P + l)^ 

6 1 

6 (ZT+T)~ 4 Sln 2x 


> sin 2x — 


2 WTT) 

In this, the integrations are only of sin 2a-, as follows: 


1 


D + 1 

1 

(D + 1)2 


sin 2x 


sin 2x = 


D - 1 


sin 2x 


1 


D 2 _ j _~ 5 

~%(2 cos 2a: — sin 2a:) 


P — 1) sin 2a: 

1 


Fi on T~i sill 2x = — — ____ 

U + ZD + 1 —3 + 2D 


sin 2x 


CD+Tp sin = 


2D -j- 3 . 1 

4 D^Tq sin 2 * = ~25 (W + 3 ) «n 2a: 
~^5(3 sin 2a: + 4 cos 2a:) 

1 1 


D 3 + 3Z)Mr327qri 

11 - D . x 


sin 2x 


sin 2x 


± ^ D -IV 

5^^121 Sm 2x = 3x25^! sin 2a; - 2 cos 2a:) 


7n rru sin 2a: = 1 

K + sm 2a; 

H+Fr sin 21 " T®r+| ™ 2* 


~ 3425(24 cos 2a: — 7 sin 2a;) 
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D + 1 


x 3 sin 2x = 


2 3 . 12 , 6 
‘5 + + m 1 - 


+ 


1 Q 

+ 5** + Y/ 1 


24 ) 

62 Sj C0S2Z 

33 , " \ • o 

I25 ;C + 625/ Sm 2 * 


To perform the same operation analytically by the classical 
method would mean the use of integration by parts. Theorem 
VI really is the symbolical form of the extended theorem of 
integration by parts. The integral can readily be set up if we 
use Theorem I; thus: 


1 _ 1 1 

" ■ ■■ ■ P % • p ' p D % 

D + 1 D + 1 D 

and 

s ^ n 2x = e~ x j>e x x* sin 2x 

= e~ x f e x x 3 sin 2 xdx 


Using successive integration by parts upon this gives the former 
result. 

(26) Other examples to be solved by the student are 


(a) 

D + 1 X ~ 

COS X 

(D 

D- 

+ 

„x cos ax 
m 2 

(k) 

1 

(D - 2) : 


(6) 

1 

D - 1 X 

sm x 

(g) 

D 3 

1 

— x sm x 

(!) 



(c) 

1 , • 

-jy 2 x- sm 

X 

(h) 

(D 

1 


(m) 

D 5 x 6 e 3z 


(.d) 

D"- — 1* 

2 COS X 

(!) 

D* 

1 

+ 

-j xe 1 

(n) 

D 5 x 3 cos 

JD 

2 

(e) 

D‘> + 4 X 

sin x 

O') 

1 

D 3 

xe 1 


(o) 

D z x 3 log 

2x 


(27) When F(D ) is an inverse, such as jjjyj’ Theorem VI some- 
times needs to be used with great care. The care consists in the 
proper ordering of the factors in the derivatives of F(D ) which 
appear in the successive terms. This is not necessary in any 
of the problems of paragraph (26). But in all cases the results 
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should be carefully checked for validity by the proper inverse 
operations. If under such check the proper original function 
does not appear, then the result is incorrect and the operations 
.should be attacked as follows. 

(28) In the literature appears the following proved theorem: 


F(D) ' V 


F(D) ' x ' V ~ x ' FW) ' V ~ F{D) ' F ' (D) ‘ F(5) ' V - [Muixay] 

Let us operationally build upon it. Abstract the subject and 
obtain the following operational identity 


1 . p' 1. 

F F 


' x ' ~ \f x ) x 


— ■ F' — • r 
F P JF X ’ 


and then by a second use of (a) we have 


F F 


x ■ F' 

p 1 


Similarly, 


i.e., generally 


x-p-F 


[by (a)] 


Then inserting a subject V, which can be any function of x, wo 
have a theorem which if properly used will produce correct results. 


-Xx n • F) 



§ 6 ! 


THE OPERATOR D = d/dx 


39 


(29) Examples in which this theorem is necessary: 

(a) ' x ' s ^ n x 

% D , J ■ r 2 ■ sin 2 

M D 2 j — 2 * ■ COS mx. 

§6. Elementary Interpretation. 

(1) The student should refer to the definition of “interpreta- 
tion” in this text [I §3 (7)]. The operator D or any integral 
rational function of D of course is readily interpreted when 
necessary for use in an operational form. It is simply the sign 
for differentiation. The inverses, however, from their very form 
must either be transformed by algebraic or calculus methods 
into direct operators or be known forms readily transformable 
directly into classic forms. 

(2) All integral rational functions of D can be separated into 
either linear real or linear complex factors, single or multiple. 
All inverses, therefore, of such functions can be separated into 
partial fractions [II §4 (17)]. It is well to know the classic 
parallel for each of the elementary forms that come under this 
head. We shall take each one in order and show by operational 
methods what those parallels are. 

(3) ( D — a) -1 . Since e ax • e~ ax ss 1, w^e can operate on the 
right of this form by e ax * e~ ax and with Theorem (lb) obtain a 
form that illuminates it strikingly. 

(D - a)” 1 = (D — a)~ 1 e ax • e~ ax ss e^ x (D + a — 

== e ax D~ 1 e~ aX 

Now, since D -1 = J Qdx , we shall have 

(D — a)" 1 = e ax j e-^Qdx, the classic form 

(4) Another approach to the interpretation of (Z> — a)~ l 
would be the following: 


^ - ay 3 (D - 0 i)y 
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Now, f 
ax 


ay 


= /Or), we know, has the solution 


= e<* x j e~ aJr f(x)dx + Ce a ~ 

so we can assume that (D — a)y — f(x) also has that solution. 
The first part of this solution is exactly that obtained by the 
operational method: 

(Z) - a)y - f{x) 

y = n 1 ' /(•'■.) = (D - a)- % v) 
lJ — a 

= e^j* e~ ax f(x)dx 

Notice that this latter does hot include the Ce ax . In other 
words, only the particular integral is given by the operational 
form. The Ce ax and its parallels for other operators will be 
discussed later. 

(5) The form (Z) - a)~ l = e ax J er* x Qdx can be further 

transformed by changing the letter under the integral and 
carrying e ax into it. 

{D - a)~ l = c ax J' J r a "()du 

= J* < >a(x ~ u) ()du 

Operationally, this would be indicated as follows: 

(. 1 ) - a)" 1 = ( > ax D~'c ltx 


where Zs an operation with respect- to u in tlio result of which 
x is to be put for u. The subject must be one in //. 

(6) (Z) — a)~ n . By the same processes as in (5) we can trans- 
form (Z) — 

(D — a )-’ 1 = (D — a)- n c ax ■ <~ ax s e ax l)- n (-° ix 

— (jcljc jj—n^—au == jj~~n ^a( x ~n ) 

= f f u • • ■ 
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(7) By means of a well-known theorem we can transform this 
into a single integral; thus; since 

' f,'/w - fArtf* - 

we shall have 

£ f T y°'f{x)dx» m —± T) . t £( x - u)’-'e-°“f(v)du 
and then 

(D — a)-' 1 = ~ 

- ( ?l ~jyJ J (- T ~ 

n 

(8) II(-» — a,-) x . Separate this form into partial fractions 
/ = i 

(Type I) and obtain a sum of forms of type (D — a) -1 as covered 
in (3); i.e.: 

n n 

II (D - a,-)- 1 - X MD - [II §4 (20)] 

i - 1 7=1 

« 

s [Th. I] 

7 — 1 
77 

7=1 

n 

S ()dit 

i-i 

Or, if we prefer to interpret it as a multiple integral, proceed as 
follows : 

* Goursat-Hedrick-Dunkel, “Differential Equations,” §18, p. 36, 
Boston, 1917. 
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n n 

n> - our 1 = U [(£> - 
i = 1 4=1 

== J] e aiX D~ 1 e'-° tiX 

4 — 1 

== (e“ ia T)- V"" 1 *) (e^ 2X D~~ l e~ a2X ) • * • 

( e an-ixj)--l e - 0 tn-ix') ( e <XnX D~ 1 e~ anX ) 
EE fj,Q lgOti(%~ui) lg«2 ( wi U'i) . . - 

jLl„_2“ 1 e“ n - l(w "- 2 ~ Un - l) jUn--r 1 e an(M ' , - 1 “ Un) 

33 /Z 0 “VrV2 _1 * * • Mn-l _1 • 

. . . g(ttrt-l — CKrt) Wn_lg— Or«M ra 

/ 

e (<Xn-l-a n )Un-i e -anUnQd UlC l U2 . . . 

This last form is analogous to the forms used in integral equation 
theory, illuminated by the operational manner of derivation. The 
subject, of course, must be a form in u n . 

n 

(9) Il(D — ai)~ ki . This form is but a combination of types 

4 — 1 

( D — a :)”" 1 and ( D — a)~~ n , and of course the first obvious method 
of interpretation is that which separates it into partial fractions 
and then interprets each partial fraction from its form. The 
procedure will be indicated as follows: 

m l 

n> - «<>-* * % x Ni °( D - ai) ' [n§4] 

4 = 1 4 = 1 L S = 1 

The multiple-integral interpretation is 

n n 

JJ(D — <xi)~ ki = JJ eP ix D~ ki e~ aiX 

4=1 4=1 





[Th. I] 
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where the m~ l integrates with respect to u iJrX ^ u% for 

u i+ 1 , etc., until at the end /io - 1 integrates with Ui and 

puts X for u x . **&*.** 

(10) [D- 4- P' 2 ]~ l . By turning this into two pary^ fractions 
with linear complex denominators and complex numerat° rs we 
can interpret simply, as follows : 


[D- + p*]-' = (D + Pi)- 1 ■ (D - Pi)- 1 
- ~ ^ )_1 - ( D + 

= A-.[e ffix D~ 1 e- fiix — e~^ ix D~ 1 e fiix ] 
2 (3i J 

= ^t/ i_le ' 5i(:c_u) — ] 

^ g/SiC# u) g — fli^x — 14) 

■ 2 i 

i 


35 sin $(x — u) 

1 C x 

s -J sin (3(x — u)Qdu 


(11) [( D — a) 2 + /3 2 ] -1 . By Theorem I this can be turned 
into a form in which we can use the result just above and then 
complete the interpretation, viz., 

[(D - a) 2 + /3 2 ]" 1 = e“*[D' 2 + [Th. I] 

== e ax • \}x~ l sin jS (x — u) * (10) 

P 

= sin 13 (x — u) 

p 

= i f x e a(x ~ u) sin (3{x — u)Qdu 


(12) [D 2 + /3 2 ]" 71 . From (11) can be derived this form, and 
it can then be simplified by the definition of an iterated operation. 
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[D 2 + 0 2 ] n = sin p(x — u) J 

- ^ sin ~ u) ' A* -1 sin /3 (a: - m) • • • m" 1 s in /3(z - M ) 

ft factors 

= ^MtT 1 sin p(x — sin j8(m x — u 2 ) ■ ■ ■ 

sin /3(w n _! - Un ) 

= *11 Mr 1 sin £(«<_! - Mi) 


1 7i- 1 n 

= *11 Mr 1 !! sin - Mi) 


7=0 7=1 


-rJTf 


(13) 1{D - <*) 2 + /3 2 ]~ n . 

= e ax [D 2 + f3 z ]- n e~ ax 


/ Un - 1 . 

sm /3{x — Mi) • • • 
sin fi(u n — i - u n )Qdui ■ ■ ■ du n 


[Th. I] 


^ w — 1 n 

- e “V»II Mi~T! sin 0 (Mi_! - M„)e-““” 

7=0 7=1 

^ 7i — 1 n 

= rJI M, 1 !! sin /3 (m<_j - Un ) • e» <*-“»> 


7=0 7=1 


T ._ 1 f* fWl fWn-1 . 

= W n JJ J sm - u 0 • • • 

sin /S(Mi_! - m„) • e^-'^Qduy ■ ■ ■ du n 

(14) For the other two possible forms we shall merely indicate 
the more simple product and partial fraction forms, leaving to 
the student the derivation of the classical forms. 


ii[(£ - <*<) 2 +& 2 ]- 1 * n^ 2 + 


2 ^ — 1 qcu(x—u) 


= ^-^.(m 2 + /?i 2 ) -1 
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n n 

II [(-D - a;) 2 + /3r]- li = II (m 2 + 

;=i i=i 

n r hi 

X + -W)(m~ -f 

i = i L s * i 

(15) This section is sufficient to show clearly that every inverse 
operator of algebraic form has its classical counterpart, and 
therefore the student need feel no hesitancy in using such oper- 
ators with confidence. We can also say here that this is even 
sufficient for an introduction to the subject of integral equations, 
for all of the complicated integrals of that subject are included 
in one or more of the preceding forms. Later, when we come to 
the operational attack on integral equations, we shall refer to 
this section. It illuminates the integrals clearly and shows their 
structure completely. 

(16) Examples of the foregoing interpretations are unnecessary 
just here, for the student will have numerous illustrations under 
the applications to differential equations. Even there it is not 
necessary to show or use the classical forms of integrals, for the 
operational methods are so much more simple and speedy that 
the classical forms will be dropped from use after the operational 
forms are known. 

§7, Operations on Zero. 

(1) For the operator D~ l the appendage [Appendix III, §60 
(6)] comes from the operation on zero. The appendage, there- 
fore, in this text will always be separated as the result of a zero 
operation. Every function on which an inverse operation is to 
be performed will be considered as having zero added to it; 
thus: 

/(*), /O) + o 

and 

F~\D) • fix), F~ l (D) • f(x) + F-KD) • 0 

The first of these F~ l (D ) ■ f(x) is considered as calling only for 
the particular integral; the second, for the appendage in addition; 
i.e. 

F~ l (D) -f(x) = the particular integral 
F _1 (D) • 0 = the appendage 
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(2) D~ n * 0. We have already [II §4 (1)] shown the operational 
definition of the appendage for D~ l but shall derive it here by 
the classical method. Really, no operational method can be 
used to interpret this operation on zero, since no simpler opera- 
tional form can be derived for the operator. We shall say, here, 

D-1 • 0 = f x 0 ■ dx + Cn-l = 0 + Cn - 1 

D~~ ■ 0 = J* 0 dx + J* Cn—idx + C n — 2 = 0 + C n — \X + C„_ 2 

£>-"•0 = 0 + C n ^x n ~ l + C n - 2 x n - 2 + • • • + Cix' + Co: r" 

0 

X C,x k 

k = n — 1 

(3) ( D — a)-" ■ 0. This form can be simplified before inter- 
pretation; thus: 

(D - a)-" • 0 = (£> - oc)~ n ■ e ax ■ e~ ax ■ 0 [e aT e- ax = 1] 

= (ax^-ng-ax . Q [I&] 

= . 0 [e-«* • 0 == 0] 

Now the interpretation of (2) is used, and we have 
(D - a)~ n ■ 0 = e“ x [D~ n • 0] 

Ci,-x k ' 

(4) n (■ D — cii) 1 • 0. By separation into partial fractions we 
*■-1 

have 

m m 

n • 0 * x Ni< '° - ° 

i=l i=l 

Now, by Theorem 16, as in (3), we obtain 

rn 

%Ni(D - a,)- 1 • 0 = X N ie ai *C< 
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Here the coefficient Ni can be absorbed into the arbitrary con- 
stant Ci, and we have 

m m 

II - “i) _1 • 0 = X Ci0X 

i—l i=l 

m 

(5) n (D — oti) ki ■ 0. By separation into partial fractions 

i = 1 

we obtain the form 


m m r ki 

II CD - «<)-*• 0 » X Xnud - «<)- -0 

i = l i~l _ s = 1 

Then the bracket falls under (3) and gives 

ki ki - 1 

X N *( D - «<)"* ' 0 = X eaiXCiaXS 
8-1 8- 0 

where the N is are absorbed in the C*. We thus have 

ki — l 


n <p- “d-* • o = x 


»- 1 


»- 1 


e ai 


■-X c ^ s 


s =0 


(6) [D 2 + /5 2 ]" 1 • 0. Since D 2 + fi 2 s (D - t/3)(D + #), we 
shall have 

[D 2 + /3 2 ]- 1 * 0 = Wi(D - i/3)- 1 * 0 + N 2 (D + i/3)- 1 • 0 
and by the same method as above 


- \D~ l ■ 0 + e~ i ^N 2 D~ 1 • 0 
= e**Ki + e~^ x K 2 

Another well-known form for this result is 
= Ci cos fix + C 2 sin fix 
obtained from the first by the substitutions 

e *i/3x === cos p x -j_ i s j n p x [Appendix I, §56 (26)] 


[This is the complete solution of the differential equation 

d *y . 
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(7) [(D - a) 2 + j3 2 ]“ l * 0. This form is immediately trans- 
formed into one of the preceding type and thus interpreted : 

[(D - «) 2 + jS 8 ]" 1 • 0 = + 0 2 )~ l * 0 [16] 

= e" x [(7 1 cos fix + C 2 sin i&r] [(6)] 

(8) [D 2 + j8 2 ]~" • 0. Separate into partial fractions. 

[D 2 + d 2 ]" 7i • 0 s [(D - i/3)(D + #)]-* • 0 

n »■ 

■ X IM# - *0)“* • 0 4- X jV2 ‘( d + #)- • 0 

s =1 * - l 

n n 

= X NuB^D-” • 0 + X N ^ e ~ iexD ~ s ' 0 

5 = 1 5=1 

n 5—1 n 5—1 

= x eigx % c ' kxl ‘ + X e ^ x t c ' ih,xK 

a-1 A = 0 5=1 A =0 

n s — l n 5 — l 

c®*X X c ' hX> ‘ + r»-x X c ' 2 * :r '‘ 

s = 1A = 0 5 = 1A = 0 

Using only s = n in the double summation, for all the others are 
included in it, we hav) 

n - 1 /i - 1 

= e i ^'2 / C lh x , ‘ + 

A =0 A =0 

We may now substitute for the exponentials 

_ cos _j_ s j n 

e -i$x cos ^ _ i s in fix 

and obtain by collecting terms in sine and cosine the form 


" n - 1 

X K ^ h 

cos #r + 

“ H - 1 

%K u x> 

_h =0 


_ A = 0 


The dropping of s = n — 1, n — 2 • • • 2, 1 may easily be shown 
by letting, say, n =3. 

(I) 2 + (3 2 ) 3 = (D + Tb)HD'- W 

N n A12 i Ai 

£> + ill + (D + i/3) 2 i ‘ (D + W- 

, Nn N«z Niz 

i " D - ^ (D - iW 2 + (Z) - Z/3)’ 
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If the operator is used on zero, we shall have, after absorbing the 
N a with the zeros, 

W+~W) S ' 0 “ D + 'ip ' 0 + (D + W ■ ° + (D + m* ' 0 

+ [) ! ,; d • 0 + 0 -1 ipy. • 0 + 0 - itsy ■ ° 

= 0 + e-«^JLo 

l) JJ- Lj* 

+ 0o + ,.-io + 

= e-'^Cu, + e *'(C,„ + C-n.r) 

_j_ c~‘& x (C % {) 4” CziX + C 32*r 2 ) 

+ e' i. io + c ,(ix (] 2o + D>2ix) 

~h + D3 i.t + D32X 2 ) 

Now, it is seen that the first two forms in the two rows are 
included in the third terms, respectively, so that 


i 0 == - -0-1- — • 0 

(iJ 2 + (D + tf)» u ^ (D - tf ) 3 

= C~ ipx (C 10 + C u .r + C 12 0* 2 ) 

-f- e l & x {C 20 -f- C21# 4 ” CV^”) 

In general, it is seen that 
(BTJT*. ■ 0 - 


^iTi s ;r cos far + ^KisX* sin /Sr 


(9) [(/) — a) 2 + /S 2 ] - " • 0. The only difference between this 
and the preceding in (8) will be a multiplier e ax , as the student 
can easily find. 

[0 - a) 2 + d 2 ]-" • 0 = e ax 0 2 + P 2 )~“ ' 0 [lb, C ■ 0 = 0] 


= e ax 0 2 + /3 2 )-» 

n — 1 

• 0 

= e° x \ r 


«“1 \ 

= e“ ; Xifua!* 

s = 0 ) 

| cos /5a* 


+ ( ^K is x s \sin (3x 



00 THEORY OF OPERATIONAL MATHEMATICS [Chap. II 

m 

(10) H (D- + ■ 0. By partial fractions 

k = l ’ 


— 2) - a/3) 1 • 0 + (D + ipy i . o] 

& = 1 
m 

= ^ N^e^D- 1 • 0 + ■ o] 

k = l 

m 

-Xw ik cos fix + C 2 k sin fix] 


k = 1 


(11) ff/ (D ~ a ' t)2 + W- 1 ■ First, a somewhat different 

procedure here will simplify. Separate (D — 2 in+ri r 

complex factors, then into partial fractions. 6ar 

m 

n f (-° - a *) 2 + A - 2 ]- 1 • 0 
*= 1 

m 

“ II K-D - «*'- - a* + # 4 )]-i . o 

m 

" 2 [JVlj(Z) ~ ~ • 0 + *»0> - ■ 0] 
m 

s - ^A)- 1 • 0 + JV 24 .(Z> + ip,)- 1 . 0] 

m 

* ■ 0 + N 2 k e -^ D - 1 ■ 01 

A — 1 
m 

__ cog ^ ^ s i n 

k = l 
m 

(12) S [D2 + &2] " U ■ °- Part ial-fraction separation (Th. 16, 

form in (13i^^S < ^ , ^vr 0 ^e f " d^Vt ^ 
work these as exercises. S Th student should 
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IX [Z>- + i3k-}~ ht 

A* = 1 


• 0 = 


X 

= 1 


A* -I 

X^ 


/fcfc- 1 

cos -f- ( B] : zX s | sill Six 
\ 8 = o 


(i3) - «*>* + ■ 0 = 

A = 1 


A = 1 


Afc-1 

X^ 

s = 0 


ksX 


/hi:- 1 

COS ft* + ( X S '-' sX “ 

\ s = 0 


sin 0k% 


(14) Examples: 

(«) jp, ■ 0 (6) (D 1 27* ' ° (C) CD + l) 4 ' ° 

^ (D - 2)(D + 3) ’ ° ^ (D + 1 )(D - 3 )(D - 5) 

(/) (5-+“i)*(D _ 4p ‘ ° (fi0 (D - 2 )(D - 3) 3 (D +T? ' ‘ 
W srqr^i ' 0 (i) i> 2 X 2 5 ' 0 0) (D - l)* + 2 5 ' < 

( fc) 2D + 5 ' ° (0 D 2 — 3D + 12 ' 0 

(™) ' 0 (”) JWTW ' 0 

(o) i(D + 3 ) 2 + 3 2 ] 2 ' 0 (?>) (D 2 + 2D + 5 ) 3 ° 

^ (D- + 2 2 )(D 2 + 3 T ) ' ° 

1 _____ . n 

('■) l ) 2 + 2 2 j[(D + l ) 2 + 3 2 J 

1 . n 

(s) (D*~— 3D + 12) (DM- 2D + 5) 

(0 (2)2 + 2 2 ) 2 (D 2 + 3D ’ ° 

1 . 0 

M (p 2 + 42 ) 4 - 8 ) 2 (D 2 - 2D + 5 ) 3 



52 


THEORY OF OPERATIONAL MATHEMATICS [Chap. II 


(15) This section completely illustrates the operational method 
of obtaining the complementary functions for ordinary linear 
differential equations with constant coefficients; and when that 
subject is reached, reference will be made to this section. 

§8. Inverse Operations on Unity. 

(1) Inverse operations on unity are all simplified by the 
definition of the inverse and the fundamental theorems I c and 16 
[II §5 (5)]. 

(2) With n as a positive integer 

• 1 = ? [II §4 (4)] 

There is nothing mysterious about this. It is merely the result 
of the interpretation from calculus of the inverse as integration. 
It has nothing to do with the so-called “unit function” of 
Heaviside. Unity is as much a subject of the operator as any 
function might be, and it does not appear in the result. 

(3) (D - <*)-" • 1 = (D - «)-» • e°* [e^ s 1] 

- • (0 - *)-» • 1 [lc] 

= (-«)-* 

(4) By the same two theorems all the forms below may be 
easily found by the student. 


ni m 

II O - «0-‘ • 1 = 


(5) 

? = 1 

m 

no - «;)“*' • 1 
{ — ] 

/ = 1 

rn 

= 11 (- 

; — i 

(6) 

(IP + p 2 )- • 

/ — I 

1 = 0- 2 ” 

(7) 

[(D - a) 2 + 0 2 ]-'* • 1 

= [(-a) 2 

(8) 

m 

UlO - a,:) 2 + ■ 

i = 1 

m 

1 = II [a,: 2 + /S; 2 ] -1 

i = 1 

(9) 

m 

Rkd - ai y + Pi 2 ]~ ki ■ 
2 = 1 

m 

1 = II hr + m~ k ‘ 
1 = 1 
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(10) But, in general, when combinations of the foregoing are 
found, it may be necessary to use them consecutively. This 
will be true when (2) and any of the others are found together. 
Then the following method is employed: 

F{D) *1 - F{ 0), provided F( 0) ^ cc 

In the exception, we shall have 


D k iG(D) X J 
1 _ 1 _ 

D k ' (3(0) 

<?( 0) D k 
1 2 ^ 

_ G(0) ' fe! 


[Ic; G( 0) 5 * 0] 


[S3 (2)] 


11) Examples: 


(«) pi ■ 1 

( b ) Jp _ 2)3 ‘ 1 

(c) (I) - 1)(D - 3) ' 1 

( d ) D 2 + 5 1 


w (D 2 + D + 2) (D - 1) 

W (D + 3) 3 (D 2 4- £> + 5) ‘ 1 

^ D 2 (D + 3) 2 ' 1 

(D - 1)(D 4- 2)D 3 ' 1 
(Z) (D — 3) 3 • 1 


^ (D - 3) 2 (D 4- 2)~ 3 ‘ 1 
(s) (D - 2) 2 4- 7 ’ 1 


( ' m) S 4- LD ’ 1 


(o) (D 2 4- co 2 ) 2 • 1 
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§9. Operations on Particular Functions. 

Here we shall merely give in tabular form the various forms of 
particular functions and the theorems to be used in each case 
when the operator is an inverse. 



F~ l (D) • /Or), where 

Use 

(1) 

/(z) = fc (a constant) 

k = k • 1 and carry fc across the operator. 
Then use the theorems of §8 

(2) 

/(z) = 

Theorem Ic, or Theorems 16, and §8 

(3) 

/(*) = s* 

Direct integration; or expand the operator by 
§4(12) and following 

(4) 

/(rc) = sin 
cos 

. , az 
smh 

cosh. 

Theorems III or IV; exception, use Theorem I 
and then III, IV 

(5) 

fix) - e ax <f>(x) 

Theorem 16, then according to the form of 

<t> (x) 

(6) 

fix) = x n <j>(x) 

Theorem VI 

(7) 

f{x) = e ax x m (j>(x) 

Theorems 16 and VI 


(a) 


(8) Examples: 

1 


i(--Pc) 


EID 2K 

ao 5-, (s) 

^ EID 2 + p( Pa ^ 

1 (~g) 


(d) 

(e) 


D 2 + kp 

1 




■E oe~^ x 


(/) 

( 9 ') 

(A) 

w 

O') 


D — a 


D 2 - 3D + 2 

1 


D 5 — m 2 D s 

1 


gar 


JS + LZ) 
1 


i? COS 0)2: 

tEq W COS 0)2 


LD 2 + RD + 


(A) 


D 2 + 2M) + fc 2 + X 2 " 4 C0S pa: 
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(0 WTv kc0S J)X 


(r) D + t x- cos x 


K HI I 

D~ — or 

(«) D^? sin0lX 


D 2 - 2D + 1 

x 2 e 2x 

(D - 2) 3 

^ . x^P z 

(D* - l) 2 


( s ) WTV- e “* sin px 
® D^=ri xi 
(m) d- Tjz fW 

(V) J^x* 

{W) D 2 — 2aD + T 2 e ~ VZ S ^ n gX 


(y) ( D — a) A ‘ n e ax sin px 



CHAPTER III 


APPLICATIONS TO ORDINARY LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 


§10. Linear Differential Equations. 

(1) It has often been said that a large majority of the differ- 
ential equations of mathematical physics are of the type of 
ordinary linear differential equations with constant coefficients. 
Be that as it may, it can certainly be shown that in certain fields, 
electrical circuits, mechanical vibrations, etc., we do have largely 
this type in use. Before proceeding to the general theory of the 
application to this type, let us look at a few illustrative examples. 

(2) Electrical. The common symbols for parts of electric 
circuits, together with their diagrammatic representation, are as 
follows : 


Time, t, 


0, E 0 

Current, I, i, 


E 0 e-t>‘ 

Electromotive force, E ) e 


E o COS cot 

Resistor, R , -^aa/w^ 

Ri. 

E n e~P' cos oit 

Inductor, L, 

T di 

L dt 

m 

Condensor or capacitor, C, 

4 f idt 



The differential equation for an electric circuit can always be 
written down in terms of the foregoing and is one with constant 
coefficients. The electromotive force (the action) is equated to 
the sum of the resisting forces (the reaction). 


(а) E = Ri, ohm’s law 

(б) E - 

(c) E = Ri +Lj t 

(d) E - ^yj' idt 
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( e ) E — Ri -f- idt 

a E = L 7, + U iil 

( 9 ) £ » Ri + l§ + id, 

Equations (d), (/), and (gr) are 
entiation will give differential 


R 



R L 

integro-differential and by differ- 
equations, e.g.: 


(d') 

(/o 

(9') 


dE _ i 
It ~C 
dE _ jdH i 

It ~ L dP + C 

— - R— i T dH 

dt ~ K dt + dt 2 



(h) When E — Eo cos a it, R = 0, and ^ = uPL, we have the 
resonance circuit represented by 


E 0 co sin cot — d- u-Li 

at- 

ii) When E = E 0 er &t cos cot, R = 2/3L, and ^ = (o 2 + /3 2 )L, 
we have the damped resonance circuit 

Eo e~v sin (cot + a) = L~ + 2pLj t + (to 2 + p)Li 

(3) The Pendulum, a. The simple bob pendulum in a vacuum 
has the differential equation 

7 1*1/ n 

l dT- = 

which for small oscillations (sin 6^6) becomes 
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b. If the resistance of the medium is taken into account, a 
damping factor is present in the equation 


d'-e 

dt- 


K - ? 


Here the energy, restoring force, and damping are in equilibrium. 

c. The bifilar suspension pendulum, with small free oscilla- 
tions, has the equation 

1t d*e b\ 

mk w = i e 


where l is the suspension length, g is gravity, m is the total mass of 
the bar, 2b is the length between the suspension filaments, and k 
is the radius of gyration of the bar. 

d. The horizontal seismograph has the following equation : 

d 2 x . g 

dt 2 f X ^ cos ^ 

(4) Oscillations, a. All vibrating systems about a position 
of equilibrium where the resistance of the medium is neglected 
have the differential equation of simple harmonic motion, the 
type form being 

d 2 x 

-^2 + = 0 [Lamb] 

b. A stretched string of length L, having tension T and a 
particle of mass m in the middle, set into vibration by pulling 
out laterally gives 

d^or < 7 * 

= ~ 4:T ' i [Lamb] 

c. A ship oscillating about a longitudinal axis through the 
mass center gives 

d 2 0 

= —gCd [Lamb] 

where C is the meta-centric height, k is the radius of gyration, and 
g is gravity. 

d. Central force varying as distance, damped: 

W + ( M ~ = 0 


[Lamb] 
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This has three cases : 

F I i.e. f n 2 — /x — 1 0 

e. Lateral displacement y of a portion of a thin vertical shaft 
in rapid revolution; x being the vertical height of the portion 
from the lower support : 

d*y 

— - n *y = 0 [Piaggioj 


/. Oscillations with increasing amplitude: 


d*y 

dt z 


d 2 y 
dt 2 


2 y 


k 


g. Forced oscillations, damping force proportional to velocity, 
restoring force, give Helmholtz’s equation 


+ 2 + n 2 y = b cos cot 


(5) Beams . In work on strength of materials appear certain 
bending-moment equations, the integration of which brings into 
the picture the shears and elastic curves. We have here quite 
a variety of differential equations, depending upon the kind of 
supports and the loading. With E for the modulus of elasticity 
of the material of the beam, W for an isolated load, I for the 
moment of inertia of a section, l for length, x for the distance of 
the section from the origin, co for uniform unit load, and y for 
the ordinate of the elastic curve, we have 


(а) 

(б) 

(c) 

(d) 
( 6 ) 
(/) 


fit ^ = —Nw x 
dt 2 2 W 


= — 3^0)2 (Z — x) 


= %{i - *Y 

= -Wl + (W + ccl)x - |(P + z 2 ) 
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(6) Miscellaneous, a. Distribution of pressure in an atmos- 
phere of uniform temperature: z ) vertical distance; p, pressure; 


P , density; H = — - 
p o 


dp p_ 

~di ~H 


[Lamb] 


b. Pressure interior to a liquid globe due to the mutual attrac- 
tion of the parts of the liquid : 

Tr = ~ 9P a [Lamb] 

where g = gravity at surface (force per unit mass), 
p = density. 

r = distance from center. 
a — radius of sphere. 

c. Increase in length of a bar hanging vertically and stretched 
by its own weight : 

dz 

^dx = ~~ X ^ [Lamb] 

d. Fourier's equation for the propagation of heat in a cylindrical 
bar 

0 - P'-V = 0 [Mellor] 

§11. The Single General Equation. 

(1) Every linear differential equation with constant coefficients 
can be written in the form 

F(D) - y = f{x) 

where D = and F(D) = the a* being constants, 

k 

real or complex. 

The largest A; is the order of the equation, though this class 
may include as special cases those in which A; = <*. In the latter 
cases, the F{D) may be a finite form in D, capable of being 
« expanded into an infinite series in D, convergent or not. The f(x) 
may be either a finite form or an infinite series. 

(2) The operational solution requires the addition of zero to 
f(x)] thus, 


F(D) ■ y = f( x ) + 0 
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Then the complete solution for y will be obtained by operating 
on the left by F~ l {D). 

F~ l {D) * F(D) - y = F-'(D) •/(*) + F~ l (D) • 0 


i.e., since F _1 * F = 1 

y =F~KD) •/(*) +F-KD) -0 


The first term on the right gives the particular integral; and the 
second, the complementary function. The latter will be treated 
first. 

(3) The Complementary Function . It is obvious at first sight, 
in the light of Chap. II (§7, “Operations on Zero”) that the 
differential equations may immediately be solved for the com- 
plementary function. Turn the differential equation into the 
operational form, and solve algebraically for the dependent 
variable, which will give an inverse operation on zero. 

(4) Examples. Solve the following for the complementary 
function : 


(a) d At 
V ] dx 2 


? = o 

ax 


(&) S + + 32/ = 0 


dx 2 

d 2 y 


(d) 2^ + 5^ + 2y = 0 


(e) 


r f ) a^y = 

' dx 2 dx 

wg + »-° 
<«g-«S + *-0 


( 3 ) 3 


d 2 y 
’ dx 2 


dx 

iol + a ,- 0 


3 - 2X I + < x ’ + - 0 


(•») g + 


2 ? 

az 


C’ + 18 i- 16 »-° 


(n) 3 + ^ + * ■ ° 


«3- 2 S 

d*y _ 

dx 2 


dx 


( a ) $-1 - 

dx 3 /7 ' y * 2 


dy 

dx 


+ y = 0 


Mg -%-0 

/ x d 4 2 / _ i o d?y _ dy _ n 

{s) dx 4 dx 3 + 6 dx 2 dx 

«> 3 +»•»-» 
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(«) 


d*y _ A d*y _j_ a d 2 y _ 0 dy 
dx 4 


dx° + 8 3- 8 fx+ 4 ^ = ° 


to S - 2 / = 0 




dx 4 

d s y 0 d*y , o rf4 2/ 


dz 6 


dr 5 


cfo* 4 


d 5 y Q d 3 ?/ _<Py _ n 

da - 5 dx 3 da ; 2 

igd , «<**» _ + „ - 0 

*dP + 3 dF 2 2 do; + V ~ ° 


,\d & y 
^ dx & ~ y 


(5) The Particular Integral. For this also, the necessary 
procedure has already been presented so that reference need be 
made only to Chap. II (§8 and §9, “Operations on Unity and on 
Particular Functions of x”). The student should therefore be 
able to solve the following for particular integrals as well as 
complementary functions and hence obtain the general solutions. 

(6) Examples'. 


(a) (D - 1) • y = e 2 * (/) 

(i b ) (I> 2 + D) • y = e x (g) 

(c) (D 2 - 3D + 2) • y = e* (h) 

(d) (D 2 - 3D + 2) • y = e 3 * (t) 

(e) (D 2 - 5Z> + 6) • y = e 2 * (j) 

(k) D 2 ■ y = cos a: (Z) (D 2 - 

(m) (D 2 + 3) • y = sin x + g sin 3r 

in) ( D 2 + b 2 ) ■ y = E - sin pt (p) 

( o ) (D 2 — 1) • y — cosh x ( q ) 

(r) (D — l) 2 - y = — e x log (1 — x) 

(s) (D -f l) 3 • y = rre -1 (t) 

(re) (D 2 + re 2 ) ■ y = x 2 cos ax 

(v) (D 2 — AD + 3 ) • y = e 2x sin x 

(to) (D 3 — 2£> + 4) • y = e* cos x 


(D 2 - a 2 ) ■ y = e 01 + e nx 
(D 2 + 9) • y = 60 • e-‘ 

(U - a)“ • t/ = a x + e ix 
(U 3 ± 4£>) • y = a; 2 - 3e 2 * 
(D — 1) • y = sin x 
5D + 6) • y = 100 • sin Ax 


(D — 1) • y = (z + 3)e 2 * 
(D 2 + 2D + 1) • y = x 2 e Sx 

(D s + 1) • y = ze 2 * 


At the end of this chapter will be 'found a set of examples taken 
from engineering and science. 

§12. The Heaviside Expansion Theorem. 

(1) One of the most interesting of practical applications of the 
operational method is that made by Oliver Heaviside in the form 
of his “expansion theorem.” It has become famous in the 
electrical field and has been much written about. It is the basis 
of many extensions, all of which leave something to be desired, 
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from the standpoint of clarity, of exegesis, or of completeness. 
Here will be given an elementary derivation of the theorem, 
showing what its real structure is. 

(2) Under partial fraction theory we have, 
if 

4>(x) = (x - a)f{x) 

fix) /OjO _ A g(x) 

<t>(x) (x — a)\p{x) x — a ' i p{x) 

then 


For x = a, 


and since 


f(x) 

\p(x) 


— -1 ix — cl ) 


g(s) 

P(x) 


/(g) 


= A 


<K*) = (x - a) ■ 4(x) 


by differentiation, 

4>'(x) = (x - a) ■ ip'(x) + \p{x) 
which, for x — a, gives 


4’ (a) = 'Pip) = 


_ d<t>ix) 


dx 


so that we have 


A = 

~ *'(<*) 


For all factors of <j>(x ) distinct and linear, we should have 

fix) s y fid) . 1 

(jy(x) y 4>'{a,i) x — a,i 


By analogy, 


or 


4(D) 

L m 

m 


]- 


K 


[K a constant] 


4(D) 


K 


[the particular integral] 
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If K = 1, we have [in Heaviside’s treatment, the 1 is his 
"unit function”] 


1 i - 1 

D — di —a,i 


li K = 0, we have 


D — cti 


0 = Cie ail 


Thus, 




Kad i 1 


In dynamical systems, we can safely assume that at the time 
forces are applied all coordinates are zero; i.e., here 


y — 0, when t = 0 


Applying this, 


0 -Xi 


/(<*<) I 1 


giving 


v = _ V /( a »~) , V /( a >)e 0i ' 

^d<j>' ^ A dd> 


ft gj) /(g) 

d4> I </>(/)) 


and then we have 


v = — i V f(Vi)e a 

<t>(0) ^4 deb 


D=ai 
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(3) Now, if we call 


m 

'm 


n o) 

Z( 0) 


and 


f(ai)e ai ‘ 

dcj> 

Id 


pi.p-j, . 


we have the clue to the Heaviside expansion theorem, 
is obvious that Heaviside’s form 


Y(p)e J,t 

dZ 

V 'T V 

Thus it 


n 0) , np)e * 

v Z(0) ^ " dZ 

v dp 


contains the particular integral and the complementary function 
of our linear differential equation theory, where the initial condi- 
tions (two of them) are put in. The zero value of K gives the 

» and the unit value of K gives the V - ^), C \ • Also, the 

0 ) & ypZ'iv) 

Z function contains only linear factors, each one distinct. 

(4) Heaviside himself recognized that his theorem left much 
to be desired, but he did not remedy it. Some recent writers 
have developed the case where repeated real roots are present. 
F. D. Murnaghan, by the use of Cauchy’s method, * has shown that 
additional terms must be present for repeated roots. J. R. 
Carson f developed the expansion theorem from a system of 
second-order equations in n variables, in which he considered 
repeated roots. Neither these nor any of the many other inter- 
pretations of the theorem have been made clear enough for the 
ordinary student to use. An extension could easily be written 
on the basis of the expansion of the operator into partial fractions, 
taking into consideration all four forms of partial fractions, and 
this would necessitate four summation sets, one for each of the 
four types. But nothing practical would be gained, because the 
foregoing operational method is sufficient and simple enough 
for all possible practical cases, and it is quite easy to evaluate 
the arbitrary constants for any terminal conditions found in 
physical situations. Moreover, one may be certain, when he has 
the general solution of the underlying differential equation, that 
he has covered the problem completely. 

* Amer. Math. Monthly , 23, (1927), 81-89. 
t Phys. Rev., 2, X (1917), 217-225. 
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(5) The expansion theorem is an interesting case of the 
insertion of terminal conditions before solution, so that the arbi- 
trary constants of integration never appear. It is a coincidence 
due possibly to the fact that the right-hand side of the under- 
lying differential equation is a constant. 

§13. Solution by Infinite Series. 

(1) Whenever the operational solution gives us a particular 
integral which on interpretation is found to be unintegrable, 
then, as in the classical method, solution by infinite series must 
be resorted to. This is more easily accomplished by the opera- 
tional method than by any other. 

(2) An illustration will suffice to show the method. Take the 
differential equation 


Its operational form is 


(D - a) -y = - + 0 
2 / 


The formal solution is 

1 I 

y ~D^~a x + D^~a' ) 

The complementary function is Ce ax , but the particular integral 
on interpretation is 



which is not integrable in finite form. 

(3) The operational method would be to expand 
an infinite series of either ascending or descending 
and then to operate term by term on thus 


? t\ \ mto 
(D - a) 

powers of D 




a much more difficult form to complete. 

(4) Whenever such a type of equation must be solved, it will 
be found necessary to examine the series solution to see whether 
or not it satisfies the differential equation under suitable terminal 
conditions; i.e., if it is convergent in the region in which the 
differential equation is valid. The series is to be rejected if it 
is not convergent. 

(5) It will be sufficient here to say that it is unlikely that any 
such equation will come up in engineering work. Most of the 
equations that the student meets will be regular. 

§14. Examples. 

In the set of problems on pp. 68 and 69 are contained most of 
those given in §10, and some additional ones taken from practical 

work. Here p = -t.> D = -j-> and d -j- 
dt ax az 
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No. | 


Equations 


Terminal conditions 


1 

2 

3 

4 

5 

6 


I (p -f }'190)E — 0 


(* + Ti} p=0 

( p '- + rc) i = 0 

(Ap* + MH)y = 0 

(; p 2 4“ 2 kp + or)0 ~ u>~a 

( p2 +Z p +Zc) i = 0 


7 


(P a + * S )V = o 


s 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 
19 



<PT 
de 2 


= T 


(p- + p - jjy = o 

p 2 * $ = a 
(D 4 4- w 4 )i/ = 0 
Lpi — E 
( Lp -j“ R)i — E 


( fi +ip + ^)* = E 


20 

21 

22 

23 

24 

25 

26 
27 


p 2 x = —g 

EID 2 x = —M 
{Ely 2 + P)y = Pa 
(p 2 + hp)u = — ^ 

{ED -j- p)2J — pi 

px = fei(a — x) 2 — 7 2 £ 2 

D/D 2 */ = 

(P/D 2 - 0)?/ - -y 2 c* X 2 



\y = o 

{ i = o 


y = r 


1 - 2k 


6 = 0 j 0 = a 
P = Po <P = 0 


X = Xo {px = Uq 
t = 0 < i = 0 


Source 

Mellor 

Lamb 

Emtage 

Emtage 


Lamb 

Lamb 

Lamb 

Murray 

Piaggio 


Lamb 

Boyd 

Campbell 

Lamb 

Lamb 

Bateman 

Lamb 

Murray 
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No. 


Equations 

Terminal conditions 

Source 

28 

EID*y = M 0 + | (lx - -r 2 ) 

i Bovd 

29 

Lpi 

= £ sin o at 

| 

30 

(R 

+ Lp)i = E cos cot 



31 

( R 

+ V = E COS cot 

CpJ 



32 

(* 

+ Lp + = E sin cot 



33 

\ ( Lp 2 -h Rp + ^)q — E cos <at 



34 

jp-x 

= a cos nt 



35 

(P 2 

+ 2 kp + 5 2 )s = a cos qt 



36 

(P 2 

+ a 2 )p — k cos gZ 



37 

(p 2 

+ n 2 )s = fc[3 cos (nt + e) -f 





cos 3 (nt e)] 


Lamb 

38 

(Mfc 2 p 2 + Mgh)e = -Xh 


Lamb 

39 

(p 2 

— co 2 )r — —g sin cot 

II II 

o o 

l( II 

o o 

Cohen 

40 | 

(£> 2 

— 2aD -f- b)y 





= Ce px sin (qx -f a) 


Forsythe 

41 

(P 2 

+ 2hp + h 1 + q-)y 





= ke~ ht cos qt 




CHAPTER IV 

ALGEBRAIC THEOREMS 

§15. Need of Algebraic Theorems. 

Much of the difficulty that engineering students encounter in 
gaining facility in the use of the operations of the calculus lies in 
their unfamiliarity with many of the most elegant theorems of 
algebra. This is partly due to the speed with which they are 
driven over their algebra and partly due to the fact that college 
algebras do not contain some of the really useful theorems or 
methods. For instance, the really elegant theorems for the 
development of partial fractions are not in the algebra texts and 
in only one elementary calculus text. The most useful method of 
evaluating numerical determinants is not in any of the algebras 
in common use in America. Matrix theory is not touched upon 
at all in any engineering mathematics courses. Since our subject 
is the algebraization of the calculus, it is necessary for the student 
to be familiar and facile with those algebraic theorems used, and 
we are therefore in this chapter including most of the algebraic 
theorems not covered thoroughly and carefully or possibly not 
covered at all in the preparation that our readers may have had. 
Partial fractions have already been covered in Chap. II. 

§16. Determinants. 

(1) Definition. In the ordinary sense a determinant is a 
square array of terms within vertical bars, considered as a single 
related set. It has the same number of rows as columns, and the 
notation used is significant of rows and columns. Thus : 


# 1 

hi 

i ai 

hi 

Cl 


#1 

hi 

Cl 

di 

#2 

h 2 

, ; a 2 

&2 

c 2 

) 

#2 


C 2 

dt 



| #3 

&3 

C 3 

\ 

#s 

h 3 

C 3 

<h 






&4 

hi 

C4 

di 


dll 

#12 


#11 

#12 

#13 


#11 

#12 

#13 

#14 

#2 1 

#22 

> 

#21 

#22 

#23 


#21 

#22 

#23 

#24 



#31 

#32 

#33 


#31 

#32 

#33 

#34 






#41 

#42 

#43 

#44 
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These may be indicated by shortened symbols, respectively, 
ab |, abc abed 

#12 #13 0 14 

In general, | a ln | indicates a determinant with n rows and n 
columns, n being called its order. Also, | a ZJ - |, or a*,*, or simply 
a indicates the same set without giving its order. 

(2) The relation among the terms is defined by the theorems 
that follow. Rigorous proofs or derivations w r ill not be given, 
though the structure will be shown in some cases. Full details 
can be found in any good book on algebra, determinants, or 
theory of equations. Also, only the theorems needed in the 
following chapters are included. 

(3) Minors . The element in the ith row and jth column 
of the determinant | an 1 is indicated by an. If we cut out the 
fth row and jth column and form a determinant of all the ele- 
ments remaining, we shall have what is called the complementary 


minor of 

an, 7/ .e. 

, with 





| = 








an 

a 12 


& 1./-1 

#1? 

#1,3+1 • • 

#ln 


#21 

#22 


#2, 3-1 

#27 

#2, 3+1 * • 

#2» 


#£—1.1 

a i—i ,2 


#t— 1,7- 

-1 Ui— 1,7 

#1 — 1 , 3+1 • • 

#*— l,n 


an 

a% 2 


#t,7~l 

an 

# 1 , 7+1 - • 

a in 


#*+ i,i 

#i+ 1,2 


#t+l, 7 '— 

-1 #1+1,7* 

#i+l, 3 +l • • 

#t+l,n 


a n i 

#n 2 


an, 7—1 

a n j 

#n, 7+1 * • 

#nn 

the minor of 

will be 






#11 

#12 

. . . 

#1,3—1 

#1,3+1 • * * 

#ln 


G 1 - 1,1 

a% — 1,2 

. . . 

# 1 - 1 , 7-1 

# 1 — 1,7+1 * * • 

#t-l,n 


#i+l,l 

#*+ 1,2 

. . . 

#i+l, 

# 1 + 1 , 3+1 • * • 

#i+l,n 


ani 

a n 2 

. . . 

#n, 3 —I 

#n, 3 +l • • • 

#7171 


Mi, ls also called a first minor of | an j. It is of order n — 1. 
A second minor of | an I is any such array from it after any two 
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rows and columns have been deleted, and it will be of order n - 2. 
For example, if 


# ii 

#12 

#13 

#14 

#21 

#22 

#23 

#24 

#31 

#32 

#33 

#34 

#41 

#42 

#43 

#44 


then a»i a u j is one of its second minors. Here the first and 

a 3 L #34 j 

fourth rows and the second and third columns have been deleted, 
i an #u ' will be another second minor. Each element of the 

I #41 #44 ! 

| a-ij | will be an (n - l)st minor, because, to obtain it, n — 1 
rows and columns will be deleted. A diagonal minor is any such 
secondary array whose diagonal row is in the diagonal row of the 
original determinant. In the last example. 


| #11 #12 j, 

| #22 

#23 

and 

#22 

#24 

j #21 #22 | 

! #32 

#33 


#42 

#44 


are diagonal minors. 

(4) The cofactor of an element is its complementary minor 
with a sign attached determined by the i and j of the element; 
thus, 

At; = ( — • M i} is the cofactor of a,;; 

(5) In any determinant, if the rows in order are made into 
columns in order, its value is unchanged. Thus, 


a ii 

#12 

#13 

a 11 

#21 

#31 

#21 

#22 

#23 

#12 

#22 

#32 

#31 

# 32 

#33 

#13 

#23 

#33 


In general, = | a a 

(6) If any two rows (columns) are interchanged, the sign is 
changed, but not the absolute numerical value. Thus, 


#11 

#12 

#13 

#21 

#22 

#23 

#31 

#32 

#33 


a 12 

#11 

#13 

#22 

a 2 i 

#23 

#32 

#31 

#33 


#31 

#32 

a 33 

#21 

#22 

#23 

#11 

#12 

#13 
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As a consequence of this, if any two rows (columns) are identical, 
the determinant has the value zero. 


On 

a n 

Gf 12 ; 

an 

Oil 

a 12 

0-2 1 

&21 

0 22 i ^ — 

j 

021 

Ool 

Cl 22 — 

a a 1 

£*31 

0‘S3 I 

| 031 

0-61 

ass 


by interchanging first and second columns. Thus, 
A = -A or 2A = 0 


giving 


A = 0 


— A 


As another consequence of this, any row (column) can be moved 
over one or more rows (columns) by changing the sign of the 
determinant for every such move. Thus, 


0 11 

Ul2 

On 

0 n 

0 13 

0\2 

On 

On 

0 12 

0-21 

O2 2 

O2Z 

0-21 

02Z 

(122 

02Z 

O21 

022 

O 31 

&Z2 

Ozz 

Ozi 

Ozz 

0Z2 

Ozz 

Ozi 

Oz2 


(7) If every element in any row (column) is multiplied by 
the same number, the determinant itself has that number as a 


factor. Thus, 

On 

0\2 

man 

Oia 


On 

0] 2 

0 13 

O14 

O21 

O22 

ma 2 3 

024 

= m 

021 

022 

023 

O24 

Ozi 

OZ2 

ma 3 3 

034 

031 

0-32 

O33 

O34 

On 

042 

man 

0.44 


O41 

0 42 

O43 

O44 


In general, any factor of any row or column can be taken outside 
as a factor; or, vice versa, any factor outside can be put into the 
determinant as a multiplier of any row or column. 


1 

2 

3 


2 

2 

3 


1 

2 

3 

4 

5 

6 

= 

8 

5 

6 

= 

8 

10 

12 

7 

8 

0 


14 

8 

0 

! 

7 

8 

0 


2 

4 

6 


1 

2 

3 

3 

6 

12 

= 2-3-5 

1 

2 

4 

5 

15 

30 


1 

3 

6 


As a consequence of this, if two rows (columns) differ only by a 
constant factor, the value of the determinant is zero; for when the 



f 7< . mmSr 0P MAT„ mATICS (C8Ap 

Smns/id tTticT ‘ he r9SU “ ing has two rows 

»f the soroo or(let 

spondmg dement, in that row <co£ n ) Thus” " ‘ he Corre - 


a u b 12 bi 3 

021 622 b 3 

031 632 633 


c n ^12 613 

C 21 5 22 b 23 

C 31 632 6 S , 


1111 
2 12 1 
3 5 12 
12 3 4 


+ 


2 2 3 
2 1 2 

3 5 1 
1 2 3 


a a + c u 6 I2 i u 
a21 + C 21 &22 & 23 
a 31 + C 31 & 32 &33 

3 3 4 1 
2 12 1 
3 5 12 

12 3 4 


minant to multiply the ^ dementeTf” 8 ^ ValUe ° f the deter ’ 
same constant and add the 



On a n a 13 a u 


[ a 3i a 2 2 a 23 a u 

A = j 

a n 03 2 a 33 a 34 


° 41 a 42 a 43 a 44 


a n a n a 13 a u 
a 2 i «22 a 2 3 a 24 
azi a 32 a 33 a 3i 

a u o 42 a i3 a u 


an + ma u 0u 0u 

ajl + w « 2 s a 22 a 23 
a n + ma 33 a 3i a 33 
a n + ma« a 42 a 43 

« 12 a J3 a 14 
+ 1 W<Z2S °*» a 23 a 24 
032 a 33 a 34 

a 42 a 43 a 44 


a u 

a 24 

a Z4 

a U 


= A 


fS the second determinant in 
( 10 ) , * 

I a *'j I, then 

n 

3 = 2 a < 4*7 

3 = 1 

Wng tt 6 S * ““ 'Xd a eS e T ‘he 
a third-order determinant, 7 £ d ‘ To ^ustrate this by 
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an 

^12 

an 

a 2 i 

a 2 2 

a 23 

&31 

az2 

^33 


can be expanded in six different ways: 


a 2 2 

a 23 

0*21 

a%z 

, U21 a 22 

= an 


— an 


+ «13 

a 32 

azz 

U-31 

azz 

a 3 l U 32 


a i2 a i3 

, an 

^13 


i 

“T U 2 2 

~ «23 

a 32 a 33 

U 3 i 

azz 



an a 12 
a 3 i a 32 


>bv rows 


ai2 

an 

~ a 32 

an 

an 

+ &33 

an 

an j 

a 2 2 

a 23 


a 2 1 

a2z 


a 2 i 

a 22 j 

a 2 2 

&23 

— an 

&12 

an 

+ a 3 l 

ai 2 

ai 3 

a 32 

azz 


a 32 

azz 


a 22 

a 2 3 


«21 <^23 

a 3 l ^33 


an ai 3 
a 3 l &33 


a 2 i 

j 

a 2 2 

an 

ai2 . 

+ a 3 3 

— a 23 

0 3 i 

a 32 

a 3 i 

a 3 2 


= ai 3 — a 23 „ I a 33 

I a31 a 3 2 I I ^31 a 32 I ! 

In general, this expansion can be written 


an a u (by 
2 a 2 i a 23 ( columns 

an a .12 J 

a 2 1 a 2 2 / 


a = ^(-ly+’a^Ma = jMu 

j-i i-i 

where the Mij and Aij are as previously defined. 

(11) Using the notation with cofactors, it is easy to show that 

n 

^ anAkj = a if i = k 

j = i 

= 0 if i k 

The first is shown in (10). For the second, we note that in the 
preceding example 

^H-^-21 + &12^22 "b U-13A23 = 

ai2 ai3 an ai3 , an au 

a 11 —a 12 1 U13 ^ - 

a 3 2 a 33 a n azz azi a 3 2 

an an ai 3 
an a 1 2 di3 = 0 
a 3 i a 32 a 33 
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(12) Determinants can be multiplied together. The process 
will first be indicated schematically. We shall define I as the 
unit determinant , having units in the principal diagonal and zeros 
everywhere else. Also, define 0 as that determinant which has 
all elements zero. 


1 

0 


1 

0 

0 

0 

1 


0 

1 

0 




0 

0 

1 


0 = 


0 0 
0 0 


0 0 
0 0 
0 0 


1 

0 

0 . 

. 0 

0 

1 

0 . 

. 0 

0 

0 

1 . 

. 0 

• o 

0 

0 . . 

• o 

0 

0 

0 . . 

. ll 

1 = 

etc. 




Then if A and B are determinants of the same order, P, their 
product, will be indicated in determinant form as 


P = A- P = A- P- 0(— 7) 

A -I 
0 B 

This will be displayed in detail. 

With 

A = | aij |, 

B = | b if 

then 


rO 

<3 

li 

cq 

II 

Ai 

| = | |a i3 -| 


0 I bn 


Gil 

&12 

* a 171 

-1 

0 . . . 

0 

#21 

<^22 

* 0 > 2 n 

0 

-1 . . . 

0 

a - n \ 

0 >n 2 

&nn 

0 

0 . . . 

-1 

0 

0 . , 

. . 0 

fell 

fel2 - . . 

feltt 

0 

0 . , 

. . 0 

&21 

fe22 ... 

&2 n 

0 

0 . . 

. 0 

fenl 

fen2 . . . 

fen» 


a determinant of the 2nth order. From this, by the repeated 
use of the theorem of (9), we can develop the product into a 
determinant of the nth order. Multiply the (n + l)st column 
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by an, the (n + 2)d by a 2 i, etc., and add, respectively, to the 
first column, second column, etc. The result will be 


P = A - B 


A -I 
0 B 


0 - 1 
AB B 


where the elements of | AB | are ^ aubkj for i,j = 1, 2 
Details are as follows, for a third-order set: 


an 

a i2 

ai3 

611 

?>12 

biz 

a 2 i 

a 22 

a 23 

6 2 i 

&22 

b%z 

a 3 i 

a 32 

a 3 3 

&31 

6 32 

bzz 

an 

ai 2 

ai 3 - 

-1 

0 

0 

a 2 i 

a 22 

a 23 

0 

-1 

0 

a 3 i 

a32 

a 33 

0 

0 

-1 

0 

0 

0 bn 

&12 

bi3 

0 

0 

0 i 

?21 

?>22 

Z>23 

0 

0 

0 6 3 i 

£>32 

bzz 

T 

T 

r 

T 

T 

T 

1 

1 

L 

-t-; 

^11 

a 2 i 

a 3 i 



1 

^12 

a 2 2 

a 23 



1 c 

^13 

a 23 

a 33 


— an + an 

— a 2 i + a 2 i 

— a3i + a3i 

an6n + a 2 i6i2 + dzibiz 
an& 2 i + a 2 i&22 + a3ib 2 3 

an&3i + a 2 i& 32 + a 31633 


— a 12 i ai 2 

— a 22 + a 22 

— a 3 2 + a 32 

ai 2 &n + a 22 &i 2 + a 3 2 6 i 3 
ai 2 6 2 i + a 22 & 22 + a 32 & 2 3 
ai 2 ?? 3 i + a 22 fe 32 + a 32 &33 


— ai 3 

+ 

a i 3 



-1 

0 

0 

— a 2 3 

+ 

a 23 



0 

-1 

0 

— a 33 

+ 

a 33 



0 

0 

-1 

dnbu 

+ 

a 23 6 12 

+ 

a 33 £> 13 

&u 

&12 

i >13 

(iizbzi 

+ 

a 23 6 22 

+ 

a 33 Z > 2 3 

621 

622 

&23 

dnbzi 

Hr 

a 23 6 3 2 

+ 

a 33 ?>33 

631 

f >32 

&33 


0 
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Evaluating this as if it were a third-order determinant, we have 


P — cinbii + a,2ibi2 + <231613 

<211621 a 21b 22 + <231623 
<211631 -f- <221632 + <231633 


<212611 + <222612 + < 2 32 6 i 3 
&12621 + <222622 + <232623 
<212631 + <222632 + <232633 

<213611 + < 2 23 6 i 2 + < 2336 x 3 
<213621 + <223622 + <233623 

<213631 + <223632 + <233633 

factors have some 


The four forms are not all the same unless the 
sort of symmetry. Therefore, in general, 


| AB | ^ | BA | 

Somewhat different notations are used in various textbooks for 
products. One will meet 


or 


(abc)a 

P - 
y 


<2« 

6« 





<2^ 

6, 

C/9 




a y 

by 

Cy 




0 j 

1 a) 

(a 

1 » 

(a 

1 7) 

1 etc. 

i 

1 <2l) 

(6 

1 0) 

0 b | 

7) 


! (c j 

1 a) 

(c 

1 P) 

(c | 

7) 



(13) Reciprocal; Adjoint. These two are closely related, as 

follows: The reciprocal of a = | | is | = the adjoint 

of a is A = | A u I, where the A u are the cofactors as previously 
denned. With this notation, 


or 


whence 


1 

a 


An 

a 



j. 

a n 


A 


a n = a • A 
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Here the adjoint is defined in terms of a. The proof of this 
relationship is shown by the use of the product theorem, as 
follows : 

a • A = | a {j | * | An | 

= | 2^^’ ' ^ 

= a n I 


for by ( 11 ) all elements other than diagonal ones are zero, and 
the diagonals all equal a. 

(14) Evaluation of Numerical Determinants. The student 
should be able to evaluate numerical determinants quickly. 
The Laplace expansion in third and higher orders is space using 
and time consuming. The two following theorems are much 
preferable, when a high-order determinant is to be evaluated. 
The first, with 


u 11 

Ui2 

U 13 

a 2 1 

U 22 

a 2 z 


G&in 

a^n 


Uni Un2 U n 3 


Unn 


then 


&n U12 


U11 Ui 3 


an Uin 

U21 U22 


U21 U23 


a 2 i a 2 n 

an Ui 2 


U11 aiz 


an a\ n 

®31 U32 


U31 a-33 


a 3 i az n 



an ai2 


an ai3 


an a X n 

a n i Un2 


a nl a n 3 


anl flrui 


Thus by the evaluation of (n — l ) 2 second-order determinants 
we are able to reduce an nt h order determinant to a factor and 
a determinant of (n - l)st order. This latter, in turn, by the 
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same theorem can be reduced to an (n - 2)d, etc. An example- 


2 2 12 
12 12 
2 3 14 
0 10 1 


1 1 
2 4 


-2 4 
-2 0 


1 1 
2 4 


= 1 


Another example: 


3 4 5 5 7 

1 2 3 4 5 


2 4 

OO 

11111 

II 

-1 -2 -2 -4 

2 3 2 3 2 

3 3 ! 

1 -4 -1 -8 

12 12 2 

1 

2 -2 

1 -1 1 


> etc. 


This method can be used for any a ih but when the a {j is any 
other than the upper left-hand term, the matter of signs of the 
first-order determinants becomes confusing. It is an advantage 
lf On - 1. If On = 0, it is of advantage to move columns or 
rows to obtain a term not zero in first place. 

(15) The second rule: 


da = 


1 

Ikl 




du 

GlJ 

fll2 

&13 


k^l,n— 1 

d \ J 

&21 

d22\ 

I&22 

&23 


|®2,»-1 

d2n\ 

till 

dl2 

Ui2 

du 

1 


din 

®31 

dn 

^32 

#33 


^3,n— 1 

dZn 


|^nl dn2\ 


a 12 Clu 
\dn2 &«3 


1 

a*.n_ 1 


dln\ 

a, 


for any i or j. This really needs no exemplification in the lio-ht 
of the preceding examples. 

These two methods are much superior to any other method 
for evaluating numerical determinants and should be thoroughly 

learned by the student before proceeding to the solution of linear 
algebraic equations. 
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(16) Rank of a Determinant. If in a determinant all of its 
minors of order r + 1 are zero, while at least one of its minors of 
order r is not zero, the determinant is said to have rank r. 

(17) Examples: 


(a) 12 3 4 

12 3 4 

2 4 6 8 

! 3 6 9 12 


has rank 1 (ft) 0 0 has rank 0 

0 0 ' 

r = 2 (d) 1 0 0 0 j, r = 4 

0 10 0 
0 0 10 
0 0 0 1 


(c) 3 2 4 6 , r — - 

13 1 1 

13 1 1 ! 

6 4 8 12 j 

(<?) 2 1 1 1 , r = 3 

0 0 2 1 

0 0 0 1 

0 0 0 0 i 


(18) Jacobians. Given F/(x f , yf) = 0 

i, j = 1, 2, • ■ • , n 

Then the Jacobian is the determinant made up of terms as follows: 
d(Xi) dxi dXi dXs _ dx n 


n = 1 


dX] 

dx 2 dXz 


dX n 

dy i 

dyi dyi 


dyi 

dxi 

dx 2 dx$ 


dX n 

dy* 

dy*. dy-2 


dy*. 

dX\ 

dx 2 dxz 


dx n 

dyn 

dy n dy n 


dyn 


d(Fi) 



-(■ 

n n 3 (^) 

' d{Fd 




Kyi) 




dFi _ dFj 




dxi dyi 

dXi 



J{Fj) = d(Fi) d^xj) 
d(yi) d(xi) d(yi) 
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(d) 


gG/j) . d(.Xj) _ 1 
d(xi) d(y { ) 


(e) If J = 0, the functions are not independent. 

(19) Hessians. If in a Jacobian the y i: are the df/dXi of a 
function then 


#(/) = 


j/gf 

dZi\d:£/ ( 


is called the Hessian of /(a;*). 

(a) #(/) is a symmetrical determinant, for 

a 2 / = a 2 / 

dXidXk dXkdXi 
n 

(b) If = 0, then f7(/) = 0. 

i — 1 1 

(20) FronsHcms. Let/; (i = 1,2, • ■ • ,n)ben functions of a 
given variable. Suppose them connected by the linear relation 


= 0, a,i constants 

i = 1 

Differentiate successively 

n 

= °> k = 1» 2, • • • , n - 1 

i = l 

Eliminate the cii from the n equations, obtaining the eliminant 
W(ji) = I fP | = 0 

This is called the Wronskian of the 

§17. Linear Algebraic Equations. 

(1) In general, a system of simultaneous linear algebraic 
equations will be written as follows: 

^aijXj — hi i = 1, 2, • * * , n (&) 

3 = 1 


aij real or complex constants 
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The determinant of the coefficients of the x , will be 

A 2 = | £,-,• |, called the matrix determinant 

while B = || A j A\* j! will be called the augmented matrix. 

For a fourth-order system, the details will be 

ana* i + + clisX 3 -f- £u0*4 — k\ 

&2lX l ~h a 22 X 2 + £230*3 H” U 04 X 4 = &2 (ct) 

£310*1 + £320*2 + £330*3 + £340*4 = k 3 

CLaXi + £420*2 £430*3 + £ 440*4 = 


£u 

£12 

£13 

£14 

£21 

£22 

£23 

£24 

£31 

£32 

£33 

£34 

£41 

£42 

£43 

£44 


£11 

£12 

£13 

£ 14 

ki 

£21 

£22 

£23 

£04 

k 2 

£31 

£32 

£33 

£34 

k 3 

£41 

£ 42 

£43 

£44 

ki 


(2) Cramer's Rule . If, in (a), A is not equal to zero, and there 
is one and only one set of solutions for the x jy that set is given by 

Xi = j = 1 , 2 , ■■■ , n 


where the K, is A with the in its jth column. This can be 
shown by direct substitution, as follows: 


4 ^ y — X j fflij 


£ 11 

£12 - 

. aijxj 

• • £ln 

£21 

£22 

a 2 jXj 

* • £2n 

£31 

£32 

. CLzjXj 

- • £3n 

£n 1 

£n 2 • • 

• * £» jX j 

- • £nn 


Then by the theorem of §15 (9), i.e., by multiplying the other col- 
umns by the respective Xk (k = 1, 2, - • • , n, ^ j ) and adding 
these products to the jth column, we have 



84 


THEORY OF OPERATIONAL MATHEMATICS [Chap IV 


.4 ■ Xj 


«n an ... ^aijXj . . . a u 

I = i 

n 

a 21 fl 22 ... ^atjXj ... „ 2n 

3 = 1 
n 

# 3 j 


#31 #32 


#3* 


/= i 


a m a n2 ... 2)a n/ ; 

j -i 

or, since = *<, i = 1 , 2 • • • 


i = l 


n 


ai1 a i 2 • • • ... a ln 

a 2 i #22 ... A / 2 ... a 2n 


a n i #, t2 


K 




■ J” the f0Urth “° rder system - for instance, we should have, 


Ax 1 = 


|Xi = 


#11 #12 #13 #14 

#21 #22 #23 # 2 4 

#31 #32 #33 #34 

#41 #42 #43 #44 

#11^1 + #12^2 + # 13^*3 + #140:4 
#21^1 + #22# 2 + #23X3 + #24X4 
a * lXl + # 32*2 + #33X3 + CI34X4 
# 41^1 + #42^2 + #43X3 + (Z44X4 

h 
k 2 
h 
k 4 


(I11X1 a 12 
# 21*1 #22 

#31*1 #3 2 

#410:1 a , 42 

#12 
#22 

#32 
#42 


#13 #14 

#23 #24 

#33 #34 

#43 #44 

#13 #14 

#23 #24 

#33 #34 

#43 #44 


#12 

#13 

#14 

#22 

#23 

#24 

#32 

#33 

#34 

# 42 

#43 

#44 


= K , 


-a&i'Si: ri’ss 
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between the constants of the system. The conditions are best 
stated by Bocher in his “Introduction to Higher Algebra,” from 
which quotation is made. 

(4) A necessary and sufficient condition for the system (a) to be con- 
sistent is that A and B have the same rank. 

(5) If A and B have the same rank r (r < n), then the values of 
n — r of the unknowns may be assigned arbitrarily, and the others will 
then be uniquely determined. The n — r unknowns may be chosen 
in any way provided that the matrix of the coefficients of the remaining 
unknowns is of rank r. 

(6) Examples: 

(a) y + z + u 

2 + w + x 

u + x + y 

x + y -j- z 

Here 

0 111 
1011 
A 1.10 1 
1110 


= -(4 - 1) = -3 

1111 
^ _ 2 0 11 
Al -1101 
-2110 
= -Hi- 6) = 3 

Similarly, 

K» = 6, Kz = -3, K 4 = -6 

whence 

(x, y, z, w) = (-1, -2, 1, 2) 

(5) x + Zy + 3s = 9 

2x + y + z = 8 
2x — y — z = 4 



-2 -1 

-1 -2 


10 11 
0 111 
110 1 
1110 


1 1 1 

1 -1 0 

1 0 -1 




86 


THEORY OF OPERATIONAL MATHEMATICS [Chap. IV 


1 3 3 

A — 2 1 1 = 0 , rank 2 

2 - 1-1 

13 3 9 

B = 2 1 18, rank 2 

2-1-14 

Solutions : 

x + Sy = 9 — 3z 
2 x + y = 8 — z 


Ax = g _ 3Z Z i = 9 - 3z - 24 + 3z = - 15 
, 1 9 - 3z 

Ay — 2 g _ 2 — 8 — z — 18 + 62 = — 10 + 5z 

whence 

x = 3, y = 2 — z 

and 


2 

0 

1 

2 

X 

3 

3 

3 

y 

2 

1 

0 


W 2x - y + 3z = 1 

4a; — 2y — 2 = — 3 

2 a: — 2/ — 42 = —4 

(7) Homogeneous Equations . In the foregoing, if all the are 
zero, the procedure for solution is somewhat different. Write 

n 

= 0 i = 1 ; 2 , * • • , n (fi) 

y=i 

(8) In the first place, this set (6) always has one or more sets of 
solutions. It can have the solution Xj = 0 , j — 1, 2 , • • • n 
called the trivial solution. 

(9) For a solution other than the trivial one, however a 
necessary and sufficient condition is that 4 = 0 ; i.e., its rank is 
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less than n. When this is true, the theorem in (5) applies; and 
when arbitrary values are chosen for n — r variables, Cramer’s 
rule (2) will be used for obtaining the solutions. 

(10) Examples: 


(a) Xi — + 4x 3 = 0 

Ax i — 12x 2 + 16x3 = 0 
3x x — 9x 2 + 12x 3 = 0 

( b ) Xi 4“ Xo 3x 3 = 0 

Xi + 2 x 2 + 2x 3 = 0 

Xi + ox 2 — x 3 = 0 

(c) Xi ~f- 2 x 2 -f- 3 x 3 = 0 

Xi + x 2 + x 3 = 0 

2xi + 0 x 2 = 0 


Rank of A is 1, 

two unknowns arbitrary 

Rank of A is 2, 
one unknown arbitrary 

Rank of A is 3, 
trivial solution 



CHAPTER V 

MATRICES 


§18. Definitions. 

(1) D-matrices are rectangular arrays of terms that are 
polynomials in D with real number coefficients. The double bars 
are used to set them off instead of single bars as in determinants. 
If m is the number of rows, and n the number of colu mns , m is 
not necessarily equal to n, although when we use them in differ- 
ential-equation theory, usually m = n. Examples of D-matrices 
are 


(a) 

D 2 - 

kD + n 2 


— 

ku 


(&) 

D 

—r 

Q 


r 

D 

-v 


-9 

V 

D 

(c) 

D 2 

coD 

Ve 




m 


— wD 

D- 

0 


ku 

D 2 + kD + n 2 


(2) The unit matrix is defined as 


1 

0 

0 . 

. 0 

0 

0 

1 

0 . 

. 0 

0 

0 

0 

1 . 

. 0 

0 

0 

0 

0 . . 

. 1 

0 

0 

0 

0 . . 

. 0 

1 


It may be of any order. 

(3) If we have the matrix 



/ll 

/12 

fn . 

* • flm 

/21 

/22 

*/*23 

* * /2m 

/ml 

/m2 

fmZ 

• • f mn 
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kM = || kfij || = kf n kf u ... kf lm 

| kf 21 kf 22 . . . kf 2m 

| kf ml kf m2 - . . kf m m ! | 

(4) The rank of a D-matrix is the order of its largest deter- 
minant which is not identically zero. Examples: 

(a) j) 2 , of rank 2 

m 

-coD D 2 0 

(b) 1 D — D 2 L of rank 2 

— 2) 1 D I 

1 — D Z> + 1 D-D 2 ; 

(c) D 2 — 2auD 0 , of rank 3 

2ao>D D 2 26wZ) 

0 -26coD D 2 

(d) D 2 D 1 , of rank 1 

D 3 D 2 D 

§19. Transformations ; an Example. 

(1) The main and perhaps only uses that we shall have for 
matrix transformations will be in showing how equivalent matrices 
are connected and to exhibit the invariant factors by the use of 
the normal form. To illustrate this, we shall use the matrix 
(6) under §18 (1), viz., 


D 

—r 

Q 

r 

D 

- V 


V 

D 


This matrix is the set of algebraic and differential coefficients 
found in the set of differential equations of motion on moving axes 
generally, p, q, r being angular velocities. [Taken from Lamb’s 
“Higher Mechanics,” p. 151 (3).] 

dx 

— = ry — q Z 
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dy 

l= pZ ~ rX 

dz 

dt =qx ~ py 

We set out to find the normal set of this system of equations. The 
procedure is as follows: 

(2) Interchange first and third columns: 


D 

— r 

q = 

q 

— r 

D 

r 

D 

“ V 

-p 

D 

r 

-q 

V 

D 

D 

V 

-q 


(3) Now divide first row by q, and multiply second and third 
columns by q: * 


1 

—r 

D 

-p 

qD 

qr 

D 

pq 

- q 2 


(4) Multiply first column by r, and add the products to the 
second column. Also, multiply the first column by —D, and 
add the products to the third column : 

= 10 0 

— p —pr + qD pD + qr 
D rD + pq — D 2 — q 2 

(5) Multiply first row by p and add to the second row, and 
multiply first row by — D and add to the third row: 

= 10 0 

0 — pr + qD pD + qr 

0 rD + pq — D 2 — q 2 

(6) We shall now transform the second-order matrix in the 
foregoing in similar manner. Multiply first column by p and 
second column by — g, obtaining 

—pr + qD pD + qr = —p 2 r + pqD — pqD — q 2 r 
rD + pq — D 2 — q 2 prD + p 2 q qD 2 + q z 
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(7) Add second column to first : 

— p~r — q-r — pqD — q 2 r 

li OP + prD + p 2 q + q* q D 2 + g 3 j] 

(8) Divide first row by —p 2 r — q 2 r and multiply second 
column by the same expression : 

3 1 —pqD — q 2 r 

qD 2 + prD + p 2 q + q* — (qD 2 + q z )(p 2 r + q 2 r) 

(9) Multiply first column by pqD + q 2 r and add to second 
column, and after that is done multiply first row by 

- (qD 2 + prD + p 2 q + q z ) 

and add to the second row: 

* 1 0 

0 (qD 2 + prD + r 2 q + q z )(pqD + q 2 r) 

— (qD 2 + q 3 )(p 2 r + q 2 r) 

(10) Expand and collect terms in the last element: 

= 1 0 

0 pq 2 [D z + (p 2 + q 2 + r 2 )D] 
set p 2 + q 2 + r 2 = a 2 , giving 

3 1 0 

0 pq 2 (D z + <X 2 D) 

(11) Divide second column by pq 2 , and factor: 

3 1 0 

0 D(D 2 + a 2 ) 

(12) Replacing in the third-order matrix, we have 


D 

—r 

Q 

= 

i 

0 

0 

r 

D 

~P 


0 

1 

0 


P 

D 


0 

0 

jD(D 2 + a 2 ) 


(13) This latter matrix N is called the normal form of M . 
It is also the matrix for the normal set of differential equations 
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which is said to be equivalent to the original set of differential 
equations. This normal matrix, therefore, plays an important 
role in the theory of the method of solution of the system of 
differential equations in exhibit. Our goal is nearly reached 
when we have exhibited this normal matrix, for it is the key to 
the procedure of solution which we give in a subsequent chapter. 
In the next section, however, we shall give the formal theory of 
permissible transformations on matrices, so that we may be able 
easily to solve systems of ordinary linear differential equations 
with constant coefficients. 

§20. The Formal Theory. 

(1) For a rigorous treatment of the following theory, the 
student is referred to the subject of “elementary divisors” or 
“invariant factors” in texts on higher algebra and determinants.* 

(2) Factors. A factor of all first minors is a factor of the 
largest determinant of a D-matrix; for such determinant can be 
expanded by the Laplace method, as 

n 

A se 2}(-l y+ifuMij, for any i 

j = i 

Then if the JlfVj have a common factor F, 

Mij = F ■ rriij 

whence 


j=S = j£( — 1 ) i+i fnmn, for any i 

j~ 1 

(3) Similarly, if all second minors have a common factor, it 
is a factor of all first minors and hence of the determinant. The 
greatest common divisor of any set of i - rowed minors is thus a 
divisor of all (i + l)-rowed minors. Indicating the G.C.D. by Gi , 

77j 

1 

the excess factors in the (i + 1) -rowed minors over those in the 
z-rowed ones. 

*B6cher, M., “ Introduction to Higher Algebra.” Mum, T., “The 
Theory of Determinants,” vol. IV. Scott and Matthews, “ Theory of 
Determinants.” Muth, P., “Theorie u. Anwendung der Element artheiler.” 
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(4) It is thus evident that the Gi are made up of the Ei\ thus, 
with 


Go — 1 

Gi = E x 

G 2 L 

7 T = E‘>< etc. 

Or i 

G 2 = E 1 • E* 

Gs =: E i * E 2 ' Ez 


Gi — E\ • E 2 ■ E 3 • * * Ex 


n 

A = E* = 1 fa I 


(5) Elementary Transformations. Three types of operations, 
called elementary transformations, may be performed upon a 
D- matrix without altering its essential nature, viz ., 

a. The interchange of rows (columns). 

b. The multiplication of each element of a row (column) by 
the same constant (not zero) or by a polynomial in D (not 
identically zero). 

c . The addition to the elements of a row (column) of the 
corresponding elements of any other row (column). 

(6) Equivalency. Two D-matrices are equivalent if it is 
possible to pass from one to the other by elementary transforma- 
tions. Thus, in the example of the last paragraph, all the matrices 
are equivalent. 

(7) Elementary transformations do not affect the greatest 
common divisors of the set of all f-rowed determinants of a 
D-matrix; i.e., such divisors are invariant under elementary 
transformations. Note that the determinants of the first and 
last matrices in the preceding example have D 3 + (p 2 + q 2 + r 2 )D 
as a factor, and unity is a factor of all second-order determinants 
in both, as well as all elements of both. 

(8) From this it will be evident that the equivalency of two 
matrices means that their determinants contain the same factors 
for corresponding sets of minors. This is rigorously stated as 
follows: 
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(9) A necessary and sufficient condition for the equivalency of two 
D-matrices of the nth order is that 

a. They have the same rank r, and 

b. For every value of i , from 1 to r inclusive, the z-rowed deter- 
minants of one matrix have the same greatest common divisors as the 
z-rowed determinants of the other. B ocher, op. cit. 

(10) It is now obvious that the Gi and Ei are invariant under 
elementary transformations and that for equivalent matrices 
the Ei are the invariant factors. These play an important part 
in the solution of systems of differential equations, as will be 
shown. The essential thing here is the procedure necessary 
to disclose quickly these Ei. The means are the elementary 
transformations, and the form that displays them is the normal 
form. 

(11) Normal Form. We can now define the normal form and 
show how it is obtained. Given a D-matrix, 

M /n(D) / 12 (D) fin(D) s || fa(D) ||, of rank n 

/ 21 (D) / 22 (D) fUD) 

fnl(D) / n 2 (D) /nn(D) 

Its normal form will be an equivalent matrix having the E { 
of M in its diagonal column and zeros elsewhere; thus, 

M = N 55 || Ex 0 0 . . . 0 

0 E 2 0 0 

0 0 Es 0 

. . D n _ 1 0 

0 0 0 . . 0 E n 

(12) For a matrix of rank r [<n] we would have 

M N = Ei 0 
0 E 2 

. . E r \ \ \ 

- . . 0 . . 


0 0 
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since all (r + 1) -rowed determinants in M are zero. 

(13) Disclosure of Invariant Factors. The following procedures 
will most quickly transform any D - matrix into its normal form. 
Any one of the four may be used at any time in the process. 
Note that these are all elementary transformations. 

a. Interchange of rows (columns), where any element 
fa [f^O, (i, j) ( 1 , 1 )] is present of degree less than that of f u . 
Purpose: to bring that /iy into first place. 

b. Multiply any row (column) by any polynomial in D and 
add the product to another row (column), when there is in the 
first row (column) an element /iy, fn in any other than first place 
of equal or greater degree than that of fn. Purpose: to reduce 
the degree of that element jfiy or fn or to produce a zero in first 
row (column) in any other than first place. 

c. Add any row i (column j) to first row (column), when f n 
is not a factor of all other elements, and no /,-y is of lower degree 
than that of fn. Purpose: to reduce the degree of / u . 

d. Multiply any row (column) through by any constant 
[=^0], at any time desired. Purpose: to simplify terms. 

(14) The final result is to produce an equivalent matrix in 
which fn is of lownst degree possible and is a factor of all other 
elements, and the /iy and /A are all zero. The fn left is then 
the Ei. The process is repeated for the matrix || / 2 2 , fnn ||, 
etc., successively producing the E 2 , E 3 , etc. 

(15) Going back now to our illustrative example of §19, 

M = || D -r q 10 0 

r D — p 0 10 

-q p D 0 0 Z)(D 2 + a 2 ) 

we may see that here we have 

Ei = 1, E 2 = 1, E z = D(D 2 + a 2 ), 

Oi = 1 , G 2 = 1 

(r 3 = D(D 2 + a 2 ) = A = determinant of the matrix 

(16) A second illustrative example may easily be verified by 
the student: 

M = || D 2 - 2 auD 0 || 

2 oco-D D 2 2bu>D 

0 -2buD D 2 
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DO 0 || = N, a 2 + t 2 = 1 

0 D 0 
0 0 D 2 (D 2 + CO 2 ) 

giving 

Ei = D, E 2 = D, E 3 = D 2 (D 2 4- co 2 ), 

G\ = D, (? 2 = D 2 , (? 3 = D 4 (D 2 4 « 2 ) = A = M 

All first-order minors have a common factor D; all second-order 
minors have a common factor D 2 ; and the determinant 

! M | = D 4 (D 2 + co 2 ). 

(17) The student should transform the following matrices into 
the normal form and disclose the Ei and Gp 

(c) D + 1 D 

D 4. 3 D 4 2 

(d) D 2 - 3D 4 2 D - 1 

1 4 D D 2 - 5D 4 4 

(e) D 2 nD 
-nD D 2 

(/) D -1 -1 

-1 D -1 

-1 -1 D 

(g) | D 2 - l l i 

I 1 D 2 - 1 1 

i 1 1 D 2 - 1 

(h) mD 2 HeD I 

HeD — mD 2 ! 

00 D 4 Xi 0 0 

Xi — (D 4 X 2 ) 0 

0 ,X 2 -£> 

(i) | 7 D - 3 I 

! 7D 4 63 -36 | 

(*) | D - 3 1 

| -1 D - 1 

(0 D an a t2 | . 

— a 2 i D — a 22 
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§21 J 

(m) i D- — 4D 1 — -D I, 

! D + 6 D 2 - D jj 

(«) ! 2D - 5 1 

:| 1 2D - 5 

j! 2 0 2D 


§21. Symbolization and Classification. 

(1) Let us condense the normal matrix simply into its diagonal; 

i.e., 

N Ei 0 0 i (Si | Do E n ) 

0 Ei 0 

0 0 E n 

If of rank r < n, we would have 

N = (Ex | E* j • • • E r | 0 0) 

(2) Now, since Ei is a product of factors and G, = II Ei, the G, 
are the common factors of the ith-order minors; and since 
factors of any order minors are factors of all higher order minors, 
it follows that every factor in any Ei is also contained in every 
E i+P . Thus if we use a subletter to indicate degree, and IL to 
indicate the factors in Ei, we may further symbolize the normal as 

N = (n r | n s n, | n„.) 

where r + s + • • • + v + w = m, m being the degree of the 
characteristic determinant | M |. 

(3) When Ei = II r , we may factor it out of the matrix, thus: 

l v = n r (i I n 3 n r _, | n„_ r ) 

(4) We may say that N is of class [m \ n], meaning of the mth 
degree and nth order. If of rank r < n, it would be [wi | n \ rj. 

(5) We shall use the unit and zero matrices with a subletter 

for order, as Ik, Ok- 

(6) Then we may disclose the following possibilities m the 

classification of matrices: 


2 0 

0 2 

- 5 1 

1 2D - 5 
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(a) 

(1 1 1 1 


• 1 1 

| n« 

.) 







shortened into (/ m -i | 

n«) * 

» (J»-l | 

[m 

1 1]) 

(&) 

(1 i 1 


' 1 1 

I n. 

j n«i— v) — (7 m—2 | 

\m | 2]) 


(c) 

a 1 1 1 


• 1 1 

1 n„ 

J Ti v — U j n m 

-.) - 

(I m— 3 | 

[m | 

3]) 

(n- 

-i) (i i 

n 


I n. 

j — U | n m — y ) 

= P 

| [m | 7z — 

1]) 

(n) 

(n r | n 


E 

[ u — u 

| ) 






= 

n r (i 

! n s _ 

■r 

n V —u—r 

I n m _ 

v — r) — 








n 

r(h | 

[m — r 

| n - 

- 1]) 

(7) 

Examples: 








(«) 

D 

— r 

Q 


1 0 0 






r 

D 

~V 


0 10 






~Q 

V 

D 


0 0 D(D 2 + a 

2 ) 







5 

[3 | 3], 









0 

L | 1 | D(D* 

+ a 2 )) 5 (7 2 

1 [3 

1 ID 

(6) 

D 2 

— 

2 a co I) 


0 D 

0 

0 




2a wD 


D 2 

25a)D 0 

D 

0 




0 

— 2booD 


D 2 0 

0 D 2 (D 2 + 4a> 2 ) 


- [6 I 

3], 

(D 

1 D 

| D 2 (D 2 + 4co 2 )) 








L | 1 

| D(D 2 + 4co 2 )) = 

* n,(7* | 

[3 

1 1]) 

(c) 

D + : 

1 D 


1 0 






D + 3 D + 2 


0 2 









= 

[0 | 2], ( 

;i | 2) 

- (0 1 

[0 

1 1]) 

(d) 

D 2 - 

3D + 2 


D - 1 






— 

D + l 

D 2 - 

- 5D + 4 










D - 1 0 










0 (D 

- 1) (D - 2)(D - 

4) 



[4 I 

2], 

(D 

-IIP- 

- l‘)(D 

- 2)(D 

-4)) 


= 

(D ■ 

- i)0 

. \ (D- 2 )(D - 

4)) - 

‘ Hi(/i | 

[2 

1 ID 

(e) 

D 2 

nD 

= 

D 

0 






— nD 

D 2 


0 

D(D 2 + n 2 ) 






-[4 | 

2], 

P 

| D 3 + n 2 D) = 

0(1 1 

D 2 + n- 

2 ) 








== 

n,(Zi I 

[2 | 

1 1]) 

(f) | 

1 D 

-1 

-1 

= 

1 0 

0 





-1 

D 

-1 


0 D + l 

0 





-1 

-1 

D 


0 0 

(D + 1)(D - 

■ 2) 


« [3 

1 3], 

(1 

I D 4 

-1 1 

(D + 1)(D 

- 2)) 

- P 1 

[3 I 

'2]) 
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j21j 

(o) D*-l 1 1 

1 D 2 — 1 1 

1 1 Z> 2 - 1 „ 

1 0 0 

0 D- - 2 0 

0 0 (D 2 - 2)(D- + 1) 

= [6 | 3], (1 | D 2 - 2 | (D 2 - 2){D 2 + 1)) s (Jx | [6 j 2]) 

(8) The student should classify the rest of the matrices in 
§20 (17) by the symbolism above. 

(9) All the foregoing are regular matrices; i.e., the rank is n, 
the order of the matrices. When we come to consider singular 
matrices, i.e., with rank r less than n, we find first that the 
determinant of the matrix is zero, and there will also be n — r 
zeros on the right end of the normal form. Thus, 


(a) 1 

D 

- D 2 

= 

1 

0 

0 

- D 

1 

D 


0 

1 

0 

1 - D 

D -f* 1 

D-D 2 


0 

0 

0 


« [0 I 3], (1 | 1 | 0) s 0 h i 0,) 

Here the rank of the matrix is 2, which says that there is at least 
one nonzero second-order determinant present. In this matrix, 
there are si* second-order determinants not zero. Each of these 
can now be used as a nonsingular submatrix of second order, and 
that comes under the former classification. 

-2c oD 0 D 2 

D 2 2o>D D 

D 2 - 2co D 2 wD D 2 + D 

— 2uD - D 2 -2o oD D 2 - D 

* II D 0 0 0 

0 D 0 0 

0 0 0 0 

0 0 0 0 

[0 I 4], (D I D I 0 I 0) S HxC/, I 00 

We shall return later to this classification of singular matrices 
under systems of linear differential equations. 


(6) D 2 

2o>D 

D 2 + 2coZ> 

D 2 - 2wD 
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SYSTEMS OF ORDINARY LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 

§22. Physical Examples. 

(1) Many physical situations are to be described by systems of 
ordinary linear differential equations with constant coefficients. 
We shall state a few of the well-known ones to show the student 
the necessity for knowing how to handle systems as well as single 
equations. 

(2) Electrical. The transformer gives some interesting sets. 

a. The single-phase transformer, with alternating current at 
one voltage fed into the primary circuit and a similar current at 
another voltage drawn from the secondary, would give the 
equations 

Ll § + M Tt + Rlii El 
La W + M Tt + = 0 

where E i = Eo cos cat, or Eoe iut , j = \/—l. 

L\, Li = inductances, in henrys. 

Ei, Rt = resistances, in ohms. 

M = mutual inductance. 
i h ii = respective currents, in amperes. 

b. A set of circuits 



gives the set of equations 


( Lp -j- 2R)ii — Ri 2 = E 
— Ri\ -f- (Lp -f- 2R)ii — Rii = 0 
100 
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— Riz + (Ep 4" 222)i 3 Rii = 0 

-Riz 4 (Lp + 2R)n = 0, p ■ ^ 

whose matrix is 


Lp 4 2 R 

-R 

0 

0 

E 

\ -R 

Lp + 2R 

-R 

0 

0 

! 0 

-R 

Lp 4 2 R 

-R 

0 

j 0 

0 

-R 

Lp 4 2 R 

0 


c. The circuit 



gives 


i 3 = *i + M 

Riii = E 


R*>+L^=E 


Here we may have E = #o, or E 0 e ,olt 

(3) Miscellaneous, a. A charged particle of charge e, mass m, 
in a field of uniform electrical intensity X and magnetic intensity 
H has the equations 

M 

dt 


whose matrix is 


d 2 x 

Xe - 

d 2 y 

m dt- 

TT 

He s 

mp 2 

eHp 

eHp 

—mp 2 


where m, e, X, H are constants; with solutions, a - 


He 

m 


oiHx = X(1 - cos «() 
u>Hy = X(a>t - sin cot) 
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forces^ 1,66 r ° tatl0n ° f a body about a fixed ax is with no external 

A cU = ~(C - A )<*q 


A Tt = (C ~ A ^P 


c. Elliptic harmonic motion. 


d 2 x 


d. Pendulum. 


Foucault: ~ - 2 W sin = - r Px 

W + 2co cos = ~n*y 
Blackburn: ~ — = —p 2 x 


9 dx 

An + 


= —q 2 y 


e. Motion on moving axes generally has the matrix 


D — r q 
t D —p 
-Q p D 


/. Radioactive substances. 


A o * 1 > A 2 


[Lamb] 


[Lamb] 


[Lamb] 


[Lamb] 


' ^ n ’ product A n stable. 


— \ A 

dt A °^° 

dA, _ 

fa ~ A o^o — \iAi 

dA% 

dt A l^l ^2^.2 


^■71— l-4 n — X — \ n A r . 
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Here the matrix is 

p -b X o 0 0 

— \o p + Xi 0 

0 — X x p + X 2 

0 0 — X 2 


p + X n „ 1 0 

“ Xn-1 P + X n 

g . Relative motion of a particle under gravity alone. 


p 2 — 2co (sin X)p 2co (cos X)p 0 

2oj (sin X)p p 2 0 0 

— 2o? (cos X)p 0 p 2 —g [Lamb] 


Here p = 00 = angular velocity, X = angle of initial direction, 


g = gravity. For the unrestricted flight of a projectile we have 
the initial conditions 

(i) x — y~z=0= t 

(ii) x r = Uo, y' = vo, z r = co 0 , t = 0 

(4) In the next three sections, we develop and illustrate the 
use of a simple all-comprehensive theory for the solution of any 
set of the type of differential equations above illustrated. 

§23. The Complementary Functions. 

(1) Consider the system 


i-1,2, (A) 

i = l 

where the Fa(D) are of the form ^ a k D k , in which D = 

k 

the a* are fixed constants in the complex field; and the X a - are 
functions of the independent variable x. 

(2) Dealing first with the homogeneous case, where all Xi = 0, 
we have the following Theorems I and II, governing its solution. 

(3) Theorem I : Each y 3 - and the general complementary func- 
tion* satisfy the single differential equation 

| F if (D) |*7 = 0 C B ) 

* This general complementary function is really the solution of the usual 
eliminant of the system [see (5) below]. 
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where the j Fij(D) | is the determinant of the system (A) and 
is not identically zero in D. 

(4) The proof of this theorem by the algebraic method is 
simple : 

Assume the homogeneous case of (A) 

%F<s(D)-i/j = 0 i = 1, 2, • • • , n (.4') 
y-i 

Multiply each of these equations by the cofactor / fA .(Z)) of the 
Fii(D) in any kt h column (Chap. IV, §16): 


U(D) • ^F U (D) * yj = 0 i, k, = 1, 2, * ■ • , n 
j=i 

Adding for i, and regrouping, 


n 


X 


%U • Pa 


i=i 


■yj = o 


k = 1, 2, • • • , n 


Of the coefficients of the y,-, all are zero except that in which 
k = j [see IV §16 (11)]. We thus obtain 


But 


1 ^ 

%SirPu 


■yi = o 


j = 1, 2, 


n 


XfijPu = I Pa [ §16 (10)] 

1*1 

so that 

n 

X P (i ■ Vi = I Pjj I • Vi = o 

i= l 

and each y 3 is shown to be a solution for (j?). 

(5) The solution V of (B) follows the method for the solution 
of a single equation (III §11). It will be called the general 
complementary function of the system (A). 
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(6) The solution V contains m arbitrary constants and m 
particular linearly independent solutions determined by the roots 
of the equation 

Fn(D) | = 0 (C) 

This equation demands that this determinant be not identically 
zero in D. The determinant is called the characteristic deter- 
minant, and Eq. (C) is called the characteristic equation, of the 
system (A). 

(7) The degree of | E t - ? *(D) | = 0 is m, and this is the degree 
of the system (A). A rigorous proof of this statement has been 
given by Ince,* following Chrystal. 

(8) Theorem II. The yj are proportional to the cofactors 
of the operator coefficients of any zth row in the characteristic 
determinant, the constant of proportionality being the general 
complementary function V ; ue 

Vi = fa ■ V, i = 1, 2, ■ • • , n (D) 

(9) For proof we assume (D) : 

y, = fa ■ V 

Multiply through by the F kj of any kth row of the matrix 
j| Fij{D) ||, obtaining 

Fkj ■ yi = F kj ■ fij ■ V , j = 1, 2, , n, for any i 

Adding, for every j, 

^Fki-yj = FkjfuV i = 1, 2, • • - , n, for any k 
j J 

Then, since 

2) F k j -fa Fjj | when k = i 

-0 when IV §16 (11)] 

* Ince, E. L., “Ordinary Differential Equations,” p. 144. Chbystal, 
Geobge, Trans. Roy . Soc. Edinburgh, 38 (18981 , 163. 



106 THEORY OF OPERATIONAL MATHEMATICS [Chap. VI 
we obtain a system of equations 

tftM = \Fa\-V* i = 1, 2, • • • , n (£) 

3 

The left-hand members of equations ( E ) are the left-hand mem- 
bers of set (A), so that 

Fu{B) 1-7 = 0 (B) 

Also, since they have just been shown to be equal to the left- 
hand member of ( B ), it follows that (E) are the solutions of (j 3) 
and the complementary functions of (A). 

(10) Fundamental Sets of Solutions. When all the yj have 
been obtained, there will be present in them m arbitrary constants 
and m • n particular integrals, the latter being either the m 
integrals of 7 or their derivatives. The original m integrals 
in the general complementary function can be shown to be' a 
fundamental set for the equation (B) by evaluating their Wrons- 
kian. However, the integrals of the yj set must also be shown to 
be a fundamental set, for to be completely general they must be 
linearly independent of each other for each yj. They must 
also be shown for t = 0 to have a matrix that has rank n. This 
will be illustrated in the examples. The proof of these state- 
ments is obvious from considerations of linear dependence. 

§ 24. The Arbitrary Constants. 

(1) The function 7 contains the number of arbitrary constants 
demanded by the system (A) as determined by the degree of the 
auxiliary equation (C). When the cofactors fa in (D) operate on 
7, it will be found that seme of the arbitrary constants may be 
lost to all yj. This is always due to the presence of common 
factors in the fij, i.e., G n - 1 . Some means must be found, then, 
of restoring the lost arbitrary constants into the complementary 
functions, up *to the necessary number. 

(2) It is not necessary, as is usually done, to transform the 
system (A) into an equivalent first-order system, but the normal 
form will be obtained to disclose the Gi. These factors and their 
positions in the normal matrix are a complete guide to the opera- 
tions necessary to reduce the system (A). 

* Scott and Matthews, “Theory of Determinants,” p. 34. 
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(3) There are two cases which must be considered: (a) that 
where | F i} - | = 0 has all roots distinct and ( b ) that for multiple 
roots. 

(4) Case a: All Roots Distinct. Here, the matrix is classified 
as 

[???• | /z]j (I n _\ | II m) 

m 

where II = I I (Z> — ot{). All first minors are distinct and 

m A 

i = 1 

have no common factors other than unity. The f i} are therefore 
distinct, with G n ~i = 1- Thus, not all the /*•; in operating on V 
can be made zero by the integrals due to the a*. We shall then 
have present after all operations all the necessary arbitrary 
constants in the y which will then constitute the required set of 
complementary functions. 

(5) Example: Consider Ex. (a) §21 (7), which is the matrix 
for the set of differential equations of motion on moving axes 
generally. The p, q, and r are the angular velocities.* 


dx 

dt= ry ~ qz 
dy 

-= P z- rx 

dz 

dt = * x -py 


D —r 


M = r 

~Q 


10 0 
0 1 0 

0 0 D s + a’-D 


D —p 
p D 

a 2 = p 2 + <? 2 + r 2 

System is of type 

[3 [ 3] (1 | 1 | D s + a*D) = (J 2 | [3 | 1] 

Here 

A » | F a(D) | = H 3 + a 2 I> 

f _ D ~P 

fll ~ p D 

*Lamb, “Higher Mechanics,” p. 151 (3). 


a N 


= D 2 + p 2 
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f 12 = 

1 

1 ^ 

r 

~q 

II 

1 

"i 

to 

/l3 = 

r 

~Q 

D 

V 

= rp + qD 

/21 = 

V 

—r 

D 

q 

= pq + rD 

f 22 — 

D 

T 

-q 

D 

= D 2 + q 2 

f%Z = 

~T 

D 

V 

—r 

II 

>3 

1 

<0 

/31 = 

— r 

D 

q 

-p 

% 

I 

£■ 

II , 

fs2 — 

<2 

-v 

D 

r 

= rq + pD 

/33 = 

D 

r 

—r 

D 

= D 2 -j~ T 2 

| • F = 

0 

is 

{D s + a 2 D)V - 0 


Then 


and 

V = Cn + C i2 cos at + Ciz sin at 
Now, if x = Xaj y — x i2} z = x iS) then 

X H _ %i2 Xiz 


Now, for i = 1 
x n Xi 2 


/*! fi 2 fi\ 


_ X l* 


= Vi 


T > 2 + p 2 pq — rD rp + qD ~~ ^ 12 cos sin ai 

%n — (D -f- P“) Vj ~ p 2 Cn + Ci 2 (p 2 — a 2 ) COS at 

^ _ / n . T . + Cu(p 2 — a 2 ) sin at 

12 {pq rD)Vi = pqCu + Ci 2 (pq cos at + ra sin at) 

~ _ / , T^-rr s * n ra: COS atf) 

13 {rp + qD)V i == rpCn + Ci 2 (rp cos at — qa sin at) 

+ C n {rp sin at + q a cos at) 
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For t = 0, 

X U = p~C n + ( p - — a-)C 12 
x i2 = pqCn + pqCu — raC,3 
Xu = rpC n + rpC 12 + qaC'n 


The determinant of this will be 




P 2 v 2 - 

a 2 

0 






pq 


— ra 

= pa 3 (3 2 + r 2 ) 7^ 0 





rp 

rp 

qa 




For 

i = ! 

2, 








#21 

pq + rD 

= 2^ 

X22 

2 + e 

- = X2i - V 2 

2 rq — pD 

at) 


Z21 = 

(vq + rD) V 2 = 

pqCo 

1 + c 

*22 (pQ' cos at — ra sin 

a£) 





+ Czzvpq sin cos 

a: 2 2 = 

(D 2 - 

F q 2 )V, = 

q 2 C 21 

+ C22fe 2 ~ <* 2 ) cos at 

- a 2 ) sin 

. at 




+ C 23 (g 2 " 

X 2 Z = 

(rq - 

- pD)F 2 = 

rqC 21 + C 

'22 (rg cos at + pa sin 

at) 

at) 




+ C 23 (rq sin at — 

pa COS 


For t = 0 , 

X21 = pqCi 1 + pqCw + raCt 3 

x 22 = q 2 Cn 4- (q 2 — °i 2 )Cn 

X23 = rqCn + rqC 22 — P<xC 23 

The determinant of this will be 

pq pq ra 

q* q 2 - a 2 0 = ga 3 (p 2 + r 2 ) ^ 0 

rq rq —pa 

For i = 3 , 

X 3 1 %32 _ ^33 _ 

rp — qD rq + pD D 2 + r 2 

a- 31 = (rp — qD)V 3 = rpCsi + C^(rp cos at + qa sin at) 

+ Cssirp sin at — qa COS af) 

£32 = (rg + pD)V 3 = rqCzi + C 3 z(rq cos at — pa sin at) 

+ Czi(rq sin at + pa cos at) 
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£33 = (D- + r-)X 3 = r 2 C 3 1 + C32O* 2 — a 2 ) cos at 

~t~ Css(r 2 — a 2 ) sin at 

For t = 0, 

= rpC 3 i + rpCs2 ~ qaC z 3 
5:32 = + rgC 3 2 + paCzz 

X33 = t 2 C z 1 + (r 2 — q: 2 )C 3 2 

The determinant will be 


rp rp —q a 

T Q r Q Pol = ra*(p ' 2 + ^ 2 ) ^ 0 

r 2 r 2 - a 2 0 

We now have three fundamental sets of solutions which we 
summarize below. All others can be written in terms of these 
nummary: 

Xn = Clip- 2 + C n (p 2 - «*) cos at + C 13 (p 2 - a 2 ) sin at 
^12 - Cup? + Ci 2 (pq cos at + ra sin at) 

• _ r „ . + ^‘(P? sin at - ra cos at) 

Z13 - C u rp + Ci 2 (rp cos at — qa sin at) 

+ CisCrp sin at + cos at) 
*21 - C 2 ipg + C M (pq COS at - ra sin at) 

TT V _ n ■> , , „ + C **(P 9 sin at + ra cos at) 

L C 22 _ S 21? ' t S 22( /‘ " " 2) C0S ai + - “*) sin CA 

Xl3 - C 2i rq + C\ 2 (rq cos at + pa sin at) 

, + ^^(rg sin at - pa cos at) 

Xn - C 3 irp + C32 (rp cos at + sin at) 

HI L _ n , + C ^ r P sin at - qa cos at) 

11 . 32 ~ Csi W + C 32 (rg cos at - p a s in at) 

- r .2 . n / . , N + ° u( - rq sin at + V<* cos at) 

33 " Ciir ~ + C ^ r " ~ “ 2 ) cos at + C 33 (r 2 - a 2 ) S i n at 

th it 6) t™ n° C T S by * ,Ui,able initiaI “bstitution 

element For Ltaee! * tMor in *“ 

(D - 1 \ (D - 1 )(D - 2)C D - 4)) 

= (£> - 1)(1 | (£» - 2) (Z> - 4)) 
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Here a substitution of ( D — l)?/ 3 - = z } is suggested at the start. 
Then the system (1 | (D — 2 )(Z> - 4)) is regular in z jt after 
the solution of which, we have 


Vi = 


1- 


D 


, 2 ) + 


D 


•0 


Similar examples are 

(e) 

(f) 


D( 1 | D 2 + n 2 ) 
H(1 | 1 | D 3 + 4 co 2 D) 


(7) Working (e). This system completely stated is 


dV dy. 

7,9 U 


d t 2 


di 


0 


D 2 nD 
— nD D 2 


~ n ~dt~ + ^ = 0 t Ince > 157 (4iv) XVII, 49] 
Z> 0 

0 D(Z) 2 + « 2 ) „ 

- [4 | 2](D | H(H 2 + n 2 )) m D( 1 | H 2 + ra 2 ) 


Substitute 

The set becomes 


Dy i = zi, Zh/ 2 = 2 2 


dzi . n 

+ nz 2 = ° 

-nz, + ^ = 0 

the solution of which comes under Case a: 

D n 10 

— n D 0 D 2 + n 2 

= [2 | 2](1 | £ 2 + n 2 ) 

when Zi and z 2 are found, then 

yi = ^(Zi + 0) 

2/2 = ^(z 2 + 0) 
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(8) Case b: Multiple Roots. Every root D = a* of multiplicity 
$ + 1 in | Fij(D ) | = 0 gives this determinant a factor 

(D - «,) s+1 - 

Then D — a k may or may not appear in all the first minors, or 
cofactors, When it does not appear in all f ih we have 
Case a, perfectly regular. When it does appear, it can have the 
degree s at most.* Let s, however, represent the degree to which 
it does appear. Here the matrix is classified as 

[m | n](l | 1 | * * * | 1 | n 6 | n«) s (J n __ 2 | njro - s | 2]) 

(9) We shall now use Eqs. (D), 

V_l __ y i = 1, 2, • ■ • , n < 
fa for any i 

and first disclose the factors (D — a k ) s , viz., 

. Vi j = L 2, • • • , n 

(D - a k y&ij for any i 


Now, operate on the left with ( D — a k ) 8 , obtaining 


(D - cL k ) s yj 

(D - <xk)*0ij 


(D - a k y • V 


Using (D — a k ) s • ( D — a k )~ s s 1, we have 


jr = (D <*)' ’ P 

Pi; 

Operate now by (Z) — «*)* and use 


obtaining 


(D - «*)* * V; = 2, 1 ^ ^ s 

p an integer 


Then 


^ = (2) «»)■+' • 7 = W 

Pi} 


Zi = Pa- W j = 1, 2, • • • , n 
for any i 


* Dicksont, u First Course in the Theory of Equations/’ p. 61 . 


(F) 


m 
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The function W will contain s + p less arbitrary constants 
than T\ The will not have a common factor, and when 
they operate on IT they cannot all be made zero by the multiple 
root. As a matter of fact, W will often not contain any such 
integral. The set of zj will thus contain n — (s -f- p) arbitrary 
constants. 

(10) Now, substitute the zj back in 

yj = {D- *,)-%• (H) 

obtaining 

n = (D - + C] j = 1, 2, (K) 

It is necessary to use the inverse operation on zero only q times 
before obtaining the n arbitrary constants desired, where q is 
an integer satisfying the equation 

s + V = V * q 

This produces q of the y h 

(11) The rest of the y } , n — q in number, are to be obtained in 
terms of the q already found, as linear combinations of them, from 
the proportions 


Ml 

fiih 


h K = 1 , 2 , . 
j ^ h 


thus : 


h = 1, 2, • • • , q 

*■ L;iyi l ' q+% 


Vj Ly h 


so that we have 


*" = 


h = 1, 2, • • ■ , q 

j = q + 1, q + 2, 


(L) 


Here we do not use a zero because w r e need no more arbitrary 
constants. The results ( K ) and (L) will be the complete solu- 
tion, having only the proper number of arbitrary constants. 
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(12) The equation s + p = p • q fails when p = 0, in which 
case it should become 


s = s- q 

whence q = 1, which states that but one integration is necessary 
to replace the lost arbitrary constants, 

(13) Example: 


D 2 

—nD 

W) 


nD D 0 

D 2 0 D(D 2 + n 2 ) 


^(1 I P | 2]) [4 | 2]; 


• V = D 2 (D 2 + n 2 ) • V 

fu = D 2 , 
fa = —nD, 


’ D 2 (D 2 + n 2 ) 

fi 2 = nD 
fi 2 = D 2 


■ 0 


Uil = v 

fa f a ’ 


First set: 


V n 
D 2 


= = y = x a 

nD 1 £> 2 (D 2 + n 2 ) ' U 

= Cn + Cut + Ci 3 cos nt + C 14 sin nt 
r i = ~ n 2 (Cn cos nt + C u sin nt) 


yix = DW 1 = 
2 /j 2 = nDV 


which contain only three arbitrary constants, an insufficient 
number. We shall, therefore, apply the operator D, s = 1, and 


Mil 1 ft 

D n D(D 2 + n 2 ) U 

Again, since « + p = p ■ q , s = i gives 1 + v = p . q; we have 
1 4- 1 = 1 • 2, and g = 2. Then 

= fl! = 1 n - XT/ 

■£> n D 2 + 0 Wl 

= C 13 cos nt + Cn sin nt 
z n = D • Wi = —71(1713 sin nt — C u cos nt) 

Z12 = nW i = n((7]3 cos + Cu sin nt) 
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Then 

2/n = g[2u + 0] = Cis cos nt + C u sin nt + Cu 

2/12 = + 0] = C13 sin n/ — Cu cos n/ + Ci 2 

which now have four arbitrary constants, the proper number. 
For t = 0, 

2/u = C13 “b Cxi 1 0 1 0 , rank 2 

2/12 = — Cu + Cl2 || 0 1 0 — 1 

This is a fundamental set. Its Wronskian is — ri 1 0. 

Second set: 

2/21 2/22 1 n 

-nD lv 2 Z> 2 (Z> 2 + n 2 ) 

= C21 *4" C 22 ^ “f* C23 cos nt -f- C24 sin 
S/21 __ ^22 1 n 

-n jD D(£> 2 + n 2 )* u 

— = ^7“ = 7^-^ — o • 0 = Mi = C 23 cos nt + C 2 4 sin rci 

221 = —nC 2 d cos n/ — nC 2 4 sin nc . 

^22 = — nC 2 3 sin n/ + nC 2 4 cos 

Then 

2/21 
2/22 

For t — 0, 


2/21 = C24 

+ C2I 


0 

0 

1 

2/22 = C 2 3 

+ C 22 


1 

1 

0 


This is the second fundamental set. 

Each satisfies completely the original set of differential equa- 
tions and is completely general, with four arbitrary constants. 


= £j[ 2: 2i + 0] = — C 2 3 sin nt + C24 cos nt + C 2 1 
= -L[z 2 2 + 0] = C23 cos nt + C 2 4 sin nt + C 22 
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Summary: 

yn Ua 

I- C n + C n cos nt + Cu sin nt Cu + C is sin nt — Cu cos nt 
II. C 21 — C 23 sin nt + Cu cos nt Cm + Cm cos nt + Cu sin nt 


Another Example: 


F 2 - 

■2auD 

0 

= 

D 

0 

0 

2awD 

D 2 

26cZ> 


0 

D 

0 

0 - 

-26cZ> 

D 2 


0 

0 

D 2 (U 2 + 4c 2 ). 

- [6 1 3 ](F 

1 & 1 

£>2(2)2 + n 2)) = 


> 1 

[3 | 1]), a 2 + 6 2 


fn = D 2 (D 2 + 4 6 2 c 2 ), / 2 i = 2 acD 3 , f 3 1 = -4 a6c 2 Z> 2 

fn = — 2awD 3 , . / 22 = £> 4 , /30. = -26cZ> 3 

/ 13 = — 4a6w 2 D 2 , / 2 3 = 2bwD 3 , f S3 = D 2 (D 2 + 4a V) 

| F ,-,(£>) | • 7 = D 4 (-D 2 + 4c 2 ) -7 = 0, 7 = 4&)2) • 0 

Here 

m = 6, n = 3, G 2 = D 2 , s ~ 2 

Then s + p = pg gives two possibilities for the arbitrary con- 
stants, viz . , 

V = 1, 9 = 3, or p = 2, g = 2 

We shall use the second possibility, as it offers the most interest- 
ing and instructive method. 

y a y i2 y%$ __ -ry 

/a /,2 "/« ’■ 

Using 1 = 1, 

2/ll 2/12 2/13 _ 1 /s 

D 2 (D 2 + 46 2 c 2 ) — 2acD 3 -4a&c 2 D 2 U 4 (U 2 + 4c 2 ) ' U 

Since s = 2, G 2 = D 2 , operate through by £> 2 , and use D~ 2 D 2 = 1. 

2/u _ 2/12 _ 2/i3 _ 1 n 

D 2 + 46 2 c 2 —2awD -Aabrf D\D 2 + 4c 2 ) ' 

Now, p = 2, so operate again, and substitute z\; = D 2 j/i,-. 

2x1 _ 2 12 _ 2l3 _ 1 n — IF 

D 2 + 4& 2 c 2 _ —2auD ~ -4a6c 2 “ U 2 + 4c 2 “ 1 
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Then 


zn = (D 2 + 46V)TFi 

= 4 u 2 co 2 (Ci5 cos 2 o )t —f— C7i6 sin 2<ot ) 

Zi 2 = ( — 2acoD)TFi 

= —4aw 2 ( — C 15 sin 2^ + Cie cos 2 ojZ) 

= 4 ctbco 2 (Ci5 cos 2oot “h 0 16 sin 2cot) 

Now, since q = 2, we integrate two of the foregoing (any two, 
say zn, z± 2 ) by the inverse 

zi/ = D 2 y u 

Vu = + 0 ] 

— a 2 (Ci 5 cos 2 cc£ -f~ C i 6 sin 2 coi) -f - On 4 ~ Oi 
2/12 = ^ 2^12 + 0 ] 

== n( — O 15 sin 2 cot 0 is cos 2 oj/) -f- O 13 -f- On£ 

Now obtain 2/13 in terms of 2/11 and 2 / 12 : 

_y_}% 2/11 + 2/12 

— 4a&co 2 D 2 + 46 2 w 2 — 2auD 

— 4 atco 2 f , 

2/13 “ Z) 2 - 2auD + 4& 2 co 2(2/11 + 2/122 

Omitting the actual operations, the result is 
2/13 = (Cu + Ci,)^ - (Cl. + 

— ( 0 15G & 2 + Oi 6 a) 2^( ( _ 2co s ^ n + 2ao> cos 2a>£) 

r 

— (Oi 6 a 2 — Ci5<x) 2^(1 _[_ a 2) ^ 2co cos ^ + 2aco sin 2co£) 

This is one fundamental set. There are two others, which we 
shall not obtain. This is sufficient to illustrate the method com- 
pletely. Note that there are six arbitrary constants as required. 
(14) Examples for the student: 

(d) D 2 - 3D + 2 D - 1 

-D + 1 D 2 - 5D + 4 
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(/) 

D -1 -1 


-1 D -1 


.-1 -1 D 

(0) 

D 2 - 1 1 


1 D 2 - 1 


1 1 


1 

1 


Z> 2 - 1 


(15) Singular Systems. Here r < n, and we have no difficulty 
if we use §17 (5), giving arbitrary (or particular) values to 
n — r of the unknowns, and solve for the others in terms of them. 
Any nonzero rth-order minor of the matrix can now be taken as a 
basis for the solution of the set. When the equations are taken 
that involve this minor, and the superfluous unknowns are given 
particular values, we have a nonhomogeneous set of equations, 
the complementary functions of which can be obtained as in 
the foregoing theory. In addition, it will require a set of particu- 
lar integrals determined as in Theorem III (§25). 

(16) Exam-pie: 


1 

—D 
1 - D 


D 

1 

D + 1 


-D 2 

D 

D-D 2 


1 0 0 
0 1 0 
0 0 0 
- (1 I 1 I 0) 


(I2 Ox) 


Choose rows 1 and 2 and columns 1 and 2 for our nonzero matrix, 
together with y i3 = ki, obtaining 


i.e., 


1 D 0 
-D 10 


yn - Dyu 
—Dyn + ya 

the solutions of which are 

I- yn = Cu cos t -f C 12 sin t 
2/12 = — Cu sin t + C12 cos t 
2/ is = h 

II- Vn = C21 sin t — C22 cos t 
yn = C 2i cos t + C22 sin t 

2/23 = k 2 


0 

0 
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§25. The Particular Integrals. 

(1) Theorem III : Particular values of the unknowns y-j can 
be found for the equations (A) by the use of Cramer’s rule.* 

(2) For proof by the operational method, we assume (A) : 

n 

XFtm-y,- = X { , * = 1,2, • 

3 = 1 

Multiply through by the cofactors f ik (D) of the F {j (D) of any 
kih column: 


U,m ■ X F u(D) ■ y,- = fa(.D) ■ Xi, 
y= i 

Add for every i, and regroup : 


i - 1, 2, • • • , n 
for any k 


But 


%U(D) ■ Fij(D) 
2 = 1 


n 

Vi = %U(D) ■ Xi, 
1 = 1 


k = 1, 2, * • ■ 3 n 


n 


XMD) ■ Fij(D) = | Fij(D) 

for 

k = j 

2 = 1 _ 

= 0 , 

for 

k 9 * j 

and 



II 

§ 

for 

k = j 

where | Kj | is the determinant | Fi^D) 

| with the jth column 


of Fij(D ) replaced by the column of Xi. We thus have 
i F ij(P) | • Vi = | K f | 

from which 

Vi = I Fo<D) I -1 • ! K,- I, j = 1, 2, • • • , n (M) 

(3) The General Solution. The integrals obtained by (M) 
complete the general solution of the set {A). Thus the general 
solution is the sum of ( D ) [or (K) and (L)] and (M). 

* B6cher, op. tit., p. 43. 
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(4) In the singular case (r < n) for the nonhomogeneous case, 
it still remains nonhomogeneous upon giving arbitrary values to 
ft — 7* of the unknowns, and the method of §24 (15) is used for 
its solution with the addition of ( M ). 

(5) The theorem that the augmented matrix must have the 
same rank as that of the matrix itself does not apply, for the 
Xi are functions of the independent variable, and the Fa(D) are 
functions of D. As a matter of fact, both always have the same 
rank. 

(6) As an example of Theorem III, we shall use the matrix 

D 2 -2 auD 0 0 

2auD D- 26o)Z> 0 

0 —2 buD D 2 —g 

the complementary functions of w T hich were found by Theorems 
I and II under §24 (13). Apply Theorem III. 

A = D\D 2 + 4a; 2 ) 
fzx = — 4a5co 2 D 2 
f 32 = —2 5coD 3 
fzz = D 2 (D 2 + 4a 2 co 2 ) 

Then 


J il D A (D 2 + 4co 2 )^ 4a6o) 2 D 2 )( g) 

= D 4 (D 2 + 4a> 2 ) ^ ~~ 2buD *) ( ~~ S') 

y« = dhd-2 1 + 4^) [ - p2(Z)2 + 4a2 “ 2 )](-^) 
Simplifying the operators, and operating, 


Vi i = 


4:aboo 2 g 


Vi2 


D 2 (D 2 + 4a; 2 ) 
2bo^g 

D(D 2 + 4a; 2 ) 


f 2 

abg 2 


. 1 = 

2a; 


$ _ -g 


Viz 


D 2 


= _^_ 2 
2 


These should be added to the complementary functions of each 
of the three fundamental sets previously found, and then we have 
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the complete or general solution of the nonhomogeneous set of 
the present section. 


§26. Examples for Chap. VI : 

(1) = ~(C - A)nq 

A 7 tt =(c - A)np 

( 2 ) # = ±<*y 


[Lamb] 


[Piaggio] 


/oN drx . 

(3) w- = * 


[Lamb] 


W - ~ n » 

‘ 4 >Sr+ 2ii l+ A - 0 

g_ a | +cV i 0 

(5) -4j ( | + + Mfjhx - 0 

A w - C 4 + - 0 
< 7 > ^ - - x ' p ' 


[Gray] 


[Lamb] 


[Lamb] 


[Bateman] 


— AiP i — \JP 2 


3 _ \ P 
" Xa ^ 2 

( 8 ) dt =ry - qz 

dy 

-=pz-rx 

dz 

— = qx - py 


[Lamb] 
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(9) 

d-y i , 
+ 


o 

II 



^ 2 2/2 . 

- 

y i - 2 / 3 ) 

= 0 

d-ys 

a 7F + 

f(2». - 

II 

0 


(10) 

1 

II 

XqR 0 



11 

-1PJC-1 — 

^kPk 

Jfc = 

(11) g = 0 




d 2 y 

g 




it- 



(12) 

D 2 

—2 auD 

0 

0 


2accl) 

Z> 2 

2buD 

0 


0 

2buD 

D 2 

-g 


a 2 + b 2 = 1 

Relative motion under gravity alone. 
Unrestricted flight of a particle. 


[Lamb] 


[Bateman] 


n 


[Lamb] 


[Appell] 


x = 0 , 

dx 

m = Uo> 


y = o, 




t => o 


( 13)1 + ^ 

dz 

17 = h v 


(14) 

(15) 

(16) 
(17) 


dt 

x + y + z = C 
(D + l)x + Dy = 0 
(£ + 3)* + (D + 2)y = 0 

D - 1 1 

D -2 

7 D - 3 
7D + 63 -36 

D - 3 1 

-1 2 ) - 1 


[Piaggio] 


[Chrystal] 

[Phillips] 

[Campbell] 

[Mellor] 
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(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 


D — flu 
0,21 O 
D- m 2 
-m 2 D 2 
-1 D 2 
D 2 -1 


dl2 
O 22 


D 3 + 2D 2 + D+ 1 D 3 + 2D + 1 
D 2 + 2D + 1 D 4 + D + 2 
D 2 - 3D + 2 D - 1 

- (D — 1) D 2 — 5D + 4 
D 2 + 1 D 2 + D + 1 t 
Z) D + 1 e* 

4 D + 3 —D sin t 
D 1 cost 


D - 1 1 t - 2 

0 D - 1 t 


x = y = 


D - a -b fit) 

— l D — m g(t ) 

D 2 - 3 -1 e l 

- 2 DO 


D 2 + 1 — D — 1 cos nt 

2D D + 1 0 

D 2 nD a cos nt 
—nD D 2 0 


-D D 2 . -a 
D 2 D 0 

D — a 0 0 

- 1 D - a 0 

0 - 1 D - a 

D 2 — 1 2D + 2 D + 1 2e‘ 
(D - l) 2 4 D D - 3 0 

3D - D 3 -2D -D + 1 0 

D 2 - co 2 — 2«D 0 0 

2coD D 2 - w 2 0 0 

0 0 D 2 -fir 


[Moulton] 

[Murray] 

[Phillips] 

[Routh] 

[Routh] 

[Chrystal] 

[Phillips] 

= 0 

[Bateman] 

[Bateman] 

[Phillips] 

[Fry] 

[Ince] 

[Bateman] 

[Piaggio] 

[Ince] 

[Piaggio] 
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2D — 5 1 2 0 


1 2 D - 5 0 2 

2 0 2 D - 5 1 

0 2 1 2 D - 5 

(35) DX = fc,(a - X) 

Du = ko(x — u ) 

Da; = & 3 ( 2 / — tf) 
a; = & 4 W 

X = 2 + 2 / + ^ + *; 
u = v = x — y = t — 0 

[Moulton] 

[Mellor] 

(36) ^ = 0 * = 2 » 

j 

[Goursat] 

(37) # 4 + U dt + R,C, - E, 

[Mellor] 

"fr + + R ' c ■ “ 

(38) LiD 2 Ii + MD*U + i-Ii = Ep cos pt 

C 1 

[Piaggio] 

L 2 Z) 2 J 2 + MD 2 h + i/ s = 0 

02 

(39) Use (37) with 

[Gray] 

jBi = constant, L\ = 0.613 henry = L 2 

D 2 =0, iJi = 12.3 ohms = D 2 

M 


[Cohen] 

(41) RJ X + L ^ + L 2 f + i? 2 Z 2 = Ex 

[Magnussen] 

R 2 I 2 + L 2 f + L ;i ^- 3 + £ 3/3 = 

-B 373 + E%-^ + + R 1 I 1 = j®3 



— E% — Ez — 120 volts 
jRi = = Rz ~ 9 ohms 

Li = Li = L z = 0.205 henry 
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) mD 2 

HeD 

Fe 


- HeD 

mi D 2 

0 


x = 0, 

y = 

0 , 

t = 0 

o' 

II 

ll 

0 , 

* = 0 


(43) (LD + 2 R)h -Rh = E 

-RIi + (LD + 2R)h - Rh = 0 
-Rh + (LD + 2 R)I Z - Rh = 0 
— Rh -f- (LD -j- 2R)Ii = 0 


[Piaggio] 



CHAPTER VII 


THE OPERATORS &x = d 2 = ^ 

§27. The Problem. 

We shall now extend our operational theory to three-dimen- 
sional geometry and physical problems, where two variables are 
independent, and one dependent. To distinguish between the 
two independent variables, we use the subscript notation and 
develop the algebra of partial operators, which follows very 
closely that of the single ordinary operator. 

§28. Definitions and Elementary Algebra. 

(1) With di = we have 

J _ o __ 0 
1 ~~ dxi ~~ dx 2 dx 2 dy 

(2) Then we have the inverses 

dr 1 s ^ = f X ()dx+f(y), or f*Q dx 

dr 1 = j 2 s f v Q d y + or f\)3y 

(3) Iteration. As with the ordinary operator D, powers of d 
mean repeated or iterated differentiation or integration; thus, 

d n _ 

dx n 

dy n 


di~ n = /*••• f Qdx» + E(y) S £ • £ x 0dx n 

126 




§2S] 


THE OPERATORS d\ = d/dx, d 2 = dfdy 


127 


dr" f J Qdt/‘ + F(x) f\)dy» 

etc. 

(4) Distribution. These operators, powers of them, and any 
rational integral functions of them are distributive operators. 
Included in the latter are also any functions that can be expanded 
by Taylor’s theorem or by actual algebraic operations into infini te 
series of ascending or descending powers of the operator. 

(5) Commutation. The partial operators are commutative, 
with respect to both addition and multiplication, with themselves 
and constants; i.e. } 

d x d 2 = d 2 di 
d<idj ~~~~ d jdi 
7 rd{C = cirdi 

d\d 2 {u -f- v) ^ d\d 2 (v -f- u) 
f(d h d 2 ) t 4>(di, d 2 ) ss d 2 ) • f(d h d 2 ) 

(di — a){d 2 — b) = (d 2 — b)(di — a) 

But it must be noticed that we cannot have functions of d h d 2 , 
x , and y commutative. Thus, 

(di — x)(d 2 — x) ^ {d 2 — x)(di — x) 

(di - y 2 )(d 2 2 y) ^ (d 2 - 2y)(d 1 - y 2 ) 

etc. 

(6) Index Law. For positive integral indices, we can have 

di m di n = di m+n 

and 

[f(d h *)]« * [Rd 1, *)]» - [/(di, &)]"+" 

(7) For negative integral indices, if we neglect the appendage, 
we have 

s dr n di m = dx m “ n 

for which, if m = n, 


di m dc m s dc m di m = s 1 



128 THEORY OF OPERATIONAL MATHEMATICS [Chap. VII 
and 

J m . j* — m — ’ J m = 1 

where / = /(di, d 2 , c). 

(8) Partial operators of inverse type can be expanded into 
ascending or descending series in the differentiator ck in the same 
manner as was indicated for the operator D [II, §4 (12—15)]. 

(9) However, since the operators here may contain di and d 2 , 
we should add that the series may be ascending or descending in 
either d i or d 2 or both, according to the form to be expanded. 
Illustrations of the use of the expansions will be found later. 

(10) Expand the following: 



(11) Partial Fractions. The inverse partial operators can be 
expanded into partial fractions, as with ordinary operators. 



^ - TT (18) A resume of the possible 

** ‘•jStil J-*V ftm * “ 


the operators <u ® a / to - dj - d/3!/ 
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perators present j?“ ^/(d,, d») gives a partial fraction 

Type I. e (fli, u 2 ; \ 

of the form ^ 

ad ^> 

Type ii. w„ « - <*■ - •M"*'" d - ) giTO * pKt, ‘ 1 

tion series of the form 

k being the degree of F in d* 

— -r U >2 V ~ ‘ 

Cm. 

partial fraction of the form 

nn.iv. «*.«-!» -"’ + M *'* (fc 

form 

r L.-d, 4- Midi 

w Tb , student should expend the M 
fractions: 


gives 


(a) 

(&) 


1 


dl 2 + <w 2 

1 

di 2 — <^2 2 

1 

(c) 

1 

1 

w d?^s3r+4S 2 

i 

(/) 


(ff) 2 d? rz ^d^'' ^ 

Jt 

W 

W d a 3 — 3di 2 ds + 2di^2 2 
_____ _ . 

(i) ^ a 2 — d<> 2 — d\ + <2* 

1 
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(m) dy + dS (n) (dy - d 2 )\dy + d 2 ) 

(dy - 2d 2 y-(di - d 2 )(dy- 3 d 2 ) 

§29. Fundamental Theorems. 

(1) The fundamental theorems here shown for functions of two 
partial operators are somewhat similar to those for the ordinary- 
operator, but the differences are noteworthy. The principal 
theorems are the following: 


I. F(d l} d 2 ) • * F | 

II. e**"** * F{x , 2 /) = F 


+ d 2 +-J 


dy 

g4>(di,dz) 


, d<t> , d4> 

X+ ddy y+ ddl 

III. F(dy, d 2 ) ■ <j>(ax + by) = f(a, k) • + by) 

IV. F(d x , d*) - e v '^ +P ^ ■ F( qi , q 2 ) 

Ik 


-Xm 


k = 0 


pt k + 


ff*) 


where di = pi + q h d 2 = p 2 + q 2 , Pi, p 2 ~P(x,y), q h 
q 2 ~ Q(ar, y),F ~P -Q. 

(2) Theorem I. This theorem was first derived in 1837 by 
Robert Murphy [cf. Appendix III, §60 (12)], later in 1853 in a 
distinct manner by Charles Graves [cf. Appendix III, §62 (12)], 
both operationally. The proof by induction follows that for the 
ordinary operator as shown in Chap. II [§5 (2)], outlined as 
follows: 

Since 


we have 


di • e+<* v) S 


e+^diS + S ■ di6* ( *’ v) 
+ ««*•*> • ~S 

OX 


e 4>(x,v) 


d x 


+ 


d<j> 

dx 


S 


d i- 
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Operate on the left of this by dp. 


dje* (x ' vl = [die<’ (x - y> ] 


if 1 + H) 


= e+i'Mdx + 1 r) \[di + 


and so on, till 


= e <t>(x,y)ldi + 


di n ei* (x ’ y) = e* (x ' y) [ di + 


By the same method, operate successively by d 2 on this form, 
obtaining 


d 2 m di n e* {x ' y) = d 2 + -^j ( di + 


from which a rational integral function can be built up of the 

d(j> 

left-hand side in di and d 2 and of the right-hand side in di + — 

J , , d<f> . 

and d 2 ~r t — J 
dy 


,r, ,d4> 

[ dl + di’ 


F(di, d 2 )e * ( *»> = «♦(*.*)/■ 


This theorem might be called the “ shifting theorem” for two 
variables. 

(3) For the inverse, use (I), and operate on its left by F-^di, d 2 ) 


and on its right by F di + d 2 + 


Then, with 


auu uii iuo j. l ^ i Qy j 

F _1 ■ F = F ■ F~ l = 1, ignoring the appendage, we shall have 

e Mx.y) F -i\ d 2 + |^1 s d 2 )e 4 ’ ( - x ' v) (la) 

a# ay _ 

(4) With y) = ax + by, we have 


p, b 

dy 
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and Theorem (I) becomes 

F(d lt d 2 )e ax+b « = e xx+by F(di + a, d 2 + b ) (I 6 ) 

(5) Then, with a subject 5 = 1, and 

F(d x + a, d 2 + b) = F(a, b) +di- F a '(a, b) + d 2 ■ F b '(a, b) 

+ M Fa" {a, b) + 2 \F ab "(a, b) + F h "(a, 6)] + . . . 

we shall have 


F(d h d 2 ) ■ e ax+b « ■ 1 = e ax+b vF[dT. + a, + 6] • 1 

= eax+by ■ F(a, b) ( Ic) 

(6) If the inverse theorem is used in this manner, there must 
be a proviso that F(a, b ) ^ 0. In case F(a, b ) = 0, see Theorem 
III, (15) below. 

(7) Examples. Find identical operators fpr each, and operate 
by them on the subject 5 = 1. 


(a) (di -f- d 2 )e x ’ y 


Q>) 

(c) 


l 

di -f- C?2 


glx+Zy 


di 2 d<i z e x2+y2 




(e) (dr + di?)e x+ v 

(f) 1 


-„e x ~y 


di 2 + d 2 * 

(g) [sin (di + d 2 )]e 2x +y 


(8) Theorem II. This theorem is called the correlative of 
Theorem I, inasmuch as it can be obtained from it by the use of 
Charles Graves’s correlative theorem : If 


then 


4>(tt, p) = 0 


<t>(p, —it) = 0 

given in Appendix III f §62 (2)], and his general theorem 
/ i d</> deb 1 

f l Tl + fa’ T2 + •/(*■!, *■>) ■ tr*™* 

as stated in Appendix III [§62 (12)]. 

(9) It can however, be derived very simply, as follows; using 
Leibnitz's extension, 


FidJxS = xF(d 1 )S + (diz) • F'idJS 
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Then with 

F(di) = 

S = e* CdlM S' 


we have 


g— <£(di, dz)y>£<}>(di,d«) — 


£g—<t>(di,di)g<j>(di,cfa)g / _|_ 




g—4>(di,d2) g4>(di,d*) g* 


Abstracting the operators, 


e~^ * £ • 


d<£ 

ddi 


Now iterate this operator 


[e“^ 0 ] n 



the left-hand side of which extended is 


e -4>xe^ • e^xe 4, • e^xe 4 * * * e^xe 4 = e~ 4 x n eA 


giving us 


Q-^x^e 4, = 



by e*e-* s 1 


Similarly, we can obtain 


e~~ 4> y m e 4> = 


(y 


dA 

ddj 


n 


Compound these: 


e~ 4> x n e 4> • e~ 4> y m e 4> = 



d<i2, 


giving 


e~ 4 >x n y™e 4> 






d<b dd> 

e-*F(x,y)e* ^ F[x - w > y - ^ 

Operate on the right by then put — 4> for <p, obtaining 

e <t>(diM) . F(x> y) == F X + y + ^ • e^ dudz) (II) 

p 

the theorem desired. 

(10) For the inverse of this, proceed, as for the inverse of (I), 
obtaining 

y) m F-^x + |,y+^ (Ila) 

(11) Using <t){d h dz) = hdi + kd 2 , (II) becomes 

e hdi+kd 2 p( x , y ) s F(x + A, 2/ + /b)e Wl+A< * 2 (IB) 

(12) Apply (IB) to a subject Ssl, 

e hd 1+ kd 2F ( X) y )i = F(x + h, y + h)e hd '+ M * 1 

but 

e Adi+W2 l = [1 + Adi + &d 2 + • * • ]1 = 1 

so that 

e hdl+kd *-F(x, y ) = F(x + h, y + k) (He) 

This is Taylor’s theorem for two variables, in symbolical form. 

(13) If e h = a, e k = 6, we shall have variations of (II&) and 

(IB): 

a dl b dz F(x, y) = F(x + log a, y + log b)a dl b di (lid) 

a dl b dz F(x, y) = Fix + log a, y + log b) (He) 
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(14) Theorem II is particularly useful in obtaining the com- 
plementary functions for partial linear differential equations with 
constant coefficients and will be exemplified in that connection 
later. 

(15) Theorem III. This theorem can be proved by induction, 
as follows: Set 


t = ax + by 

Then 

d n ( dt\ n 

= a n 4> {n) (ax + by) 

d m / 

= ^(t) ■ {ax + by) 

di n d 2 m <j>(t) = a n b m <j>^ n \ax + by) 

Form a homogeneous rational function of degree n in d h d 2 , and 
obtain the theorem. 

(16) For the inverse, use 

F(d h dt)<})(ax + by) = F(a, b)^ n \ax + by) 

and operate on the left by F~ l {d h d 2 ) and on the right by F^ l {a : b) ; 
also, using F~ l F = FF~ l = 1 ; we then have 

F~ l (di, d 2 )<£ (n) (ax + by) = F~ l (a, b)(j>{ax + by) 

Call 4> m = 4>, and obtain 

F'Kdi, d 2 )Hax + by) = F~ l (a, b)&~ n) (ax -f by) (Ilia) 

where (— n) indicates n iterated integrations of $ with respect to 
t = ax + by. 

(17) There is an exceptional case to the inverse, i.e., where the 
form F(a, b) = 0. In order to operate properly then, F(d h d 2 ) 
should be factored, and the factor causing the zero isolated and 
used separately. This will be shown in detail under §30 (“ Ele- 
mentary Interpretation.”) 
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(18) Examples: 

(а) ( di + d%) ( x + y) (g) ( d i 2 — 3did 2 + 4 di 1 ) log {x -f- y ) 

( б ) (dS + 2 did* + 3dr)(x + y )* ( h ) ^ 


w r“'3. (l _ f) 

(e) (<*i 2 + ^ 2 2 ) Sin (2x - 3y) 

(/) djl~d? C0S (2X “ %) 


(di — d s )(di — 2a , 2 )^ 
00 (rfi — d 2 ')\^ax — by 

0) 

(ft) (di 2 - d^)e ^~^ 2 

C l ) ... 


di 2 — a 2 “ 

(19) Theorem IV. This is an extension of Theorem VI 
[II §5 (22)] to functions of two independent variables. Using 
Taylor’s theorem for two variables as a basis, 

e h<h+kd«_ F ( Xj y ) = F(x + A, y + k) 

we make substitutions as follows: 


« = 3i, 

h = p Jf 

x + h = di 

dx 

a 

dq i 

y = q*, 

II 

M 

y + k = d 2 

*> |c§> 
1! 

I <N 

II 


Piy p 2 operating only on P(x , y) 
q x , q 2 operating only on Q(z, y) 


Then directly, 


d , a 
Pl +P2 


? 2 ) -/(d,, dt) 

Expand the exponential: 

d 


f(di, d 2 ) ■ 


;) 


•/(?!, ?2> 


- “ n 1 

n =0L^=0 11 


(20) This theorem is useful when f(di, d 2 ) is to operate on a 
product made up of two factors which are functions of x, one 
of which is a power function; thus, 

P == P(x, y) £5 ary* 
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and 

Q = Q(x, V ) 


for in that case the result is a terminating series due to the 
differentiators pi, p->. 

(21) An Illustrative Example: 


“STTT,’ 1 

pix-y- = 2xi pix-y- 

pi-x-y' 1 = 2y\ pT-x-y- 

pi 3 x 2 y 2 = 0, Pz 3 x 2 y- 


■ Q = (x-y-) ■ log (x + y) 

= 2 x-y, p\p«x-y- = 4 xy 

= 2x 2 , pi-pix-y- = 4 y 

- 0, p\p->}x-y 2 = 4x 

. . . . p-rprx-y 2 = 4 


d_ 1 _ -1 = _d_ 1 

dqi qi + qt (qi + q^Y dq^ 91 + qi 

d 2 1 2 3* 1 

a?! 2 + g 2 (?i + g 2 ) 3 a? 2 2 gi + 

d 3 l = -6 = a 3 l 

dqi 3 qi + 9s ( 9 i + ?2) 4 ag 2 3 qi + 92 


The operations on log ( x + y) can be simplified if we take 

d 


x + y = t, 


then 


9i + 92 = q = a 


and 


(<7i + #2) 

Then successively 


1 - fc log (as + y) =ilog< = iij 




etc.* 


See Peirce, Table of Integrals, No. 426. 
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Now, by our theorem, 

1 1 1 

di + d 2 ?i + g 2 ( pi + (gj + g 2 )2 

+ (pi 2 + 2pxp 2 + p 2 2)- -_ 1 

W1 + £ 2 ) 3 

— (Pi 3 + 3pi 2 p 2 + 3y>ip 2 2 -f- p 2 s) 1 1 

(h + ?a) 4 ^ 

We shall have then 


~ (* V) l°g (* + 2/) = [a: 2 ?/ 2 ] • 1 Aj 
~ [(Pi + p 2 )a: 2 2/ 2 ] • ~3^] + [(?h 2 + 2p 1? > 2 + y> 2 2 )m 2 ^2J • fiA 

r i L? 4 ^ 

- IGWp. + 3 PlP2 >) x Y ] • i A + [ep^y, hi' 

= *V ■ M(* + 2 /) log (* + y) - (x + y)] \- qH - 

~ (2xy 2 + 2x 2 y)KlH(x + yY log (x + y) — SA( X 4. , A 21 
+ (V + 8 xy + 2 x*)y 8 [K(x + yY log (x + y)~ 1 ujjl ^ 

■ h t£%f A YY s; los , + »> - % ih 1 

+ (24)/32Bi20(z + vY log (x + y)- 24 %oo(a; + ^ 
all other terms being zero. 

(22) For the student, g — - sin (2a; — ?/) 

§30. Elementary Interpretation. 

(1) We have already defined the partial linear operators d i 
It remains to interpret the elementary algebra* Tr™ tYv 

SwatLTtathe ■“ Cati ° n . The ° pemors ***>■ ” 

as either homogeneous 'YnoSomogeleo m ^ 

h tt f j^r e0M » f 

(a) ax — md 2 ■ 

(&) (rf x — md 3 ) p 

(c) ( di — mdiY + P 2 dY 

(d) [fa — mdiY + /3 2 dY] p 
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/o') (a) — - can be simplified at once by Theorem I (§29), 

\P) w di _ mdi 


as follows: 


1 __ gmxd-ig~-mxdi ^ = gmxdzg—mxd-i 

d\ — TYid^ di ftidz 

J . l r 


— QVtixd 2 g-mxd-i 


[Th. I] 


With a change of lettering, this is 

— q mxd <> jl g—mudz 

Ml 

— ^ Qm(x—u)d« 

Ml 

== J* x e m(x ~ u)d 2 0 du 

Here mi” 1 stands for the sign of integration with respect to u with 
a substitution of x for u after integration. 


(4) (b) 


(di - md 2 y (di - md 2 ) % 


— D mxdz p — mxdi 

C J Tl 


[Th. I] 


g mxd 2. Q — Tnudz 

M i P 

— „m{x—u)dz 


[relettering] 


= J X J U ■ • ■ J u e m(x ~ u]d K) 3 u p 


Here the multiple integral can be simplified into a single integral 
in the same way that we simplified the ordinary type [see II §6 

(7)]- 

= ~ U ^ P — e ml - x ~ u>d K)du 

J (p - !)'■ 

_ 1 (x - u)*- 1 { ^ )it 

= ^ (P-1)! 


(5) (c) 


— pmxaz — -V 

(<h - md 2 ) 2 + W dS + Mr 
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Here we must interpret the form j 2 

partial fractions, we have 

1 = 1 

di 2 + /3 2 d 2 2 (di “h fySdsXdi ifidz) 


P 2 d 2 


2 By means of 


1 


1 


1 


2^d 2 Ldx — iPd% di + ^d 2 

1 


2a/3d 2 [ 

1 

2 z/3d 2 
J_ 1 
&d 2 mi| 


gift x d » Q —iBxdi g—iflxd i ^ gifixd* 

di di 


^ Qifi(x—u)di ^_g—ift(x—u)d2 

Ml Mi 

^ g—i(3(z—u)d2'j 

2i 


s i * i * — sin /3(rc — u)d 2 
P d 2 Mi 


We can now go back to the original form 


1 

(di — md 2 ) 2 + P 2 d 2 2 


e mxdl ' \ ’ x * s ^ n P( x “ ^)d 2 ■ e- mud2 
P Mi 

I . A . i e m(a;-- W )d 2 . 

P Ct 2 Ml 

jj.M* e m.(x-u)d2 . gl n fife _ U )d 2 QdU 


In this, note that both e mix ~ u)dz and sin fi(x — ^)d 2 are operators 
which can be expanded into power series in d 2 and therefore 
completely interpretable as linear operators in d 2 . After these 
two operations are performed, there is an integration in u and 
one in y. 

(6 )(d) The last of the four forms can be quickly interpreted in 
the light of the foregoing, as follows: 


[(di - md 2 y + P 2 d 2 2 ] p 


— e 


vnxd%__ 


tt= pTtLxdz] 


dS + pwy 

1. 1. 1 

P d-z mi 

i r i i 

— -jp -j * — sin p(x — u)d 2 | e m(x ~ u)d2 


sin p(x ~ ^)d 2 
“ ? 

2 
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(7) Examples: Make up integral forms for the following: 

(«) dT=7/ {x ’ y) “ ’*&'***• y) 

= eXi '-j-f( x > y - x ) 

= e xi ’—f{u, y — u) 

Mi 

— — e xd -f(u, y — u) 

Ml 

= — f(u, y + x - u) 

Ml 

= f x f( u > y + x ~ u ) du 


(b) 

(<0 

(d) 

(e) 



sin ( x + y) 





(x + y) 


<fl 

(9> 

W w + d^y xy 


B. Nonhomogeneous Forms. (8) The nonhomogeneous func- 
tions can all be factored into nonhomogeneous linear or quadratic 
factors of the following types : 

(a) di — md 2 — a. 

(b) (di — mdi — a) p . 

(c) 0 di - ad 2 ) 2 + /3 2 . 

(d) [(dr - ad 2 y + PV- 

(e) (di - «) 2 + (dt - PY-. 
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(10) (6) 


(d x 


1 l 

— __ == e x(md 2 +a ) e ~x(md 2 +a) 

md 2 - a)p d/ 


= 0(rc-~ u ) ( mdz + a ) 


Vl * 


= J J* U * ' * j' U e (x ~ u ) ( - m d 2 +a)QQ U p 

/ x(x — U) p ~ l , 

~j p _ iyr e :x - uHmd * +a > () du 

= — ^ ~ U \ P ~ 1 e (*-u)(md z i r a) 

Pi (p — 1) ! 


(11) (c) 

Since 


== gaxd * 


di 2 + 0 2 ' 6 aXd * 


1 


Wi - <*d 2 ) 2 4- 02 
r 2 is an operator in only one variable, it is interpreted 


'dj + p 
as in the similar form in D : 


1 - 1 1 • 

= rr sin £(* - u ) 


di 2 + 0* ~ p ' ^ 

= sin p(x - w)()dw 


Then we shall have 
1 


(di - ad 2 ) 2 + 02 - e 011 ^ ^ sin 0(z - w) • e~““* 
_ 1 1 . 

= ^ — sm ^(a; — u) ■ 

= I/ 1 sin P (x - u)e a ^-^Qdu 


(12) (d) 


l(d i - a *) 2 + /? 2 ]p 


axd 2 


[di 2 + /3 2 ] 3> 

gaO— u)d 2 


[ Ml 2 + ^2]^ 

i r i . i p 

; jgjl — sin / 3 (x — u) • e «c^-u)<« 2 
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(13)(e) 


1 

(di - <*) 2 + (dt - /3) 2 


(14) Interpret : 
^ pdf - Ed? 


gcex+fiy (ax-rfiy) 


d i 2 -j- do 2 


e ax+0y^____ g j n _ ^)J 2 J^-(oru+/3r) 

— — sin (x — u)do * e“(*-«)+p<v-r) 

M2 Ml 

du • sin (a: — u)d 2 * e« ( *”«)-HS(ir^)0 





( 6 ) 

(c) 

(d) 


di 3 -j” di 2 d 2 — d\d 2 ~ — d 2 3 
1 

di 2 -j- 2 cZiC?2 + d 2 ~ 

1 

did 2 


(e) &d» - df 
d\ 4~ d% — 1 


d \ 2 H- d%- + 1 
u) l 

w d x 2 - df + di + d 2 

(j) 1 

yjl didtidi - 2dz - 3 ) 

(k) t 

CL\ CL (t 2 

( l ) I 

w d x 2 - dd 2 + d 2 - 1 


§31. Operations on Zero. 

A. Homogeneous. (1) Let us refer back to Chap. VII [§28 

(1-3)], the elementary definition of d s and its inverse. We 

ox 

said, in our study of the ordinary operator D [II, §7 (1)], that in 
operations on zero the appendage was desired. In the partial 
inverses on zero, this is also true, but the appendages here take on 
quite different forms. Whereas, in the ordinary operations, they 
bring in arbitrary constants multiplying the powers of the 
independent variable, here arbitrary functions are brought in. 

(2) Since 


dr'S = J Sdx + 4>{y) 

= j* Sdx + j* Odx 
= f(S + 0)dx = drKS + 0) 
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we have 


dr 1 ■ 0 = <t>(y) 


also, similarly, 

(3) Then 


dr 1 • 0 = f(x) 


dr 2 - 0 = dr l [<h(y) + 0 ] 
= x<fo(y) + My) 


Each iteration brings in a different arbitrary function, 
thus have 


di n ' 0 = ^x k Mv) • 


k = 0 


and, similarly, 


(4) Since 


dr «-o = X *#»(*) 


k~0 


i = V _i_ V 

di m di n A df^ A d, k 

k — m 


we have 


k—m 
0 

Y/ xk ^v) + 2) y k Mx) 


( 5 ) 


k — m~ 1 
0 = e «xd>]_ e -*x 

di — adi di 


k = n~ 1 


= e axd ^0 = e^ xd -<f>(y) ' 

d\ 

= <t>(y + ax) 


We shall 
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$31 1 

Also, 


( 6 ) 


0 = e asd ~~e- ax ' i 0 
( di — adz)" di p 

d i" 


= 2) x k <t>h(y) 

k — p—1 

= ^ a-* <#> A - («/ + ax) 


k = p~ 1 


[ j — • - — ~T * 0, by partial fractions 

__ i« i 0£*rf S 


0 


~ J‘ v ^i - «*<& 

n 

* = ^ N k <t> k {y + a A .x), by (5) 


&-1 


or, by absorbing the JV*a- in the </>*, 


= 2^ <&•(*/ + OC*x) 
Jfc-1 


Here the AT* are made up of constants and the operator d 2r 
the latter of which changes <j> k , but the end result is simply a differ- 
ent function of y + a k x, so that <j> k is just as usable as any other, 
since it is arbitrary. 

1 . o 

di 2 + W 


di 2 -f- $ 2 d 2 2 (di "b ifido){di — ipd%) 


.‘U 


2^/3doLdi — ifidz d 


1 

i + £/3d 2 _ 


( 7 ) 

Since 
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we shall have 


d \ 2 -)- jS 2 ^2 2 - 2if3d,2 _d\ if3d% di -f* i$d% j 

= — e,® xi ‘‘ • -^0 — 

2iPdz\_ di di 

= + e ~ i&xi2 4>M] 

Now, since 2f/3 is a constant, and d-r 1 is an integration with 
respect to y, we shall have two similar forms 

= $ 1 ( 2 / + ifix) + $ 2 (y — i&x) 

so that we could ignore the partial fraction coefficients and write 

qr^2 ‘ 0 = (v + ifa) 4- $2 (2/ - ipx) 

We may obtain another form for this operation, as follows: 


gpqp ‘ 0 = & Vxd -4>i(y) + e-^4>2(y) 

= [cos /ted 2 + i sin ^d 2 ]0i(y) 

+ [cos pxd,2 — i sin fixd^faiy) 
= cos frxdtlfaiy) + 4> 2 (y)] 

+ i sin Pxdtl^xiy) - foiy)] 

and if 


4>i(y) + 4>*(y) = A(y) 
) - 02(2/)] = B(2/) 

we have 


5? +>rf 2 2 ’ ° = ^ C0S + (sin fixdi)B(y) 




+ 


P 4 x 4 

4! 


dz 4 — + • • 



- ^1* + - + ' ' ' S(tf) 

= A(y) - ^A"(y)A-^A*(y) - + • • • 

+ PxB'{y) - ^V'(y) + ^V%) - + • • • 
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This latter form should be interesting in the evaluation of the 
arbitrary functions from terminal conditions. 

( 8 ) (^2 (7) at hand, we can easily see how 

this form can be evaluated. Since 

1 = ■sT' I N i k , A 7 %k 

(dS + p-d^y ~ AL (d, + ipd»y \di - tfd s )*_ 


we have 


1 

(dx 2 + 0 2 d 2 2 )” 



(di + ' 0 + xdi - w,y ' 0 

g-ipzd, _L . 0 4 _ e iexd.}_ . Q 
di k di k 


= ^ e i0xd ^x h <j> hk (y) + e iexi ^x h \ Phk{y) 


h - I 




Here, since k runs from 1 to p, all forms in h < k can be ignored, 
since they will be found repeated [Chap. II §7 (8)] ; so that we have 

p-i 

= ^ [x k 4>i k {y - i&x) + x k <j> 2 k{y + ifix)] 

k = 0 


or, if the trigonometric form is desired. 


V P 

= (cos Pxd< i )S,x h A h (y) + (sin 0xd2)S,x h B k (y) 

k=l k-1 

(9) Now we can dispose quickly of the rest of the forms by 
the use of Theorem I, as follows: 


■ 0 = pctxd- 2 . . 0 • 

(di - ad 2 y- + pw dy + p*dy ’ 

tcsr - ad 2 ) 2 + w?r p ' 0 = eaxi ’w + W?y ' 0; 


then see (7) 
then see (8) 


(10) Owing to the fact that the integration or differentiation 
with respect to either independent variable does not change the 
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argument in the arbitrary functions, we can turn products of 

forms like w- *d 2 ) 2 + W int0 sums ’ as folIows: 

H(di - a*d 2 ) 2 + ■ ° = X((h - a k d 2 ) 2 + Wd? ' 0 

- then use ^ 

(11) For the same reason, products of quadratic inverses can 
be turned into sums. 


^[(di — cLkdz) 2 + Pk 2 d2 2 Y k 

Pk 1 

: 2 l 2r3T - a k d 2 ) 2 + ' 0 

Pk 

- 2) + ftfcW)' ' 0 ’ then use ® 

B. Nonhomogeneous. (12) It suffices merely to list the types 
of nonhomogeneous inverses in their operations on zero and to 
show their similarity of handling to the homogeneous forms. 

(a) (di — mdi — a) -1 • 0 = e x< - a+mit) di ~ 1 • 0. 

(b) (di — md 2 — a)~ p • 0 = exb+mdu^-p . q 

(c) [(dx — ad 2 ) 2 + d 2 ] -1 • 0 = e axd -[di i + d 2 ] -1 • 0. 

(d) [(di — ad 2 ) 2 + d 2 ] -2 ’ • 0 = e axd \di‘ t + d 2 ] - ” • 0. 

(e) [(di - a) 2 + (d 2 - d) 2 ] -1 • 0 = e^+^di 2 + da 2 ]- 1 • 0. 

(/) [(di - a Y- + (d s - d) 2 ]~ J> • 0 = e ax+ ev[ d x 2 + d 2 2 ]-» ■ 0. 

In all these, the latter parts can be interpreted and evaluated 
from what has preceded. The student should obtain the final 
results in all cases. 

(13) Examples: 
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( e ) 

(/) 

(ff) 


(h) 


di~ — 4:d\do 4 “ 4 ^ 2 2 


•0 


4^i Hh 12 c^iC? 2 4“ 9d 2 2 


di 2 4“ ^2 2 


(m) 

0 (n) 

GO 

*0 (p) 


^1 + ^2 ' 

1 

— 1 


■ m 
0 


1 


d \ 2 — ^2 2 ~h d\ 4~ d* 
1 


di 8 + did2-dA 2 -* s ~ VfV (dT-'d. - l)(di - 2i a -l) 

(0 T1 2/7 i O/J /J 2 * ^ GO 


•0 


O') 

(*) 

(0 


di 3 — 3di 2 d2 4“ 2did 2 2 

i 

X 

di 2 — did 2 — 6d 2 2 

1 


(di 2 4“ di) 2 
1 

di 4- d 2 — 1 


0 

■ 0 


(r) 

w 


d\d 2 {d\ — 2d 2 — 3) 
1 


0 


di 2 — did 2 4~ d\ 

1 

(dx - 3d 2 - 2) 2 


§32. Operations on Unity. 

A. Homogeneous. (1) The partial inverses d x ~ p and d 2 ~ p 
upon unity are interpreted and evaluated from the elementary 
definitions, viz.: 


dr p • 1 


xp 

p\ 7 


d - p . x = Vl 


(2) When we come, however, to the more complicated forms, 
there are several methods of attack each of which produces a 
result that is valid. 

(3) (di — ad 2 ) -1 . Since, by Theorem I, 


(di — ad 2 ) _1 = e oexd -dr 1 e~ axdi 


we have 


Since 


(di — ad 2 )~ l ' 1 = e? xd -dr l e- axd 'l 

— e axd -d~ l l — e axd -x — x 

e~ axd A = (1 _ axd 2 4- ■ - - )1 = 1 


and 


e <xxdz x = axd 2 4~ • * * )x = x 
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or we may have 



we might even say that one-half the sum of these two is the proper 
result; for, since di — ad 2 is a homogeneous function of the 
operators, the result should be homogeneous in x, y . We should 
then have 

(di - ad 2 )~~ l * 1 = - ax) 


The validity of this result is shown by the direct operation 
di — ado upon it. 

(4) The same method may be applied to the operation 
(di — ad 2 )'~ p • 1. 

(di - ad 2 )~ p • 1 = e azd -di~ p e~ axd2 \ 


— tftxdzfi-vl — e cca 


,x p x p 


p\ p\ 


Or we may have 

(dl _ adi) - n s -^(d* - 

1 -ydi --yd, 

e a d 2 ~ p e “ 1 


(-«)’’ 

1 —ydi 1 


-e“ 


■1 


(-ay d 2 p (-a) 

i vy 

( — a) p p! 


1 e 2 vdi y 


Then, also, 


(di - ad 2 )~ p ■ 1 


2(—a) p pl 


[y p + (~ax) p ] 
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or even 

(—2a) p p\ (y ~ aX)P 

as can be found true by the direct operation. 

The two-term homogeneous form can be obtained very simply 
by using §27 (5) (Ic), thus: Use separately 1 = e 0y and 1 s= e 0x . 


(di - ad 2 ) p * 1 = (di - ad 2 )- p e 0y ss e 0y dr p 1 


x? 

p\ 


(A - - W, - «*)-«“ - • 37,1 - ^ ' g 

Both could not have been used together, for 


(di - ad*)-n s (d L - ad*)-^ 0 ^ 0 " = ~1 = co 
(5) Using the last method of (4) upon JJ(di — a k d 2 )“~ 1 • 1, 

k 

we have 


j. 

1 1 (^i ockd 2 ) 1 * 1 = ^ml y)% ! 
k = 1 


or 


m m -j -j 

n»> - ««*■)- ■ 1 - n^-ri = 




ym 

OCkd 2 " -|-p . , w! 

fc = l | I ( — (Xk) 

4 = 1 


from which, also, 


n(di - ccA)- 1 - 1 = \ 


4 = 1 


^ 1 

m ] + m ml 

k = l 


This operation may also be written 

m m 

H(di - a k d 2 )~ l l - %(<h - a k d*)-n 


A = 1 


& = 1 


i 

- - «■*) 
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(6) For JJ(di — a k d i )~ p i‘ ■ 1, the three forms will be 




± . y 

m / m \ 

k=l \ 1 / 


&Pk 
X 1 + 


( m \ | ' m b 


The student should verify these. If the forms (y — a k x) p k 
are wanted, what would be the form of the constant multipliers? 
(7) The student should derive all of the following: 

r 2m n ,2 m 

(«) W + 

= 2p-"'(2m) ! ' + (0 x ) 2m l 

m [(di - ««■ + «•«-- A - (g, - 

= 9P2m?o TL\] i(y + aX ) im + 0?z) 2m ] 


2/3 2m (2m) ! LV ^ ' 

= 1 

2(a 2 + f3 2 ) m (2m) l 

m 

(c) | | [(<fi — akdi) 2 + fS a- 2 c? 2 2 ] Pa ' ' 1 


[?/ 2m _|_ 


j-aSp,. ^ y^Pk tt 1 

(22p*)! = (22p,)! ’ + ftt 2 ) p * 

k = 1 

i r 


2n(a 4 2 +ft 2 )^(22^.)! 


2/ 2Sp * + x 2Sp *JJ («t 2 + /3i 2 ) p * 
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§ 32 ] 


(8) Operate on unity with the group of operators in §31 (13) 

(a) to (k). 

B . Nonhomogeneo us. (9) Nonhomogeneous inverses are of 
two types: ( a ) those in which there is no constant term and 

(b) those in which there is a constant term. The first of 
these operating on unity is aided by the successive use of 
e°y == 1 and e 0x = 1 and Theorem I and gives a nonhomogene- 
ous form in (, x , y). The second uses at once e^ x+0y = 1 and 
Theorem Ic. 

(10) Examples of the First Type: 



^ ^ dF -f- d\d<2. + d\ 

^ d? - 3<M 2 + 2 d 2 ' 1 

(e) I • 

d\ 2 — d% 2 -f- d\ d<2. 


^ di 3 - d 2 2 ’ 1 
^ di - a 4 d 2 4 ‘ 1 


(11) Examples of the Second Type: 


(а) di 3 - 3 did* + di + 1 ' 1 = 1 

(б) di 2 + 2did 2 + d? + a 2 ' 1 = a 2 
(c) (di - d 2 - l)(di - d 2 - 2 ) ' 1 

(di - 3d 2 - 3) 2 ' 1 
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(di + <h - 3) 2 Wi + 2<h -^5) 3 : 

(di - 2d,) 2 + 3 2 ' 1 

(?) t(di - <*0* - 5][(d! - 2^) 2 + 3 2 ] 2 ' 1 

§33. Operations on Particular Functions. 

(1) As in II §9, we shall here tabulate the particular func- 
tions on which inverses may operate and the theorems that should 


be used. 

F'Kdi, d%) *f(x, y) 
where 

(2) f(x, y)^K 

(3) f{x, y) = e ax+hy 

(4) f ix, y) =5 x m y n 

(5) fix, y) = e ax+hy 4>(x, y) 

(6) fix, y) = x m y n <t>(x, y) 

(7) fix, y) = 4>(ax + by) 

(8) powers of trigonometric 
or logarithmic functions 
alone 


(9) Examples: 

(fl) i ‘ a = = axy 

1 11 s 2 

® da? v = dri y = 2- 

^ di 2 - 3did 2 + 2d/" +2H = 


Use 

K = K ■ 1 ; then see §32 
§29, 16, or Ic; or see (7) below 
Direct integration; or expand 
the operator and differenti- 
ate; or use §29, IV 
§29, 16; then according to the. 

form <j>(x, y) 

§29, IV 
§29, III 

The functions should first be 
reduced to first-degree func- 
tions or expanded into powers 
of the independent variables; 
then use (2)- (7) according to 
the form of f(x, y ) 


^ sy 

2 

: "V fiX+2 y 

V - 3 • 1 • 2 -f 2 • 2 2 

= g e x+iv 
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(d) 2 dS - d x ck - Sd/ eX ” (d7+ d,)(U - W) beX ~ V 

" dT+J* ' 2-1 -3(-l) 5e * - " = drhr V 

— e ~xd«}L e xd« e x-y _ g-xd^gx-iy+x) 

d i di 

= e~ xd *~er y — e~ xd -xe~ y = xe~ (y ~ x) 
d\ 

= xe x ~ y 

w ar^ e "‘ cos ^ 

CO L . 1 d ,<y + e‘ + *i 

® d, ! - *w * 

® 2d,- - dk - w Sin (I + S) 

(i) d,- + 8,008 " 

01 

® (37~3J1 sin (2x + <W 

® w - 4d,d, + 5? 16 106 ( * + 2 »> 

(ra) 7 9 | — j-x cos no; • cos my 
d\“ -f~ 

(») r r r — — 

#i i ci 2 — m 

w dT^d? cos ( * “ %) 

W 3? - d,d, - 2d, sin (to + « 

(,) d? - i& + i, - l [cos (I + * J> + e ‘ ] 



CHAPTER VIII 


APPLICATIONS TO PARTIAL LINEAR DIFFERENTIAT 
EQUATIONS WITH CONSTANT COEFFICIENTS 

§34. Physical Problems. 

. (!) When we examine the subjects of heat flow, string or rod 
vibration, wave propagation, and potential theory— two-dimen- 
sional problems— we find two independent variables and one 
dependent variable. Let us exhibit some of the most interesting 
of the differential equations encountered. 8 

(2) The equation ~ = a 2 ~ covers a great variety of physical 
situations: 

. ®„ M ° tion of a stretched string, finite or infinite length 
[Mellor]. 

b. Small oscillations of air in narrow pipes [Mellor], 

c. The harmonic equation with a 2 = -1 [Bateman], 

d. D’Alembert’s equation, a 2 = where E is the modulus of 

elasticity, and p is the density of the material. 

e. Velocity potential of waves in a canal with vertical sides 
[Ramsey], 

/. Waves on a sea of medium depth [Mellor], 

(3) The harmonic equation: 

a. Two-dimensional heat flow and logarithmic potential: 


dW dW 
dx 2 dy ' 1 


0 


[Byerly] 


b. Poisson’s equation in a plane: 


dh dh 
dx 2 + dy 2 


■47T p 


(4) The equation ~ = a 2 ^. 

ot dx 2 


[Murray] 
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a. Temperature of ocean at depth x [Carr] 

b. One-dimensional heat flow [Byerly] 

(5) Motion in an imperfect fluid: 

dz , dz _ ,, , 

Tx + Ty = mZ frlellor} 

(6) Lateral vibrations of bars, neglecting the inertia of rotation: 

1,2 = -ail [Rayleigh] 


(7) The operational method for solving the equations of this 
type is simple and powerful, and we shall proceed at once to 
develop it. 

§35. Lagrange’s Method. 

(1) This section deals with Lagrange’s method of solution of 
the linear partial differential equation of the first order, and its 
analogy with the operational method. For the most part, it is 
the embodiment of two viewpoints as given by the following 
references : 

a. Analytic treatment: 

Goursat, “ Mathematical Analysis/’ II-II Differential 
Equations, §31, p. 74; §75, p. 250. 

Cohen, “Differential Equations,” XIII 1, p. 250, ed. 
1933. • 

b. Geometric treatment: 

Goursat, loc. cit., §76, p. 218. 

Osgood, “Advanced Calculus,” §22, p. 260. 

(2) The Analytic Treatment. Given the two allied equations 

P( x , V, Z)J^ + Q(x, y, z)J^ = R(x, y, z) (a) 

and 

pp + o? + R ? = 0 (&) 

dx dy dz 

Now, if u(x, y, z) = constant satisfies (a), it will be a solution of 
(6) ; for, with 


u{x , y, z) = c 
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then by implicit function theory 

du du dz _ q 


dx 

du 


and 


dz 

dx 


by dz 


du/ dx 
du/dz 


dz dx 
du dz 


jr = 0 

dy 


dz _ du/dy 
dy du/dz 


(c) 


Substitute (c) in (a) : 


du/dx 

du/dz 




giving ( [b ). The converse is also true. 
(3) Given the set of equations 

dx _ dy _ dz 
7 ~ ~Q ~R 


a) 


By multiplication of numerator and denominator of these frac- 
tions, respectively, by ^ and by composition, we have 


dx 

7 


dy 

Q 


dz 

R 


du 7 . du „ . du 7 

_ dx + _ dy + 

P^ + Q~ + Rp 

dx dy dz 


But also, 


from which 


u = c 


du 

7 

a solution of ( d ) 


Conversely if u — c satisfies (d), it will satisfy (6); for that gives 

7S?*+$fr + £*"° « 


(4) Now, suppose 
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from which 

dx = K-P 
dy = K-Q 
dz = K-R 


which, substituted in (e), gives 


or 


f -KP + pKQ + | -KB = 0 

dx dy dz 


p du 

dx 


+ Qp + Rp = 0 

dy dz 


(5) Hence the problem of solving ( b ) is reduced to that of 
solving ( d ), since every solution of (&) is a solution of (d), and 
conversely. 

(6) The Geometric Treatment. The equation 


Pp + Qq = R, 

has a solution 




00, y, z) = c 


which can be solved for 


z = /0, y) 

The direction cosines of the normal to (/) are 


0) 


(f) 


vi q; -i 

Comparing Eq. (a) with the condition for perpendicularity for 
two lines, viz., 


Pp + Qq — R = 0 
cos 6 = IV + mm' + rm' = 0 


we can easily see that P;Q;R are the direction numbers of a direc- 
tion in the tangent plane to the surface (/) and of the tangents 
of the curves represented by the Eqs. (d). Therefore solutions of 
(d) will give the surfaces (/), the desired solution of (a). 
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(7) Applying this method to the solution of the equation 


we have 

dz dz 

•= m— = 0 

do: dy 


dx __ dy _ dz 

and 

1 — m 0 


= 0 z = ci 

whence 

“ mdx = dy -mx + c 2 - 

or 

^(ci, c 2 ) = <£[z, y + mo:] = 0 

(8) Applied to 

2 = f(y 4. m x) 

we have 

dz dz j 

Tx- m Ty =k 


dx _ dy _ dz 
1 — m — k 



Ci = y .+ nix 
C 2 = z — kx 
c z = ky + mz 


from which 
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or 


<t>(c h c 2 ) = <t>[z — kx , y + mx] 
z = kx + f(y + mx) 

cz) = <t>[mz + ky, y + mx] 
k 

z = + f(y + mx ) 


ve might combine these and obtain 


k 

Z = 2 rrS y ~ + ^ + 

(9) Now, note the operational solutions 
(di — m<h)z = 0 


z = 


1 


di — mdz 
= /(y + mx) 


* 0 = e mxd i(y) 


and 


(di — md 2 )z = A; 


2 


md 2 


[fc+0] 


a-) 


+ /(y + mx) 


exactly the same forms as before. 
(10) Take, now, the form 


(< di — rad 2 ) 2 z = 0 

Substitute 

(di — md 2 )z = u 

giving 

(di — md 2 )w = 0 

from which 

u - /(y + mx) 

Now, 

(dx — md 2 )z = /( 3 / + mx) 

Use Lagrange's method on this: 

dx _ dy _ dz 
-m /(cs) 


c 3 = y + mx 
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Integrals of this are 

fa = y -f- mx 

fa = z — xf(cz) 

whence 

$(fci, fa) = $[z — z/(c 3 ), y + mx] = 0 

■i.e.. 

z = z/G/ + mz) + 4>(g/ + ma:) 

(11) Compare the direct operational solution 

(di — md 2 ) 2 z = 0 

2 = ~ a no - 0 = e mxd ^]- 9 0 

(di - md 2 ) 2 d i 2 

= e^ifoC?/) + aa/i(2/>] 

= fo(y + mx) + a;/i(y + mx) 

(12) Thus by an iterative use of Lagrange’s method it is easy 
to show the parallelism between the results obtained by it and 
the operational method. 

(13) Solve both by Lagrange’s and by the operational method: 


(a) 

d 2 u E d 2 u 

di 2 p dx 2 

d 2 z dz 

dzdy dy 

(b) 

(c) 

d *y _ „ 2 d *v 

dt 2 dx 2 

(d) 

d 2 z d 2 z d 2 z 

dx 2 dzdy dy 2 

(«) 

d 2 u d 2 u 
~dx 2 ' ~dy 2 ~~ ^ 


§36. The Single Equation. 

(1) Every linear partial differential equation with constant 
coefficients can be written in the form 

F(d h d 2 ) • z = f(x, y) 
dl== Tx’ d2 "Ty 


where 
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apd 

F(d h d 2 ) = ^ a jk di j d 2 k 

j,k 

the djk being constants, real or complex, and the form homogeneous 
or nonhomogeneous in d h d 2 . The largest value of j + k is the 
order of the equation, and j + k may tend to infinity. F(di, d 2 ) 
may therefore be either a finite or infinite series, convergent or 
not. The f(x, y) may be either a finite form or an infinite series. 

(2) The operational solution requires the addition of zero to 
f(x, y ), thus: 

F(.d h d 2 ) ■ z = /( x, y) + 0 

Then the complete solution (general) will be obtained as in the 
ordinary equations. 

z = JW, di) ' /( *’ V) + F(d,, dd ’ ° 

The first form on the right is the 'particular integral; and the 
second, the complementary function. 

(3) The Complementary Function. Full instructions for obtain- 
ing this are given in VII, §31. 

(4) Where F(di, d 2 ) = 0 cannot be easily factored by algebraic 
methods, the method of solution by infinite series will be easier. 

(5) The Particular Integral. For this, also, full instruction 
has been given in VII, §32. 

(6) The student should be able to solve the following equations, 
many of which, though not specifically labeled, are equations 
arising in mathematical physics. 

1. ( d\ — ■ <xdf)z = 0 
0 d 2 u E d 2 u rix , ,, i 

f Mellor l 

3. d\d 2 z — 0 

4. {d\d 2 — d 2 )z — 0 

5. (di 2 + d x d 2 )z = 0 

6. (dP - d 2 2 )z = 0 


7. ^ [D’Alembert] 

8. ( di 2 -j- 2did 2 -j- d 2 2 )z = 0 

9. (di 2 — 2did 2 -{~ d 2 2 )z == 0 

10 . (di 2 — 4did 2 + 4 d 2 2 )z = 0 

11. (di 2 -f" I>did 2 -j- 2d 2 2 )z = 0 


12. (dP + dPd 2 - did 2 2 - d 2 z )z = 0 
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13. (ch s - 3 dSdt + 2 did**)* = 0 

14. (di 3 - Qdihh + lldidi* - 6d 2 3 )z = 0 

15. (d^ - 7dM 2 + 10<W)z = 0 

16. ( 2di 4 — 3di 2 d 2 + rf 2 2 )z = 0 18. (di — ad 2 )z = e mx cos nw 

17. (di 4 — 2di i do,- -f- d^z = 0 19. (<f 2 — di)z = y — x 

20. (di 2 — <2 2 2 )z = tan 3 x tan y — tan x tan 3 y 


21.** 

_ 4 ^ 

4x 

dx 2 

dt 2 

~¥ 

22. 2“ 

,a 2 « 

— a 2 — - 

= a; 

ax 2 

dy 2 


X 2 


23. {dx 2 — a 2 d 2 2 )u = <j>{x, y) 

24. dxd 2 z = 1 


25. dicfe = xy 

26. dxd 2 z — — a 

y 

27. dxd 2 z = 2x + 2y 


28. (<j?i 2 -f- 3did% 4* 2d 2 2 )z = x y 

29. 0! 2 - did* - 2d 2 2 )z = x - y 

30. (c?i 2 — 3dxd 2 + 2d 2 2 )z = e x+2y + e x+v 

31. ( di 2 — d\d 2 — 6d 2 2 )z = xy 

32. (di 2 + did 2 — §d 2 2 )z — y cos x 

33. d 2 2 z ~ sin xy 


34. ( di 2 — 2did 2 + d 2 2 )z = sin ( 2x + 3 y) 

35. (4^i 2 — 4:d\d 2 + d 2 2 )z = 16 log (x + 2 y) 
o A d 2 u ,d 2 u 

36 ‘ to 2 + ay* = 


37. (( di 3 — 4^i 2 d 2 + 4<M 2 2 )2 = 4 sin ( 2x + 2/) 

38. (di 2 + di) 2 2 = xy 


39. {dx 2 + d 2 2 )z = cos • cos ny 


40. 

41. 

42. 


(di 2 + d 2 2 )7 = 12(s + 2/) 
\<i(di 4~ d 2 ) — 1 ]z = 0 
dz dz 
Tx + T y =mz 


43. W - d 2 )V = 0 


45. (di 2 4“ d\d 2 4~ d±)z = 0 


46. (di 2 3did 2 -f- 2 d 2 )z — 0 

47. (dx 2 + d 2 2 + 1)7 = 0 

48. {dx 2 +d 2 2 - n 2 )V = 0 

49. (dx~ d 2 2 + dx + d 2 )z — 0 

50. {dx 2 — d 2 2 + dx — d 2 )z = 0 


51. {dx 2 — a 2 d 2 2 + 2abdx + 2 a 2 bd 2 )z = 0 

52. (2 dx 2 - dxd 2 - d 2 2 + 6 dx + 3 d 2 )z = 0 

53. {dx 2 + 2 dxd 2 + d 2 2 + 2 dx 4- 2d 2 + l)z = Q 
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54. did^idi — 2d 2 4“ 3)£ — 0 

55. (di 3 - d,})z - 0 

58. (di — d 2 2 )z = cos {x — 3 y) 

59. ( di 2 — did 2 — 2di)z = sin (3z + 4y) 

60. (d\ 2 — d\d 2 + d\)z = 1 

61. (d\d 2 + d\ — d 2 )z — z - j- xy 

62. (di 3 - 3 (M* + di + 1)2 = e 2 *+ 3 * 

63. (di 2 — did 2 + d 2 — 1)^ = cos (a; + 2z/) + e v 

64. (di 2 — d 2 2 + 2d\ + 1 ) 2 - = e~ x 

65. (d\ 2 — d 2 2 + di + 3d 2 — 2 )z = e x ~ v — x 2 y 

66. ( dr 2 + 2did 2 + d 2 2 + a 2 )z — cos (mx + ny) 

67. (di — d 2 — l)(di — d 2 - 2)z = 

68. (di — 3d 2 — 2 ) 2 2 = 2e 2 * tan (?/ + 3x) 

§37. Systems of Equations. 

(1) Apart from increased difficulties in evaluating arbitrary 
functions of two variables in the complementary functions, 
there is no reason why systems of partial differential equations 
with constant coefficients should not have the same procedures 
applied to their solution as to systems of ordinary equations of the 
same type, as discussed in Chap. VI. 

(2) We shall, therefore, state the premises and the theorems 
as applied to partial systems and give a set of problems whose 
solutions can easily be obtained by them. Note the changes in 
the forms, substituting arbitrary functions for constants, and 
use, of course, the theorems of Chap. VII in the operational 
details. 

(3) The Complementary Functions. 

Given 


56. 


du ___ 4 d A U 

dt G dx A 
57. (di + dF)z = xy 


di)zj = Xi(x, y), i = 1, 2, • • • , m (a) 

3 = 1 

where F#(di, d 2 ) is of form y\a hk di h d 2 k : homogeneous or non- 

h,k 

homogeneous in the operators; and a kk constants, real or complex. 
First case, homogeneous; i.e ., Xi = 0. 
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(4) Theorem I. Each Zj and the general complementary 
function satisfy the single differential equation 

F, 7 (di, d 2 ) 1-7 = 0 (j) 

where the | Fij(di,.d 2 ) is the determinant of the system (a) 
and is not identically zero in d . or d 2 . 

7 is the general complementary function of the system and depends 
upon the linear factors in di and d 2 of the auxiliary equation 

Fij(di, df) |=0 (c) 

The arbitrary functions appearing in 7 number m, the degree of 
the equation in either di or d- 2 . The | F a | is called the char- 
acteristic determinant. 

(5) Theorem II. The Zj are proportional to the cofactors 
of the operator coefficients of any ith row in the characteristic 
determinant, the constant function of proportionality being the 
general complementary function V; i.e., 

Zi = faidx, df) -7, j = 1, 2, n (d) 

for any i 

(6) Case i: All Linear Factors Distinct. Every root 

d\ = OL k d 2 + fik 

gives the characteristic determinant a factor di — a k d 2 — fa 
which is not a common factor of all the first minors. Thus not 
all the fa in ( d ) can be made zero when they operate on V. We 
shall then have present after the operation all the arbitrary 
functions in V , and the Zj are then the complementary functions 
of the general solution. 

(7) Case ii: Multiple Roots . Every root di = a k d 2 + Pk of 
multiplicity 5 + 1 gives the characteristic determinant a factor 
(di — a k d 2 — p k ) s+1 . When (d i — a k d 2 — (3 k ) does not appear 
in all the fij) then no arbitrary functions are lost in (d). It 
can appear in all fa to degree s at most. Let s, however, repre- 
sent the degree to which it does appear. Then we shall operate 
on (d) by ( d x — a k d 2 — p k ) s and obtain a reduced set of propor- 
tions from which by further direct and inverse operations we can 
build up solutions containing the proper number of arbitrary 
functions; thus, 
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Using (d), 


Zi 


fn(,di , d 2 ) 


= 7 


j = 1 , 2 , 

for any i 


* , m 


(«) 


and disclosing the common factor in the denominators, 

El = V (f) 

id i oLkd 2 (Ik) S Q ij (d i, d 2 ) 

operate through by (di - a*d 2 - &)*, together with the use of 
(di ~ «fcd 2 - “ oibd* - ft)” 3 = 1; we obtain 


- (di — a fc d 2 — fo) 3 * V 


Q ij (d i, d 2 ) 

Operate now by (di - a fc d 2 - fr=) p , and use the substitution 


(di — <2&d 2 fik) p Zj 




1 Z p Z s 


(g) 

(h) 


obtaining 


= (di - «*d 2 - = W (0 

Qi]\di) d 2 ) 


From this we have 

= g«(di, d,) • TP j = 1 , 2 , ■ m O') 

for any t 


Then by (h) inversely, 


Zi = 


(di - a fc d 2 - 0*)*' 


[W; + 0] 


(*) 


(8) Here, the inverse operations upon w,- will not lose any of 
the functions already obtained, and those upon zero will give for 
each Zj p additional ones. But we integrate only h of the z,-, 
adding kp arbitrary functions, k being determined by the equation 

n - (s + p) + kp = n 


s + p = kp, [s = s • k] (0 

k is an integer, and the equation (Z) sometimes gives a choice of 
k and p. 
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(9) The other m — k of the zj are to be obtained by using 
linear combinations of the k ones integrated above. This is 
done by algebraic composition from the proportion (g) : 


Zj_ = Zh_' 
Q ij 9 ih 


From this we have 


3, h = 1,2, 
j ^ h 
for any i 


m 


or 


Zj 

9 ij ih 



h — 1, 2, ■ • * , h 
j = k 4- 1, • * * , m 
j ^ h, for any i 


(m) 


in) 


The final result will be all the complementary functions, with the 
proper number n of arbitrary functions demanded by the general 
solution. 

(10) Theorem III. Particular values of the unknowns z 
can be found for the equations (a) by the use of Cramer’s rule ; 
i.e., 

Z) = I Pii I -1 • Kj j = 1, 2, • • • , m ( o ) 

where Kj is the characteristic determinant | Fij | with the column 
of Xi in place of its jth column. 

(11) Illustrative Examples: 


( a ) d iZi + d 2 z 2 = k 

d \ d 2 

k 

— d 2 Zi + diz 2 = 0 

— d 2 di 

0 

A = di d 2 

— d 2 d \ 

« 1 Fa 1 * 

= dy 


A • 7 = 0, V = ■ 0 = My + ix) + f 2 (y - ix) 

Zl £s v 

di d , 

zi = drf = i[fj(y + ix) - f 2 {y - ix)] 
z 2 = d 2 V = M(y + ix) + f 2 (y - ix) 

the complementary functions 
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A Zi = 


i fc d 21 


Thus, 


^ 1 
d x 2 + d, a di 2 + rf* 2 


i di k , , 

j -d 2 0 ^ 

^ 7. _ 7. ^2 . 1 _ % 

dx 2 + d 2 2 dx 2 + d 2 " 2 2 


zx = t/i'Cy + ix) — 2 / 2 ' (y — «) + 

Z 2 = /i'(y + * 2 ) + /s' ( 2 / - is) + Tj 

C ?2 d 2 & 

— did 2 did 2 0 

A d 2 d 2 1 7 2 1 

-did, dxd* “ dlds -1 1 


= 2 did 2 2 


A - 7 = 0 , 7 = ^0 

By cofactors of row 2, 


= /x(y) +/2O) + atfs(«) 


£l ^2 


= f 2 = d* 2 F = io = PF = My) 

— 11 a 1 

«7x = —My), z i = ^[ — /i(y) + °I = —Fi(y) +F 2 &) 
W 2 = /l(^), «2 = -f[/l( 2 /) + 0 ] = ^1(2/) + ^sO®) 


A • Zi = 


fc d 


; 2 ‘ = dxd 2 fc 


“ I 0 dxd* I 1 

_ dxd 2 j fc 1 ^ 

Zl = 2dd? ~ 2 ' df 


A • z 2 = 


d 2 A: I _ dxd 2 fe _ % 
-did* . 0 I 2d\di 2 2 


Zi = — f i(j/) + ^ sfc) 
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*2 = Fi(s)+F t (x)+*V 


(c) dx(dx — ds)zi + di% = e x+y 
d\d%z\ -f- d\(d\ — * d%)z 2 — 0 


A - di* 


dx 2 — did 2 di 2 

e x +v 

did 2 c?! 2 — did 2 | 

0 


di d 2 dx 

d 2 di - d 2 


= dxW ~ 3 d 1 d t + d 2 2 ) 


- dx 2 [(dx - %d 2 y - y idi 2i 
A = 0, di = 0, 0, y 2 $ ± V3 )d 2 

A ' V = 0, F = io = My) + z/x(y) 


By second row, 


+ 4>i[y + K(3 + V5)x] + 4> 2 {y + y(3 _ 


21 22 _ F 

-dx 2 dx(dx - d0 

■_Wl _ «>S _ J 2T/ _ 1 

-dx dx - di 1 (dx ~ JidM~^jg?° = TF 

^ = Uy + M(3 + VS)*] + 4> 2 [y + 3^(3 - V5)a;] 

= -H(3 + - y(3 - Vs)^/ 

W2 = (dx - d 2 )IF = [K(3 + a/ 5) 1] 0i / + [y(3 - a/5) _i]a # 

= /4( 1 + a/5 )<£i' + K(i — a/5)<^> 2 ' 

2:1 = di^ 1 ^ = “"^1 <^2 + <£3(2/) 


22 - j>2 + 0] - |^*X + ~^2 + 04(F) 


A^l = 
^1 = 
Az 2 


VI 

= dx(di — d 2 )e x+ v 


dr 


e x+y d^ 

0 dx(di — d 2 ) 
dx(dx — d 2 ) 

(dx - %d 2 ) 2 - %d 2 2 ] e * * = 0 
di(di - d 2 ) e*+y 


z 2 = 


did 2 0 
d\d 2 


= -did 2 e a+ v 


diWi - %d 2 y - 

e x+y = gx+y 


g*+2/ 


( 1 - 
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z 1 


4>i[y + M(3 + \/5)z] — $ 2 [y + M(3 — + 4>z{y) 

y + \{ 3 + V5)*] 


1 + \/5 x 

2o = ~~rzTi 

' 3 + a/5 


+ 


1 - V5 
3 - a/5 

(d) X - chV = 0 
7 — d 2 V = 0 
diZ + d 2 Y = 0 


02 


y + 2 ^ — 


+ * 4 (y) + ^ +y 

[Bateman] 


X 

d{V = 0 

1 

0 

-d i 

F - 

d 2 V = 0 

0 

1 

— d% 

d\X + dzY 

= 0, 

di 

d 2 

0 


A ss 


1 0 -di 

0 1 ~~d 2 

di d 2 0 



1 

— di 


d 2 

d i 2 


di 2 + d 2 2 , 

'The algebraic eliminant’ 


1 

— d 2 


— do 0 

1 0 1 

d 2 

0 


0 di 

! di d 2 


= W = t ‘° 
A 


A • W = 0, W = d 2 • 0 = <h (y + ix) + 02 (y - ix) 

X = d 2 2 {<t>\ + 0 2 ) = — <t>i" — $ 2 " 

Y = —did 2 (4> i + 02 ) = —i<i>i n + i<t>2 ,r 

V = — di(0i + 02 ) = —^0/ + i<t>2 

For the student: 

[Ingersoll and Zobel] 


(e) - = — 
{e> dt dt 


M = Pu _ 
ax 2 ax 2 h 2 


,« ev 

(/) ^ = “7^ 


d_U 

dx 


ay ^ ac; 
p ax a« 


dx 

dU 


dt 

.a 7 


i mr 


[Bateman] 
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(h) e- 


dV 

dt 

au 

dt 


dV 
Y dx 


»v-™ + xu 


a, P, 7, S, <j>, 6, X, n > a, t constants 

l- a +4 


[Chap. VIII 

[Bateman] 


[Berg] 


(12) If H - adx -f brL + c, where a, b, c are real int PM 
the ,o,lowing are ^ 


(1) Hz 2 = 2, - z 2 

Hzi = 2z 2 

(2) -2 2) + (F + 1)2 2 = 0 

(H — 6)2, + 52 2 = 0 

(3) (2 H + 3 ) 2 , + Hz 2 = 0 

(H + 3)2, — 2z 2 = 0 

(4) Hzi = h\(zi — z 2 ) 

Hz 2 = k 2 z 2 

(5) Hzx + az 2 = 0 
bzi -f- Hz 2 = 0 


(6) (H - 3)2, + Z2 = 0 
zi- (H - 1 )* 2 = o 

(7) Hzi = anZi -f- a 12 z 2 
Hz 2 = a 2 i 2 , + a 22 z 2 

% % 7 2 t “ W 2 + B + 3)2 2 = 0 

Wz 1 * n 1 ~ (H2 ~ H + 5)z 2 = 0 
zi z , -f- n 2 z 2 = 0 


( 8 ) 

(9) 


H 2 z 2 — 7J 2 2, = o 

(10). H*z 2 = 2 , 

F 2 2, = 2 2 


(11) 

( 12 ) 

( 13 ) 


<»' - - CH- - _ 0 

(H + 6)Z! + (#2 _ = 0 

(F 2 - 3F + 2)2, + (F - 1)22 

~ (ff - 1)2, + (F 2 - 5F + 4)2 2 
(^ 2 - 2 H) Zl - 2 2 = 0 
(2F - l)2 t + F 2 2 2 = 0 


= 0 
= 0 
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(14) (ff 2 + l)zi + (H 2 + H + 1 )»t =x + y 

Hz ! + (iff + 1)** = 

(15) iffza + Zi = 1 
iffzi + Z 2 = 1 

(16) iffz 2 + Hzi + 5zi - 3z 2 = * + y + e I+u 

iffzi + 2zi - z 2 = e x+y 

(17) iffzi + *i = e I+!/ 

ife = Z 1 

(18) (H + l)zi = Z2 + e** 

(if + 1)*» = *i + 

(19) iffzi = Zx + z 2 + 2 cos (ax + Py) 

Hz 2 = 3zi - z 2 

(20) iffzi = Zi — z 2 — (<xx + (3?/ + 2) 
iffz 2 = Z2 + (ax + /%) 

(21) (H - 6)zi + 16z 2 = 48 cos 2(ax + (3 y) 

(H + 2)z 2 - zi = 6 cos 2 (ax + %) - 2 sin 2(ax + ft/) 

(22) (iff — a)zi — 5 z 2 = /i(ax + ft/) 

-hi + (iff — Wl)z 2 = /i(aKC + ft/) 

(23) iff 2 zi + wiffz 2 = a cos n(x + y) 

—nHzi + H 2 z 2 = 0 

(24) Zi ff - Hz% Hzs = 0 
-Hzi + Z2 + Hz s = 0 

Hzi — iffz 2 + Z3 = 0 

(25) iffzi - z 2 - zs = 0 
— Zi + iffz 2 Z3 = 0 
— Z\ — z 2 4“ Hz 2 = 0 

(26) iffzi — «z 2 4- ^z 3 = 0 

nzi 4- Hz 2 — i&3 = 0 

— mzi 4- iz 2 4" ^3 = 0 

(27) (H - o)*i = 0 

(iff — a)z 2 = zx 

(iff — a)z 3 = z 2 

(28) (iff 2 - l)zi 4- z 2 4- zs = 0 
zi + (iff 2 - l)z 2 + z 3 = 0 
zi 4- Z2 + (iff 2 - 1)Z3 = Q 

(29) iff 2 z 1 — 2 auHz 2 — 0 
2auHzx 4" ■ff 2 z 2 4" 2buHzs = 0 

-2ba>i?Z2 4- iff 2 z 3 = 0 [a 2 4- 6 2 = 1] 
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THE OPERATOR d ; s J- 

axi 

§38. Fundamental Theorems. 

d 

(1) We are here defining di as — > so that the inverses are 

C 

di 1 — s J* QdXi 4 * <^(^1) ^2, ■ ' ■ Zi—l, %i+l) , x n ) 

= f* QdXi, i = 1 , 2 , • • • , n 

The di are commutative relatively to each other, as the Xi are 
all independent; functions of them are commutative; the index 
law applies to them and their functions; expansions can be made 
in ascending or descending powers of the di — all as in the case of 
two independent variables. 

(2) The theorems of this section are but extensions of the 
fundamental theorems for two independent variables and are 
applicable to three or many independent variables. The 
fundamental theorems are the following: 


I. 

F{di)e^ Xi) 

= e t(*i)p\ ^ + 1 * 

OX{ 

II. 

e^f(xi) 


III. 

F(ir)Q m 

= ejF(ir + to), tt = ^ aid 

IV. 

Fk(di)<j) 

l A 


\ * / \ i / 

k the degree of homogeneity of F in di 
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V. (a) F(di) = -Fiq.) 

(3) The preceding notations are: 

F(di ) = -^(di, ^3, 4 * • , d n ) 

s ^(®i, 3 2 , 3s, • • * , 3») 

F(ai) = F(oi, a 2 , 4 4 4 , o») 

<£ (fc) means k successive differentiations of with 

respect to the complete argument t s 

i 

exp\\ ss e n 

f(g<) = ^(?1, 9% , ?«) 

etc. 

(4) Theorem I can be built up by induction, as in the case of 
Theorem I of Chap. VII §29 (2). The generalization was 
suggested, but never proved, by Charles Graves in 1853.* The 
inverse (la) likewise can be proved in the same way. Two 
special cases are interesting and useful. 

(5) lb. F(d t -)e SaiiCi e XaiXi F(di + a*) 

This can be obtained from the general theorem by the use of 

4>(xi) ss ^ a { Xi 
i 

(6) Ic. F(di) 4 e Sci *T = e^ aiXi F(a,i) 

This is obtained from lb by the operation 

F(di + ai) 1 = F(a,i) 

using Taylor's series for F{di + a*). 

* Graves, C harle s, On the Principles which Regulate the Interchange 
of Symbols in Certain Symbolic Equations, Proc. Roy. Irish Acad . (1853), 
144-152. 
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(7) Theorem II is Charles Graves’s correlative to Theorem T 
and can also be built up by induction, as in VII §29 tv, 
proofs of both I and II should be set as exercises for the studenT 

true - ind two specii1 casa> here «« 

(8) life. e^-f( Xi ) m f( Xi + hi) ■ c »<* 

where <f>(di) = Lhdi in the general theorem. 

(9) He. «/(*, + hi ) 

as e ^i i This is the symbolic form of T ]or , th 

many variables. “ Ior 

(10) Theorem III. F(t) • e m m 0m . F(x + m) ^ th 

was first stated and proved by Robert Carmichael * It « 
based upon Euler’s theorem for homogeneous functions.' 

(11) Eulers theorem on homogeneous functions states that 

degree » Sme °“ °' ‘ he ind ^ d ™ variables, of 

y.XdiU m = TYlJJ m 


Since 


If 


Now, 


T = X Xidi is linear > w e also have 

i 

irUV = UtV + VtU 
— UtV + VmU 
= U( t + m)V 


U - 0 » ;> 

t • 0 m = 0 m . (y 


T 2 Q m = T& m ■ (t -j- m) 

“ G ”^ + m )(v + m) m Q m (r + m ) 2 
so that by the iter ated use of Euler’s theorem. 

** • = 0 m (7r + m) k 

Symbol, cZ^idgelZTuk^ZlZZr. ^ ^ 



THE OPERATOR d t = d : dx ; 


177 


Then form a rational integral function with this by first multiply- 
ing by a k , a constant, and then summing for k , obtaining 

= Je m a,(T + m) k 


F(w)e M = e m F(r + m) (III) 

(12) The inverse is also true: 

F- l (r)9 m ^ e m F~ ^7r + m) (111a) 

by the operational reasoning. 

(13) If we use a subject S = 1 with this, we have 

F(ir) ■ G vl • 1 — 0 W • F(tt + m) * 1 
© 

and by the use of Taylor's theorem 

F(ir + m)l = [F(m) + ttF' ( m) +*••]! 

= F(m) 

so that 

F( 7r) • 0,, ■ 1 = G m • F(ro) (lift) 


(14) Theorem TV. F(di)<j>(t) = F(di)<t> in) (t), t = Here 

i 

the F(cb) is a homogeneous function of degree n in the di. When 
we set t — we shall have 

i 

i,-m - £*<« • (£)’ - «."*“(« 

(d,- n • • 4 P * * * )<t>(t) = (at" • a/ m * * * * )$(»+»+*+ * * * >(t) 

From these an integral function can be formed which will give the 
theorem. 

(15) With the inverse F~ l the theorem is also true; i.e., 

F-Kdd^cux^ = (IVa) 

where ( — n) means n successive integrations with respect to t. 

(16) The inverse has an exceptional (or singular) case, viz 
when F(cii) =0. It is always some single or multiple linear 
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factor which becomes zero when the substitution is made, so 
the problem resolves itself into isolating that factor and con- 
sidering it separately. Suppose that the factor is (Eotidi) v t and 

suppose that its inverse operates on Then 


and since 4>(2a{Xi) is constant with respect to x,-, we have 

1 * _ 1 . xf 

(cijdjY ' {aiY p! 

and 


1 


(2aA) p 


. . --'(zw*) 

= e ai 


(«f)’ 


■ ^ • <t>(2aiXi), 


i ytj 


Now, the exponential acts as in the symbolic form of Taylor’s 
theorem and produces the original argument 


1 Xi ” A 

- (a,-)*’ p! ' * 



(17) It is perhaps necessary to illustrate this section by an 
example or two. 

w i ,-d,-r, ' (2l + » +g) 

Direct substitution of 2, 1, 1 for ch, d 2 , dz gives 


+ v + *) = 00 


But since 


* = gaf(drHJj) 

di — d 2 ~ dz 


jL. . £>— x(dr^~dz) 

d, 
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we have 

^ — - (2x + y + z) = e* d * d * ) • • er***™ • (2 x+y+z) 

d \ — &2 “ #3 &1 

= • 4 - [2a; + (y - x) + (z - *)] 

«1 

— e x(dr¥ii)}-(y _|_ z j 

d\ 

= e x(dt+d,) x(y + z) 

= 4(2/ + *) + (z + a;)] = a;(2a: + y + z) 

(b) Similarly, 

(S - d, - d,)> <2 * + * + 2) “ fi (21 + 9 + z > 

(c) ( <ii _ ■ j, ' — jj. log (2x - » + 3z) - | log (2x - V + 3z) 
while 

(SPTJ, Io 8 <* + S + <) = i log < - 1<2 log < - 3) 

= 3 4(z + y + 2) 2 [2 log (rc + y + z) - 3] 

§39. Applications. 

(1) Perhaps the most interesting applications of the foregoing 
theory are found in partial linear differential equations with 
constant coefficients for three or more independent variables. 
While it is not advisable within the limits of this section to go 
into the complete theory of these, it is to be noted that this 
theory parallels that for two independent variables. 

(2) Therefore, only examples will be given. 

(c&) (di 2 c?2 — 2idid^ — 3di 2 ^3 — Zd\d z 2 — *2id 2 2 d z 4" Qd z d z 2 7did z dz)u — 0 

[Forsythe] 

Am. u = F{x — z, y) + G( 2x — y, z) + H(x, 3 y + z). 


Q>) (di 2 + d 2 2 + d z 2 )V = — 4ttp, Poisson’s Equation 
(c) (di + d 2 + d s )u = xyz [Carr] 

id) ( adi + bd 2 + cd z )u = x m y n z ? [Carr] 

(e) ( di 3 + d 2 z + d z z — Mid z d z )u - x 3 + y z + z z — 3 xyz [Forsythe] 

if) ( di 2 + did z — d 2 2 — d 2 d z )u - xyz [Forsythe] 
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THE NONCOMMUTATIVE OPERATOR xD = # 

§40. Definitions and Fundamental Theorems. 

(1) Definitions. We establish d as a linear differential operator 
of the same nature as D and relate the two in the following 
manner: 


dx dz 

If x = e z , and s = s(z), we may write 

ds _ ds dx _ dx ds 
dz dx dz dz dx 

and then 

ds _ z ds 
dz dx 

Symbolically, 

# • s - x ■ D •' s 

Abstracting the subject s, we have the identity of operators 

d = x ■ D [where x = e*] (A) 

(2) Identity (A) is a special case of a general substitution 
theorem 


x = f(z) ; inverse z = <f>(x); s = s(x ) 

Then 


giving 


ds 

dz 


dsdx_, l( ,ds 
dx dz ' dx 
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(3) Before proceeding with d, let us first establish a simple 
theorem in the non commutative operators x and D. This 
theorem was first stated, proved, and used by Charles Graves in 
1853 [see Appendix III, §62]. It is 


for 


D ■ x = x ■ D + 1 (B) 

D(x s) = xDs + s(Dx ) 

= xDs + $ 

= ( xD + 1 )s 


whence, abstracting the subject, we have the identity. 

(4) Fundamental Theorems. Equation (A) is the defining 
equation for the relation between x, D, and Eq. (B) is the 
elementary relation between x and D. 

(5) Now, since # is a linear differential operator, it is obvious 
that all the fundamental theorems for (D, x) apply for (#, z). 
All we have to do to use them here is to put & for D and z for x. 
Chapter II in its entirety then can be inserted here. Consider 
it done. 

(6) When, however, we use the substitution equation x = e z 
in the function operated upon or used in compound operators in 
connection with we have an interesting series of theorems in 
(#, x) in addition to the set in (#, z). This new set will be as 
follows (VII-X): 

I- VI. The set in (0, z) [II §5 (1)] 

VII. » n = ^A k z k D h 

k — n 

n — 1 1 

VIII. x"D n m JJ (0 - a) = 

a =0 k—n 

IX. F($)x m = x m F(& + in ) 

oo 

x. f{ *) 4>(x ) « 

*= o 

(7) Theorem VII. Use definition (. A ) by iteration, i.e. 


& = xD 

d 2 = xDxD = x(Dx)D 


(a) 

Q>) 
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Then, using Theorem ( B ), 

= x(xD + 1 )D = x 2 D 2 + xD ( c ) 

Again, 

$ 3 = xD{x 2 D 2 + xD) s x(Dx 2 )D 2 + x(Dx)D (d) 

Here 

Dx 2 s = .t 2 Ds + s(Dx 2 ) = £ 2 Ds + 2a;s = (V 2 D + 2a;) s 
from which, by abstraction, 

Dx 2 = £ 2 D + 2rr 

which we shall substitute in (d), obtaining 

# 3 == a:(a; 2 Z) + 2;r)D 2 + x 2 D 2 + xD 
= z 3 D 3 + 3a; 2 D 2 + xD 


By an iterated use of this method we can obtain the theorem in 
the form stated, where the A k are Stirling numbers obtained 
successively according to the table 


m 

1 

2 

3 

4 

5 


k 

k + 1 

2 

1 

1 







3 

1 

3 

1 






4 

1 

6 

7 

1 





5 

1 

10 

25 

15 

1 




m 




' ' ; 



O'tnk 

&m(k+ n 

rn -j- 1 






‘ ' i 


(m - Jc + 1 )a mk + a m ,k+D 


(8) Theorem VIII. By the use of the equations obtained for 
Theorem VII, we can build up as follows : 


$ = xD 

$ 2 == x 2 D 2 + xD = x 2 D 2 + t? 
or x 2 D 2 s _ # == #(# _ i) 

^3 == ^32)3 + 3^2 + ^ 

- ;r 3 Z) 3 + - 1) + # 

z 3 D 3 s d 3 _ 3#($ - l) + ^ 

= - 1 )(£ - 2) 


or 
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Continuing, we obtain the theorem 

n— 1 1 

X n D n = U (^ - a) = ^ B k d k 

ot = Q k = n 


The B h here are similar to the .4/, of Theorem VII, except that the 
general term is —ma m i + a m( j c + 1 ). The table of their values is 


m 

1 

CO 

4 j 5 k | (■ t 1 

1 • : 

2 

1 

- 1 i 

i ! i 

3 

1 

- 3 | 2 

! i 1 

4 

1 

- 6 I 11 

- 6 j ; ; 

5 

1 

-10 i 35 

| 

-50 ! 24 I i 

| ... : _ L_ 

m 

1 

I 

; : i 

• ■ ■ ■ : • - CLmk J) 

m + 1 

■ 1 

i 

1 i 

.... ! - - ; .... lYl&rnk “h 

! ; : i 


(9) Theorem IX. Use Theorem I of II §5 (1) with (#, z ) : 


F(#)e* (s) see e* ( *'F[& + </>'(?)] 

With = mz : 

F(d)e mz ss e mz F(d- + tw) 

Then e 3 = x gives 

F($)x m = + m) (IX) 

(10) The theorem is true for the inverse: 

F~ = rr w F _1 (# + m) (IXa) 

(11) A special case, when the subject S = 1, is 

F(0)a:» - 1 = .r-F(m) (1X6) 

as can be proved by noting that F(& + m)l = F(m). 

(12) Theorem X. Using Theorem VI of II §5 (1) with 

D m + # 2 , where #i ^ s and #2 ~ we have 

00 

fw = 2 b* 1 * 

fc = 0 
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and 

90 

m+(d - ' * {x)pk w 

&= o 

(13) Examples: 

Form products in & for the following: 


(a) xd- 


(e) 

(x 2 tf) 2 

(*) 

X 2 # 2 

(6) W 


(/) 

(x 2 j}) m 

(i) 

(x 2 d 2 ) 2 

(c) (x$) m 


(g) 

xd 2 

(*) 

(x 2 # 2 )” 

{d) x 2 $ 


Qi) 

(xd 2 ) 2 


Form a series 

identity for each of the following: 



il) e M 

(*) T 

1 

— xd- 

^ 1 + xtf 

(«) 

cos 

(m) 

( V ) f 

1 

- x*S 

(r) sin 



in) 






By Leibnitz’s 

extension expand the operators 



it) & 2 x 2 


(u) 

-X 2 

w » - 


Show that 


(w) e M f(x) = f(xe k ) 

0*0 e kx *f(x) = f\ J~ n X ) [Crofton] 

§41. The Euler Equation and Its Extension. 

(1) “Euler’s equation” is the name given to one of the type 


^ A k x k D k y = f{x) 

k =n 

By the substitution x = e z and Theorem VIII of §40 this equation 
becomes 



JJ (tf - a) 


y = f(e z ) 


which is a linear differential equation with constant coefficients 
with z as the independent variable. 



§41 j 

TO NONCOMM UTA T I VE OPERATOR xD 

<5 185 

(2) 

Examples: 


(a) 

dp 

= - 7P 

[Lamb] 

(6) 

d-u . du a 

V +* - 7 + “ r = ° 

[Mellor] 

(e) 

II 

v5 r° 

<N 


id) 

d 2 u 1 du 

di 2 + x& 

[Forsythe] 

(«) 

(x2) 2 + 2 )) 2 / = 0 
(x 2 2) 2 + x2))2/ = 0 



[0(0 - 1) + $]y = 0 



r-y = 0 



y = ^0 = Ci + C# 



= Ci 4- Ci log x 


(/) 

(x 2 2) 2 + 3x2) + 1)2/ = 0 
[0(0 - 1) + 30 + l]y = 0 



(0 2 + 20 + 1)2/ = 0 



(0 + I) 2 y = 0 



y = (0 + 1) 2 ° = e ~’ (cl 

+ C 2 z) 


= x~KC 1 + C 2 log x) 
xy = Ci + Ci log x 

(a) (*>' - |)v - o 

(: x 3 D 3 - 6 ) 2 / = 0 
[ 0(0 - 1)(0 - 2 ) - % = 0 
(0 3 - 30 2 + 20 - 6)y = 0 
( 0 2 + 2)(0 - 3 ) 2 / = 0 

y = (^2 _[_ 2 )(# - 3) ° = Cie3 * + ^ C 0 S V / 2 Z + C* sm-v/2 z 

= Cix 3 + Ci cos\/2 log x + Cz sin\/2 log x. 

Qi) (x 3 2) 3 + 4x 2 2) 2 + xD - 1)2/ = 0 
(t) (x 3 2) 3 - 3x 2 2) 2 + 7x2) - 8 ) 2 / = 0 
O') (x 4 2) 4 - \D 2 )y = 0 
(fc) (x 3 2) 3 + 6x 2 Z) 2 + 4x2) - 4 ) 2 / = 0 
(0 (z2) -f 1)2/ = & 
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(m) x-D-y = log x 

(n) (x 2 D 2 + xD)y = 12a;- 1 log x 

(o) (x 2 D 2 + xD + n-)u = x m 

( V ) (z~D 2 + 2 xD — 2)y = x cos x — sin x 

( q ) (x-D 2 — 3 xD + 4)2/ = x“‘ 

(r) ( x 2 D~ + 4xD + 2)y = e x 

(s) [a- 2 .D 2 — (2m — 1).tD + (m 2 + w 2 )]2/ = 0 

(t) (x 3 D s + xD — l)y = x log x 

(3) An extension of Euler’s equation would be 
o 

2) A k (oi + $x) k D k ■ y = f(x) 

k = n 

which by the substitution (a + $x) = e° reduces to a linear 
equation with constant coefficients: 

k = n o: = 0 \ H / 


(4) Examples: 

(°) [(a + x) 2 D 2 - 5(a + x)D + % = 0 

[#(# - l) - 6d + % = 0 
(d 2 - 7# + 6)2/ = 0 

(t? — 6)(d + 1)2/ = 0 

y = (J - 6) ( 2 ? + 1)° = C,ie62 + C2e ~ z 

= (7i(a + a:) 6 + Ci(a + a:) -1 

(b) [(as + 1) 3 Z> 3 + (* + 1 ) 2 D 2 + 3(z + 1)D - % = 0 

(c) [(a; + 1) 2 Z> 2 + (x + 1 )D + 1 \y = 4 cos log (x + 1) 

(A\ Ax , 


+ y = 0 


[Piaggio] 


+ *-° 

t = c 2 , tD = & 

&z + y = 0 
* + = 0 


A = 


$ 2 1 — (# + 1)($ — 1) 
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,.,, = 0. V - lo - ^4 ^ 0 . cv- 

g _ y _ T - 
£ -1 1 

X = $(C\€~ Z -j - Co6 3 ) — — 0 i6 — " -f- Co6 ' 

y = — CSe - * — C 2 <? - ~ 

^2/ — £>Z~ l — ^L/. 

(<?) (2 2 i) 2 + £D)x + 2y = 0 

(Z 2 D 2 + £D)y - 2a* =0 


+ C 2^" 


[Piaggio] 



CHAPTER XI 


SOLUTIONS IN SERIES 
§42. Linear Differential Equations. 

(1) There is a large class of differential equations which offer 
considerable difficulty to the ordinary worker in science, because 
their solutions are complicated series which require considerable 
advanced mathematical analysis for their study and proper use. 
Even to obtain the solutions is usually a complicated process. 
We are going to show that the operational method, with the ft 
operator treated in the last chapter, offers an easily acquired 
method of obtaining with surety any polynomial or infinite series 
solution of any of the class of ordinary linear differential equations 
with 'polynomial coefficients. We shall first exhibit a .f am iliar 
equation and apply the ft operator to it, viz., the Bessel equation 
of order 2. Bessel equations have many applications in modem 
engineering w T ork. * 

(2) The Bessel Equation of Order 2. 

The differential equation : 

+4 + (l! - 2 ’>» - 0 

The operational form: 

(x 2 D 2 + xD + x 2 - 2 2 )y = 0 (x, D ) form 

with the substitution x = e z , we have xD = ft, x 2 D 2 == ft 2 - ft, 
and the equation becomes 

[(ft 2 - 2 2 ) + e 2z }y = 0 (z, ft) form 

Operate on both sides by (ft 2 - 2 s ) -1 , obtaining 

[1 + (ft 2 - 2 2 )- 1 ■ e 2z ]y = (ft 2 - 2 2 )- 1 • 0 

Set (ft 2 — 2 2 ) -1 ■ e 2z = S on the left, and perform the operation 
on the right: 

See McLachlan, N. W., “Bessel Functions for Engineers,” Oxford, 
1934. 
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(1 + S)y — Cie 2 “ + Cie 2 ~ 

y = rrs (Cie2s + c - e ~' l) 

Now, algebraically, by actual division, 




= 2) (-1)*-S* • (C ie °-° + C 2 e- 22 ) 


(3) Each S k operating on the binomial Cie 2z + Coe“ 22 gives us a 
term of two series which are the solution of the # equation and 
thus of the original equation. It is sufficient to use only the 
general k for this purpose, which gives the general term of each 
series; but, that the process may be seen in its details, we shall 
use each successive k starting with k = 0, until the form of the 
successive results is seen. We shall also take each term of the 
subject separately. 

(4) 5° =1, S° • C x e u = 

S 1 s #2 u_ ~ 22 e2z - e2t QjT+2)* - 2 2 by shiftill S theorem 


S ' ■ C “” - + 2). - 2- C *' 


{2 + 2 )* - 2 1 

4 - 2 ) t ~ 

4-3 1 

,<?2 = pit . - 

“ ~ $2 _ 22 ° - 2 2 

1 


by substitution 


= Cie (2+2)z - 


(& + 2 • 2) 2 - 2 2 (tf + 2) 2 - 2 2 
S 2 • C : e 25 = + 2 • 2) 2 - 2 2 ’ (# + 2) 2 - 2 2Cie2 * 

— ff,/,(2-2+2)j ?: ^ 

1 (2 + 2 • 2) 2 — 2 2 (2 + 2) 2 - 2 2 
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S* = 1 e t. 1 giz . 1 ,23 

° r- - 2- r- - 2- t?" - 2 2 


(j> + 3 • 2) 2 - 2 2 (0 + 2 • 2) 2 - 2 2 (tf + 2)* 

.93 . _ f, ^(3.2+213 ^ . ^ . ^ 

1 1 (2 + 3-2)2-22 (2+2-2)2-22 (2+2) 2 -2 2 


= C,e< 3 - 2 ^ 


4-5-3 4-4-2 4-3-1 


Similarly, 


- C,e 2 -- = Cifi^-2+2)-- 


4-6-4 4 5-3 4-4-2 4-3-1 


Summing for k, we have for the first series 

c ,J J + 2;(-i). c -.n 4l ^:_ 


C# 2 1 + £(-l)+2A]J 


W(h + 2)Aj 


(5) The operation on the second term of the binomial brings in 
quite another type of series; e.g., 

S°C 2 e-» = C 2 e~z* 

S-C,e - 4 , 2 j- - 2 - ' <:t + 2)- - 2 s ( - 2e ~ 2 ' 

Here the operational procedure changes, for if we merely sub- 

stit-ute 2 for $ in the second factor 2 . 2)2 _ 2 1 ’ we sha11 

obtain an infinity. We must again use the shifting theorem for 
it and the substitution theorem for the first, obtaining 
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Cac 1 *-*-"* 7 


1 


i (^IT2 • 2) 2 - 2 2 ' — 2- 

The denominator of the second factor is 

lA _ 9 4 - 2 • 2) 2 - 2 2 = # 2 + 4 *? + 4 - 4 = + 4 # 

T = d(# + 2 • 2) 


Now, since ’ s constant. 


$ -{- 2 ■ 2 


_ 2 ^ 2^ — 2 s ) 


then 

we thus have 


'& 2 • 2\ — 2 2 / 
S 2 C 2 e- 22 = C^ 2 ' 2 - 2 ' 1 


JL-Z’-L 

2-2 — 2 2 


2-2 — 2 2 

This will now appear in the result of every operation after 
2 ■ 2 

this. Witness 
S 3 C 2 e- 3 ‘ = 

1 C«e~ iz 

e3(2z) (if+3 • 2) 2 - 2- ' (tf + 2 2) 2 - ~2 2 (£ + 2 ) 2 22 

For the first and third operations we can substitute -2 for #. 
For the second, we only shift across and integrate as above, 

obtaining 

z 1 1 

S 3 C 2 e _2z = C 2 e (3 - 2 - 2)! 2~2 ' (-2 + 3 - 2) 2 - 2 2 (-2 + 2) 2 - 2 2 
2 1 1 


= C 2 e <3 ' 2- 


^ 2^2 ' 2H2^1) ‘ 2 2 (0 2 - 1) 

Then for the fcth term it is easily seen that 

Z k 1 

S k Cie- - z = C 2 e (2i; ~ 2) z ~2~2 H (2/T— 2) 2 -'2 2 

ft. = 1 
^2 


Now, for the summation we have 



192 THEORY OF OPERATIONAL MATHEMATICS IChap. XI 
or 

e 2 z- 1 + 1** + 2~2 log ( - 

^2 J 

These two series will be recognized as the solutions of the original 
equation. Their sum is the complete solution. 

(6) Looking closely at (a), 

00 

y = ^(-imCie 22 + <?,*-*•) 

& = 0 

we see that it really has the form of an integral equation but in 
symbolic form. One could surmise that integral equation theory 
could therefore be applied to it, or, what is better, an integral 
equation could be turned over into this symbolic type, and 
operational theory applied for its solution. This latter we are 
going to do. The theory in the following sections handles all the 
Bessel equations as special cases. The general theory takes in 
all possible types of ordinary linear differential equations with 
polynomial coefficients. 

§43. ^-Transformations. 

(1) Definition. The ^-transformation is that which transforms 
a differential form in (z, D) into one in (z, &). For this purpose, 
we shall use the following: 

(a) x — e 2 

Q>) xD = $ [see X §40 (1) {A)} 

n — 1 

(c) = ]J (*'- a ) [X §40 (6) (VIII)] 

a = 0 

(2) Consider a form x m D n , where m\n. 

(a) m > n; say, m — h — n. We shall have 

x m D n == x h x n D n 

from which by (a) and (c) above we obtain 

x h {x n D n ) e h n ~ q - a) 

n — 1 

we are using n q for U ^ a simpler form, putting a bar 

« =o 


under the ranging letter]. 
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(b) m = n. We have, by (c), 

x n D n = ! ” ~ o ^ ~ -) 

(c) ?n < n; say, m + h = n. If we multiply the entire 
differential form through by x h 7 then all terms will come under 
either (a) or ( b ). 

(3) All forms q (# — a) can be expanded into powers 

of # as shown in Chap. X §40 (8), i.e., with Bk coefficients. We 
repeat the table but include the coefficients up to m, k = 9. 


m = 1 

k = 1 

2 

3 ; 

4 

5 

6 

7 

8 

9 

2 

1 

- 1 








3 

1 

- 3 

2 







4 

1 

- 6 

ii 

6 






5 

1 

-10 

35 

- 50 

24 





6 

1 

-15 

85 

- 325 

274 

- 120 




7 

1 

-21 

175 

- 835 

2224 

- 1764 

720 



8 

1 

-28 

322 

-2060 

8069 

-17332 

13068 

- 5040 


9 

1 

1 

-36 

546 

-4636 

24549 

-81884 

151724 

-109584 

j 

40320 


k 

k + 1 

m 



O/mk 


ttj7Z,fc+l 



m + 1 








Then we may collect terms with like powers of the exponential 
e z . We shall then have the proper form in (z, $). 

(4) The ( 2 , form is found to be of the general type 

[fo(#)e k *> +fi(#)e k '*+ + fn(#)e knZ ]y = 0 


or 

■ V = 0 

i=0 

The kj will be positive or negative integers. We may divide 
through on the right by e Uz and obtain the form where k 0 = 0. 
The kj may then run consecutively from 0 to n or be a set of 
arbitrary integers; 
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§44. Classification. 

(1) The (z, 0) form offers a convenient method of classifying 
our linear equations which, so far as the author can find, has 
never been attempted in complete form before. Classification 
on the basis of the poles of polynomial coefficients in the ( x , D ) 
form has been suggested by Whittaker and Watson, Ince, Piaggio, 
Bateman, etc.* The classification here given is based on the 
poles of the (z, 0) form and in terms of the roots of the ^poly- 
nomial z-exponential coefficients of the independent variable. 
These roots and coefficients of z enter into the solutions in vital 
ways in determining the types, poles, zeros, etc., of the solutions. 
In fact, they determine the complete pattern of the solutions. 

(2) We may show this method of classification most quickly 
by an example, leading up to the general classification symbol. 
Take the Legendre equation, for example. Its (z, 0) form is 

[0(0 - 1 + 7) - (* + « - 1)(* +$- V eZ ]y = 0 

Here 

/ o (0) = 0(0 - 1 + y), with roots 0, 1 - y 

}\(0) = (0 + a - 1)(0 + & - 1) with roots 1 — off, 1 — iS 

and 

k Q = 0, k i = l 

These six numbers may be written down in the bracket 

[0, 1 - y | 0 || 1 - a, 1 - & | 1] 

Note that /o(0) has two factors and also that jfi (0) has 2. In 
terms of the number of factors of each, we could call all equations 
having similar numbers of factors so situated as of the class 
(2, 2), leaving the k 3 - out of consideration. 

(3) The Jacobi equation has the (z, 0) form 

[ 0(0 - 1 ) + ft - «)(0 - l ) e z 

— (0 + a + 6)(0 + a — b)e 2z ]y = 0 

where 

/o(0) = 0(0 - 1), 

/ 3 (0) -0-1, / 2 (0) - (0 + a + 6) (0 + a - b) 

* Whittaker and Watson, “Modern Analysis,” Chap. X, p. 204. 
Ince, “Ordinary Differential Equations,” XV, p. 393, XVI. 
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§44j 


We may therefore put the equation in class 5 with partition 
(distribution) (2, 1,2). 

(4) It would be an easy matter to write down all the classes 
and partitions of equations by merely writing down all partitions 
of all integers from 1 up. Thus the two equations above: 

Class j Partition p 

Legendre. 4 (2, 2) 

Jacobi 5 (2, 1, 2) 

(5) By this means we can, if we desire, write down the type 
equations in general terms; thus, the Jacobi equation belongs to 
the type form 

[oo(# — ofoi)(# — <202) + — otu)e kl2 

-j- — c*2i)(# — 0:22) e k ~ z ]y = 0 

where the constants are 

GEo, Cl l, #2 ; &Q 1 , OiQ 2 j 00 lj <^ 21 , CC * oj ki , &2 

By the inverse transformation from the (z, &) to the (x, D) form 
we could obtain the ordinary type form. This is not necessary, 
because the polynomial coefficients do not directly point to the 
pattern of the solutions, as do the constants 'a, a, Jc. 

(6) To see that the a s and k s do point the pattern, let us look 
at the Bessel equation solved in §42. 

(x 2 D 2 + x D + - 2 2 )y = 0 

[(£2 _ 2 *) + e 22 ]y = 0 
/oW * (fl + 2)(* - 2), AW ^ 1 

a oi = — 2, 0:02 =2; ho = 0, h\ = 2 

y = CiZ 2 1 + ' \j2h + 2) 2 - 2 2 

+ C , x -- 1 + + !p-^ % (- 1 )* (2A _ 2)2 _ 22 ! 

k - 2 J- 

Note the pattern of the solutions. The a 0 i and <* 02 , respectively 
— 2, 2, determine the powers of the x in first terms and also are 
found in the denominators of the coefficients ( 2h + 2) 2 — 2 2 and 
(2h — 2) 2 — 2 2 . The am = — 2 determines the pole for the 
log x, and order 2 determines the — 2 2 in the denominators. 

(7) The class symbol thus gives the number of the critical 
characteristics of the solution, and the complete symbol gives 
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the salient features of the pattern of the solutions. Hereafter 
when a particular equation is listed, its classification will be 
referred to by partition numbers. 

(8) Even a cursory examination of the actual equations treated 
in the literature side by side with this classification of the possi- 
bilities will show that the subject of types of functions which may 
be solutions of linear differential equations has barely been 
touched. When someone exhaustively produces all types of 
solutions and compares them with the series known in analysis, 
many new, and perhaps valuable, functions will be brought to 
light. 

(9) The table of the classification will look like the following: 
j s= class number (sum of partitions) 

p s the partition symbol 
i 2 = the number of //(#) : 


: 

V 

3 

i ~ 1 

2 

3 

4 

■ 

1 

(i) 

(0 

1) 

(0 

0 

i) 

a 

0 

0 

0) 



(1 

0) 

(0 

1 

0) 

(0 

1 

0 

0) 





(1 

0 

0) 

(0 

0 

1 

0) 








(0 

0 

0 

1) 

2 

(2) 

(2 

0) 

(2 

0 

0) 

(2 

0 

0 

0) 



(1 

1) 

(0 

2 

0) 

(0 

2 

0 

0) 



(0 

2) 

(0 

0 

2) 

(0 

0 

2 

0) 





(1 

1 

0) 

(0 

0 

0 

2) 





(1 

0 

1) 

(1 

1 

0 

0) 





(0 

1 

1) 

(1 

0 

1 

0) 








(1 

0 

0 

1) 








(0 

1 

1 

0) 








(0 

1 

0 

1) 








(0 

0 

1 

1) 

3 

(3) 

(3 

0) 

(3 

0 

0) 







(2 

1) 

(0 

3 

0) 


Etc. 




(1 

2) 

(0 

0 

3) 







(0 

3) 

(2 

1 

0) 









(2 

0 

1 ) 









(1 

2 

0) 









(1 

0 

2) 









(0 

1 

2) 





Etc. 




(0 

2 

1 ) 
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§45. Fundamental Theorems. 

In this section, we shall give in detail four theorems upon which 
we shall base the solution of the general linear differential equa- 
tion, i.e., 

I. The reciprocal theorem. 

II. The operators F. 

III. Max Mason’s theorem. 

IV. Boole’s theorem. 

Let us proceed at once to these. 

I. The Reciprocal Transformation. (1) We need first a theorem 

for the production of the terms of a quotient. In general, — 5 

l+o 

will not be a form containing only one operator S, the series in 
this case being a simple one. In general, we shall have the form 


& 1 + <t>i + <l>2 + 


= 1 + F i + F 2 + = F 


Let us determine the Fh in terms of the <j> k . 

(2) Assume i = F, or 1 = <£> • F with $ ss andF i 'EF k x k . 

Multiply and equate coefficients. Set the first terms as <£ 0 and F 0 
instead of 1. Then 


1 = F o^o 

0 = Fo4>i + F i4>o 

0 = F Q<f>2 + F + F 2<f>Q 

0 = Fq4>z + Fi<j>2 + F 2$i + Fz<j)o 

0 = Foct>i + F i<f>3 + F 2 <t>2 + Fs<t>i + Fa4>o 


0 = ^ Fi<j>k . 
i = 0 


(3) Of course, F 0 = For Fi we shall use the first two equa- 

<p 0 

tions and solve by Cramer’s rule: 
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F ( ,0 O = 1 

Fo4>i + Fi<po = 0 
A = | <p 0 • | — 0o 2 


00 

01 00 j 


AF, 


00 

01 

1 


i ; = -0i 


Fl 0O 2 

For Fo, using three equations, 

F 000 = 1 

F o0i + Ft 0o =0 

F 002 + Fi0i -f- F 2 00 = 0 


A = 


00 

01 00 
02 0x 0o 


0O 3 


AF 0 = 00 . 1 

= (“I) 2 

01 00 

01 00 


02 01 

02 01 



f 2 = (-i) s A * 

00 


00' 02 

! 01 



For F 3 , using four equations, we find 
A = 0n 4 

AF 3 =(-!)= 0 X 


In general, 
F, = (-I)*- 


03 02 01 

01 00 

F 3 = (— 02 0x 0o 

03 02 01 


00* 


VI 

VO 



02 

01 

00 


03 

02 

01 

00 

04 

03 

02 

0i 

0A— 1 

0/c — 2 

0A— 3 

0A— 4 

0/c 

0/c — 1 

0A-2 

0fc- 3 


01 00 
02 01 1 
= f — n*. 


0?^ 
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which gives us 


I - 


*=0 


for since we used a power series in x to determine the F k . we 
have the theorem rigorously stated 

x — >1 x — >1 

(4) Special cases would modify the general determinant D k . 
(a) fa = 1; 4>i and <t > 2 only present; we have 


F k = (-1) 


0 1 

1 





fa 

01 

1 





02 

01 

1 





02 

01 







0i 

1 





02 

0i 


(6) fa = 1, 4> i, <t > 3 present, fa = 0; we have 

ft = (-1)* 


01 

1 



0i 

1 ■ I 

03 


fall 


03 

. fa i 



i 4>i i 



. • ! . 0i 


etc. 

II. The Operators F. (1) Since the fa are operators, the F k 
are also operators. The fa are of the form 

0; = fiW ■ e k <* 

If we operate on the left on the (z, #) form by [/o(t?)] _1 the fa 
take the form 

fa = J~^j ekiZ ’ and *-l 


Let us also set the k; = 1, 2, 3. 
respectively, 


The F k will then be, 


f _m* 

r 1 -e 
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(-1) 2 

AW, 

foW 

i 



M*) e u 

foW 

, M») e . 

foW 


(— l) 3 

/■w,. 

foW 

l 




/iW,, 

i 


foW 

m 


f m 

f m 

f m 


F k = (-!)*• 


f *(*),. 





foW C 

I 



* 

/*(#)-.. 





f oW 

foW 

1 



/•(^ 

/»(*) 

/.w 

/■w e , 

/«(*) 



jfft-l($) a— 1)2 

(k _ i)2 


1M PZ 


M*) 

/«(*) 

/oW 

f m 

1 

foW 

/t-i(ff) 

M*) 

2)s 

foW 

/»w 

/jw e , 

/ oW 


(2) We should like to carry the exponentials to the left across 
the ^-operators by the shifting theorem F{F)e nz = e n *F(& + n ) 
and find the resulting form of the determinant with the exponen- 
tials factored out to the left. By induction, 



Since the form in position [2, 2], i.e., in row 2 column 2, in the 
expansion is multiplied on the right of the form in position [1, 1], 
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its exponential will pass across that of [1, 1] and will have no 
effect on that in [2, 1]. Thus: 

= (~1) 2 | 2 + jj) 1 ; 

; /o(d + 2) ; 

i r 2 M# + 2) /lit? + 1) I 

/o(t? + 2) / 0 (t? + 1) | 

And now we may factor e~ z to the left: 

= (-l)V 2s /iQ» + 2) 

/o(* + 2) 

«/* 2 + 2) /i(# + 1) 

/o(t? + 2) /o(t? + l) 

In ^ 3 , we shall find also that the exponentials will affect the 
operator forms only diagonally upward to the left. In detail: 

^3 = (-D 3 W) . - 

/oW 

tM e >. ! 

m e21 m e , 

/oW /oW /.(*) 

Expand by elements of first row r : 

= (-Dm, m, j 

/oW /o(<?) 


= (-I)TAW, 


/«W /»W I 

, /i(* + 2 ) • . 

/«(* + 2) 

/i(* + 2) /i(tf + 1) 
/o(* + 2) /o(# + 1) 

■ M# + 3) 

/<,(£ + 3) ■ 

/ 3 (# + 3) /i(# + 1) 
/o(* + 3} /o(t? + 1) 
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= (-1) + 3) M# + 2) 

/o(# "H 3) /o($ + 2) 

/*(*+_?) /,(* + 1) 

M* + 2) /o(# + 1) 

+ 3 ) j 

/«(* + 3) 

M± + 3) fjfi + 1) 
/o(* + 3) hi + 1) 


(-l) 3 ^ hi + 3) 

/o(* + 3) 

hi + 3) /i(* + 2) 

/o(* + 3) /o(# + 2) 

/a(* + 3) jfjtC g; + 2) hi + 1) 
fol + 3) hi + 2) hi + 1) 


(3) Now we may simplify still further by setting the units in 
the second diagonal column equal to the quotient of the respective 
denominators in that column by themselves. Thus : 

1 = hi + 2) - _ h i + 1) . 

fol + 2) ; /aGM-l) 1 

then factor out, so that 

F- = (_1)3 € 3 3 l 

1 ; fol +3)fol + 2)hl + 1) 

/i(* + 3) hi + 2) 

hi + 3) f\ l + 2) hi + 1) 

hi + 3) hi + 2) fil + 1) 

(4) In like manner, we may easily show that, , in general, 


F k = (-1 ) k J* 


1 

fol + h) 


fil + *) hi + k- 1 ) 
hi + k) hi + k~ 1 ) 

hi ~r k ) hi + k — 1) 

h~il + k) h-zl + k — 1 ) 
hi + k) h-il + k — 1 ) 


hi + k — 2 ) 
fil + k — 2 ) 

^2y"''7o(5TT) 

+ * - 2 ) ( /,(* + 2 ) hi + 1 ) 
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where the subletters for the fj are the same down the diagonal 
columns, and the letters additive to $ are the same as, and down, 
the vertical columns from right to left. 

III. Max Mason's Theorem* We shall quote this theorem in 
its entirety, with its proof. 

(1) If S is a convergent operator, the equation 

(a) f = g + S ■ f 
admits a continuous solution, given by the equation 

(b) f = g + S • g + S 2 • g + S 3 * g + 

Consider the equation (a), where g is a known continuous function 
for values of its arguments in a region R, and S is a linear operator, so 
that S(u + v) = Su + Sv. It will be shown that a continuous solution 
may be found in a simple manner if the operator S is of a certain type — 
is, namely, convergent according to the following definition. Let <fi be 
any function continuous in the region R considered: The operator S will 
be called convergent if the following conditions are satisfied : 

1° S 4> is a continuous function in R. 

2° The infinite series <j> + S<j> + S 2 <j> + • - • converges in R and 
represents a continuous function in R. 

3° The result of the operation S on the function represented by this 
series is equal to the result of the term-by-term operation on the series. 

Suppose that S is convergent and that a (continuous) solution 
/ of (a) exists. Then 

f — g-\-S'f — g + S(g + Sf ) = g + Sg + S~f 
= g + Sg+-S 2 g + S 3 f 

the equation 

f- g+ Sg + S 2 g+ + S n g + S n+1 f 

being obtained after n substitutions of g + Sf for /. If S is 
convergent, the limit for n = o c may be taken. It follows that 
if a solution of (a) exists it has the form 

(6) 7 = g + Sg + S 2 g + S 3 g + 

* Mason, Max, Selected Topics in the Theory of Boundary Problems of 
Differential Equations, New Haven Math. Colloquium (1910), 174. Mason 
states that Liouville probably used this method for the first time. 
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Conversely, if £ is a convergent operator the function defined by 
equation (b) is a solution of equation (a), for 

Sf = Sg + S*g + S*g + • • ■ = / - g. 

(2) If we write (a) in the form 

f-sf = g 

we have a differential equation with Sasa differential operator. 
If it is an inverse, say then 

/ - i \f= 9, 


or 

Pf - / = Pg; 


i.e., (P — 1)/ = Pg, a differential equation. We might have 
written also 

/ ~ Sf = (1 - 8)f = g 
or 

/ = _L_ g= ^s*-g 

k = 0 

We thus see a fundamental relation between an integral equation 
and a differential equation. The latter forms a.re fundamentally 
the forms that we are treating in this chapter under the section 
on Boole’s theorem. 

IV. Boole’s Theorem * We shall quote this theorem also. 

The Linear Differential Equation 


Xfk(ff)-e kz -u = 0 
k — 0 

has as many [independent] solutions in ascending power series as there 
are simple [linear] factors in fo(#) and as many descending develop- 
ments as there are factors of a like nature in f n (ff). 

* Boole, George, A General Method in Analysis, Phil . Trans., London 
(1844), 225-282; see also Appendix III, §61. 
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(1) Operate on the left by [/o(t?)] _1 ; i.e.. 


i + 2 


k = l' 


ML*. 

/»(#) 


u = 


/.(#) 


The operation on the right depends on the factors of 


/«(*) ® 


m 

1 


(d — Ofc) 


so that 


/.(«» 


0 k 


^ j(d — ah) 


•0 = 2 


A = 1 


Then the operational solution will be 

1 


u — 


| ^ fk(& ) 


2 


7i=l 


(2) The necessary procedure now is to turn the inverse operator 
into a series of direct operators by operational division. When 
the summed term of the inverse is a single one, say 

fMe>=S 

/«(*) 

then the direct operator series is a simple one: 

1 


1 + S 

we should have 


= l- S + & 2 -£ 3 +- 


S k = 


L/oW 


./a m 

/oW /.w 


/iW, 

/oW 


When the summed term has more than one term, Boole merely 
suggested the possibility of obtaining the successive terms of the 
direct operator series by operational division, but he did not carry 
it out and did not apply it. 

(3) Boole also operated to produce a descending power 
series; with 
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I ^Md)e kz y = 0 
|_ & = o 

operate by [/ nC #)]” 1 on the left, obtaining 


n — 1 




X /„(*?) 

_k = o J ' ' 

Then operate by e" nz on the left: 

n— 1 


V = [/*(<?)] 1 • o = 


or 


n — 1 

& = 0*' 
71-1 




J + 2 


Ar- 0 


/fe(^ + n ) c -(n 

/ n (# + 


y = e~ n ^C h € ahZ 

h 

y = ^C h e^ h ~ 


This is essentially the same type of form as previously, except 
that it produces solutions in descending power series of the 
independent variable. Boole did not consider any inverse powers 
of intermediate forms obtained by dividing by /&(#) for 0 < k < n, 
which would produce Laurent series solutions. 

(4) Boole’s solutions were also limited to those cases 'where the 
jfo(tf) and /n($) had all unique factors, omitting cases of multiple 
linear factors or single or multiple irreducible quadratic factors. 
We shall remove all restrictions when we proceed with the solu- 
tions in general. 

§46. Bessel, Legendre, Hermite, and Hypergeometric 
Equations. 

(1) These equations illustrate the case for i = 2, which come 
exactly under Max Mason’s theorem, viz., 


[/oW +fiWe k '*]y = 0 


or 


1 

. + foW 6 
(1 + S)y = g 


V = 


o = g 


y 


f «(*) 

oo 


A = 0 



S«] 

or, in our form, 
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V = 


k = 0 


IfoW 


(2) The Bessel Equation of Order N . 

(x 2 D 2 + xD + x 2 — n 2 )y = 0, the (a:, D) form 

[(# 2 — n 2 ) + e 2 “] 2 / = 0, the (z, &) form 

j = 2, f = 2, p = (2, 0), A-x = 2 
Symbol [ft, — ft | 0 || • | 2] 

(3) Operate on the left by (# 2 — ft 2 ) -1 , obtaining 


1 + 


p2z 

# 2 - n 2 


y = 


x? 2 - ft* 


• 0 = + C 2 e- ns 


Since there is but a single operator term, we have the direct 
operators in simple form, i.e., with S = ip~~^ 2 e2z ‘ 


y = 2) (-l)*/S*(Ci«« + Cj«— ) 

& 1 


4=0 

» (-l)hS* a (— 1) V (2 * : 


(«? + 2£) 2 - n- 

Operate on C x e nz for the general term of the first-series solution: 

k 

(d + 2h) 2 - n 2 " 


FkCie nz = Ci(—l) k e‘ 


t P H 


By substitution theorem, 

, Cl (-l)V<=->«" * w+ -^r- n’ 

(4) Operate on C%e~ nz for the general term of the second-series 
solution. If w-e use the direct substitution throughout, we shall 
find that the nth term of the series and all after it will have a 
factor whose denominator is zero. We shall, therefore, before 
operating, separate this term and use the substitution theorem 
on all others, but the shifting theorem and an integration on it. 
For k < n, we shall have a perfectly regular result in the form of a 
terminating series (polynomial); thus: 
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F k C 2 e~ nz = C 2 e~ n 'F k k < n 

= C 2 e~ nz (- l)e i(22) 

which will give the polynomial 


(2 h - n) 2 - n 2 ' 


(2 h — n) 2 — n 2 


C 2 e~ n ‘ 1 + V (-1)V< 2 *>| 

For k ^ n, we shall separate the operator, thus: 

F t = f_pu(2i) \ 

[ ) W + 2n) 2 - 

Now operate on C 2 e“ nz , thus: 

F k C 2 e~ nz = 



k 

y^n 

1 

! 

1 

(0 + 2h) 2 — n 2 


( — iy e H2z) 


Jb 


_ 1 1 . i 

L (* + 2w) 2 - n 2 J | 1 

1 1 

L (* + 2n) 2 - n 2 J 




(t? + 2h) 2 

k 

1 


,C 2 e~ n * = 


(2h — n) 2 — w 2 ’ 

[by the substitution theorem] 


= (-1 y e k(2»c ie - nz 


(& — n + 2ra) 2 — n 2 


1 


Now, since 


(2h — n) 2 — n 2> 
[by the shifting theorem] 


(0 - n + 2 n) 2 - n 2 = 0(0 + 2n) 


and since 


& 

1 


(2A - n ) 2 _ n 2 1S a constant, we have the last 


operation as 


giving us 


1 2 


0(0 + 2ri) 2 n 


F^,e- = fe-t-DVO-.i, ^ ^ fc S » 
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This now gives us the series for the second solution, viz . 




2n j Y (2A - n)- 


(5) We may now combine the solutions and make the inverse 
transformation to variable x. 


c 1 + S ( - 1)V< ”' \ ,rn+l 


1(2 h+n) 2 - n- 


+c «- 1 + J i ( 2t _ ‘), _ 

I k i 


-V(-1)V (22) ^ 

??, -< 


1 (2A - n) 2 - n- 


or, in terms of x, 


y = Cii» 1 + X (_1) 


I jU 
/c x 2AS K 


1 |(2 h + n) 2 - n 2 


+ Co£“ n 1 + ( — l)*^ 2 * 


^ ' I 1 J(2 h — n ) 2 — n 2 

+ ^\ogx-%{-iyx* *n m 

k = n 1 ' “ 


(2h — n) 2 — n 2 


This is the complete solution. 

(6) The Legendre Equation. 

[(1 — x 2 )D 2 — 2 xD + n(n + 1 )]y = 0, the (x } D) form 
[&(& — 1) — (d — n — 2)(# + n — l)e 2 % = 0, the (g, &) form 
3 = 4, i = 2, p = (2, 2), Ai = 2 
Symbol [0, 1| 0 j| n + 2, -n + 1 |2] 

(7) Operate on the left by [#(# — 1)] _1 : 


1 _ (* - » - 2)(fl + n - 1) „ 

0(0 - 1) \ V 


&(■& — 1) 


0 = Ci 4- C 2 e‘ 


F k = e k ^\ 


k (0 — m — 2 -f~ 2A) (0 -j- m — 1 + 2h) 
1 (0 + 2 A )(0 -1 + 2 h ) 
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(8) For the operation on C i we have 

F k ■ Ci s C l F k • 1 = Ci • F k ( * =0 

= ri p H2z) ~ n Z + ft — 1) 

2A(2£ - 1) 

Examining this for poles and zeros, we find 

Poles: None, for 2h = 1 gives h = }£, and ft must be a positive 

integer 

Zeros: 2h = n + 2, ft ■ = ~ + 1, ft = ^ 

n even and positive 

n, | i t + 1 7 — n — 1 

2 2 

ft odd and negative 

These values give terminating series (polynomials), called 
“Legendre polynomials.” The series, therefore, will be 
(a) (ft even and positive) : 


Vi = C] 


i + g 


* = i 


A 

1 


(2 A - n — 2) (2ft + ft — 1) 
2ft(2ft - 1) 


(6) (ft odd and negative) : 


Vi = 

(c) (ft 


Ci 


n+ 1 
2 


l + ^ eA ' 


i 

:2 a) 


L yfc = l 1 
odd and positive) : 


ft j (2ft — ft 2) (2ft + n — 1) 

1 j 2ft (2ft -T) 


c, 

so 

1 4- V ^(2<0 

k 

(2ft ft 2) (2 ft -j~ ft — 1) 


' -w c 1 

A; = 1 1 

l 

2>*(2/i - 1) 


(d) (ft even and negative) : 


1 -f ^ e K2*)j 


A; 

1 


(2 h — n — 2) (2 h + n — 1) 

2h{2h - 1) 


2/i = Ci 
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(9) For the operation on C*>e 3 , we have 

F} C C'ie z = Co ■ F k.e 3 — * F* j #=a 

== Coe’ • e k{ ' lz) 


211 


k !(1 - n - 2 + 2h)(l + n - 1 + 2h) 
1 ' 


(1 + 2h)(l -1+2 h) 


Poles: None. 


Zeros: 2h = / 2 + 1, h — 


/i + 1 


* = 


?i — 1 


2h = 


A = -2 *" 


2 

71+2 


72 odd positive 
/2 even negative 


Here we have some more of the Legendre polynomials. 
The series for these will be 
(a) (n even and positive) : 


1 1 V pjfc(2^! ^ 

(2 h — n — 1)(2A + n) 

1 + A e 1 

L k « 1 1 1 

(2 A + 1)2* 


(6) (/? odd and negative) : 


7/2 = Coe 3 

00 

1 + 2) 

A; = 1 

Jfc 

(2A — 72 — l)(2ft + n) 

1 

(2 ft + l)2ft 

(c) (7i odd and positive) : 



2/2 = CV 2 

j- n— 1 

2 

i + 5 ; «*«•>! 

k = 1 ‘ 

& 

(2A — n — 1) (2A n) 

1 

(2h + 1)2A 

(d) (?i even and negative) : 




_7l+2 


-i 

2/2 = C^e z 

2 

1+2 e*< 2 *> 
&=1 

k 

(24 - n - 1)(2 4 + «) 

1 

(24 + 1 ) 2 A 


A h ^ 
JS, s 


A 

1 

Jfc 

1 


(2A - n - 2) (2A + n -*1) 
2h(2h - 1) 

(2/2 — n — 1)(2 h + n) 

( 2 h + 1 ) 2/2 


(10) Using 
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Combining and transforming to variable x, we have the complete 
solutions: 



C ICN 

1 


SO ~ 

(a) y = Ci 

1 + 2 * 2A ^u 

k = 1 


1 + 

Jfc = 1 



r n + 1 

2 


00 ~ 

(6) 2/ = Ci 

l + * 2A '^* 

* = 1 

+ C%x 

1 + 

A= 1 


r 

» 1 2 


(c) y = C, 


1 + 


+ C-2X\ 


1 + V x «- k B k 


k = 1 


k = 1 


id) 



00 


r n+2 

2 

y = C, 

i + 

+ c 2 £ 

i + y ***** 


a = i 


4 = 1 


(11) It will be left to the student to solve the Hermite and 
hjrpergeometric equations for the ascending power series and to 
solve all four fqr the descending power series. We shall indicate 
the latter for the Hermite equation. 

(12) The Hermite Equation (descending power-series solution): 

( D 2 — xD + n)y = 0, (x, D) form 

[$(# — 1) — (# — n — 2 )e 2z ]y = 0, (z, form 

i = 3, i = 2, p — (2, 1), h\ = 2 
Symbol [0 7 1| 0 [| n + 2 |2] 

(13) Operate by — ($ — n — 2) _1 : 

[e 2s — (d- — n — 2 ) -1 #(# — 1 )] 2 / = ($ — n — 2) _1 • 0 = Ce in+2)z 
Now operate on the left by e -2 *: 


- 1 ) 


y = Ce nz 


■d- — n — 2 

Now shift e _2i! to the right over the $ form : 


1 _ _(* + 2)(^ + 1) 

- n 6 


y = Ce” 2 
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($ _i_ 2) (d + 1) 

Here S is ^ _ e 2z , so that the operators F k will be 

in terms of e~ k(2z \ which will produce the descending power series 
desired. The student should carry out the work. 

(14) Frequently there will appear multiple factors in / 0 (d) 
and /«(#), which will produce a somewhat different type of term 
for the F h to operate upon. We shall illustrate this by the Bessel 
equation of order zero. 

( x 2 D 2 + xD + x-)y = 0, (x, D ) form 

(d 2 + e 2l )y = 0, (z, d) form 

i = 2, i = 2, p = (2, 0), h = 2 
Symbol [0, 0| 0 || ■ |2] 

(15) Operate on the left by d -2 : 


1 + 


d 2 




2/ 


^2 * 0 = Ci + C%z 


The Fk are here of the simple form 


F k BE (-1)V< 2 *> 


|(* + 2A) 2 

(16) The operation on z is the interesting one, viz., 


1 


The continued product 


(* + m 

1 


• z 


is expanded as a polynomial 


|(* + 2ft) 2 

in and all terms in & of higher degree than 1 are discarded 
because they produce zeros when operating on z. The product 
becomes the single term 

k 1 

‘-Sis* 


Jc 

1 

* 1 

i 

i 

1 

(d + 2 hy ~ 

1 my | 

r- . 

f 1+ ±Y 

v + 2 h) 

r * 


= 

k 

1 

1 

my. 

•i-2 

L /i=i 


so that 
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Now operate on z: 


k 

1 

_ 1 

my\ 



k 

1 


1 

(2 hr 


k 


-x 

h = 1 


1 

h 


J 


which gives the form for the series; i.e.. 


F, 


Z = (-1 )k e kC2t) 


z 



k 

1 


1 

(2 ny- 


(17) The operation on 1 is 


F k ■ 1 = F k \ ,» = o = (-1)V< 22 > 


my 


(18) We may now write down the complete solution 


= C, 


1 + 2(-1)*sb* 


i-1 


■f - Cgi 


( 2hy 

log X 1 + g(-l)* ; 

-ii+'i-.) 


.2 k\ 


k /y» 2k j 


my 


k = i 


k 

X 

h = l 


mr- 


(19). If there were a triple root, we should have z 2 to operate 
upon, in which case we could discard third powers and above in 
expanded product. Let the student verify the following operator 
forms : using 


Hi 

- V 1 , 

HiGi 

fC 

- V 1.1 


~-tha — a 

h = 1 

k 

a f^ a -a ha- a 

g 

H 2 

- y 1 

H& 

k 

— v 1 .1 


a = i ~ «) 2 

k 

ha ~ 

cn*h 

Hz 

^ (ha - a) 3 ’ 

etc. 
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1 ;(d — a H 

1 

- ahy 

'[ k 1 

1 (aA — a) 3 _ 

1 (li - H 

= ri 

- ahy 

*1 1 1.1 


(ah - a) 4 J 


[1 3Hjt} -f- (QHa -(- 

+ ■ • • ] 


1 - 4 Hid 

+(10 H t + 16 G 1 H l )^- 
L - (20 Hz + 40G 1 tf 2 )tf 3 + - 


& - 

— a - 

(- aA ) 5 


"| k 

1 


1 

(aA — a ) 5 


1 - 5 


-\-(15Ht + 25GiH i)$~ 

- (35/1 3 + 75 G t H s + mfyGiHr)# 3 
70 H i + 175GJB, + 225 GJI a 
+62 SEiFiGiHi -I- 375F 2 GiH l 
-+ • • • 


+ 


tf 4 


(20) After listing the following examples under i = 2 , we shall 
proceed to the illustration of the solution for the general cases 
of i = 3, 4, • • • 


i 

3 

P 

Equation 

Name 

2 

2 

(20) 

0 x 2 D 2 4 * zA* + x 2 — n 2 ) • 1/ = 0 

Bessel 




l+D 2 + (f + 1)D + 11j=0 

Bessel-Clifford 

2 

3 

(21) 

(x 2 D 2 + £ 2 D 4- kx + }i — m~) - y = 0 

Confluent hvper- 





geometric 




[: xD 2 — («-{- 1 — a;)Z) 4- ■ # =0 

Laguerre 

2 

4 

(22) 

(D 2 — xD 4- w) - y = 0 

Hermite 




| (x - a: 2 )Z > 2 + [7 - (a + 0 + \)x\D 

Hypergeometric 




— a&\ -y = 0 





[(1 - z 2 )Z> 2 - 2xD f n(n 4- 1)] • y = 0 

Legendre 




[(1 — a; 2 )Z) 2 — 3z.D + ra(ra + 2)] - y = 0 

Tchebycheff 




[(a + btff‘)x i D t + (c + dx n )xD + 

Pfaff 




{f + gra:”)] • y = 0 





[(1 - z 2 )# 2 - 2{a + l)z£> + 

Ultraspherical 




n{n + 2a + 1)] • y = 0 
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§47. The General Linear Equation. 

(1) We may now by similar methods attack the general 
equation 


■ y = 0 


Operate on the left by [foW] -1 , and obtain 


-| | m($) 




Here 


V (AAl e mz = V A 


and the equation has the form 


[ 1+ H 


y = K 


which, when solved for y, gives 


1 + ^ 4>m 

m 

(2) To be perfectly general, we must assume that every m 
consecutively must be accounted for, and intermediate forms not 
present will be considered as being zeros. Thus, if we were to 
have 


1 + ^4>rn = 1 + <#>2 
m 


= 1 + 0 • e* 


m i 

'M») 


,2 « 


we should write it as 
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This will place the single <j>m in their proper places in the determi- 
nants making up the F k . Thus, in this case, 


0 

1 

0 

I 

<#>2 

0 

1 

0 . . 

0 

4 > 2 

0 

1 0 . 


0 

< f >2 




0 



Only in this manner can the proper shifting of the exponentials 
be carried out. 

(3) No additional remarks need be made as to the method in 
general, and we shall proceed to illustrate it by a well-known 
equation, viz., the general Jacobi equation. 

(4) The Jacobi Equation: 


[(1 - x 2 )D 2 - (a + 1 3 + 2 )xD + (P — a)D 

+ n(n + a + P + 1)] ’ y — 0, 
{&{# - 1) + (fi -<*)(& - l)e* 

- + n + a + p - 1)(& - n - 2)e- z } • y = 0, 


(x, D ) form 
(z, J) form 


Here 


Symbol [0, 1| 


= 3, 3=5, P = ( 2 > 1> 2), 

0 II 1 1 1 II - »- «- i8 + l,»H-2|2] 


(5) The Functions: 


K - 
<h = 


_ . 0 = Ci + C 2 e* 


- 1) 

(g -«)(*- *} e ~= i ~ — e z 

&(S - 1 ) & 

+ n 4* a + (3 1)(^ ^ 2 ) ^ g , 

= 7R& - 1) 


(6) The Operators: 


Fi 


P - 




05 - «) e 


1 

!?■ -h 1 


F o = l, 



218 


THEORY OF OPERATIONAL MATHEMATICS 


[Chap. XI 


F 2 = ( — l) 2 i « 2 


($ + n + oc -f- fi — 1)($ 


2 ), 


- 1) 


1 

P ~ a 


= ( — l) 2 e 2 * 


& + 2 

(# + 2 + n + a + ,S-l)- 
(z? + 2 - n - 2) 
(z? + 2)(0 + 2-1) 


1 

/9 — a 

& + 1 


F 3 m (— l) 3 e 3z 


ft — a 

T + 3 

(0 + 3+ » + a + /9- l)(z? + 3 - n - 2) 

(z? + 3)(z? + 3 - 1) — 

0 


1 


0 


$ + 2 

(z? + 2 + ?i+cz + /3 — 1) ($ + 2 — — 2) 

T# + 2)(z? + 2-1) 


1 

|3 — a 

# +1 


Fa = (-!)¥'.• Da, where 


Da- = 


z? + & 

(z? + fc + n + cz + /S — 1) («? + A; — n — 2) 
(t» + F)(t? + k - 1) 

0 


13 — a 
& + k - 1 

(t» + fc - 1 + ji + a + 0 - l)(z» + fc - 1 
(z? + fc - l)(z? + A — 1 — 1) 


« - 2 ) 


0 

1 


(7) The Operations. The Fa operate on 1 and e z , the respective 
integrals in the K. We need use only the Fk and by it obtain the 
general term of the two series solutions. 
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Ft I *-o = (-l)VH 


Ft ■ 1 —F k | o=o, F t ■ e z = e z ■ Ft \ 

0 — a 


k 

(k + n + a+fi- l){k - n - 2) 
A- (A- - 1) 


1 

/3 — a 

F=n[ 

(k-l+n + <x + p- l)(k - 

(k - 1 )(* -1-1) 


0 

1 


n — 2) 


i 


ffr I t?=i 


( — 


/3 — a 
k + 1 ' 

(* + 1 + n + a + 0 - 1)- 
(A; + 1 — n — 2) 
(fc + 1)(A ; + 1-1) 

0 


1 0 . 

j3 — a , 

k 

_ (A; + n + a + <3 — 1) (A; — n — 2) 

A:(A; — 1) 


Thus we have both series completely determined in every detail 
as functions of z. It remains but to transform back to functions 
of x. Then, depending on the values of a, 0, and n, we may have 
numerical values of the determinants. We shall not make a 
study of these, as this section is meant only to illustrate the 
method of solution. 



220 THEORY OF OPERATIONAL MATHEMATICS [Char Xl 

(8) A descending power series may be found in similar mannA, 
by operating on the left first by manner 


[(# + n + a + /3 — l)(tf — n — 2)]- 1 
and then by — e~ 2 *, giving the form 

[1 — <t>\ — fc] • y = M 


where <j> i = 
4> 2 — 
M = 


(j ~ a) ($ + 1) 

+ n + a + J + 1)(# _ n ) e 3 
(tf + 2)(0 + l) 

(^ + n + Q;+/3 + i)(tf _ n ) e 23 
1_ 

(«?+n + o: + j S — !)(#_ n _~2) ' 0 


(9) A third series (a Laurent) 
on the left first by [(/? — a ) (# _ 
ing the form 


= C^e-OH-ar+tf- 1), _j_ Q 2e ( n+2U 

may be found also by operating 
1)] 1 and then by -\-e~ z , obtain- 


[1 + 4>i — 4 > 2 ] ■ y = N 


where <t>i = — ^lAg-z 

fi — a 

<h n = + n + « + /3)(tf - n - 11 

e *- 


N = 


1 




0 = C ie *. 


(10) These latter forms will be left to the student as exercises 
B elow is given also a set of classified examples which may be 
sdyed by the method of this section and chapter Care 

f e ht T tUre ° n , dlfferential equations and theory 
Notation CMe * the S ° UrCe autWs name is given 


y 1 


dy 

dx 


d 2 y 

y 2 s s? etc - 


* = the/, number, j ^ the class number, 


V = the partitions 
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Equation 


Source 


(11) (1 + x)yi = my 
( 20 ) xps + Pi + y = ax a 
zyi + yi — y = 0 
2*2/2 -f 2j/i + mxy = 0 
2/2 + e 2x y - 0 
22/2 + 2 /i + 22/ — 0 
4222/2 + (1 - x~)y = 0 
2 2 2/2 + 22/1 - ( 2 2 4 . 1)2 y = Q 

2 4 2/2 4 * 22^2/1 - y = 0 


10 


2 2 2/2 -j- 2 x 2 /i 4 - c 3 x s y — 0 

11 


4 x 2/2 4- xyi + y = 0 

12 | 


422/2 4- 2 yi -f y = 0 

13 


' 2 /£ — c 2 y = 0 

14 


xyi + y = 0 

15 


r s — xy = 0 

16 ' 


.• 2/2 4- 9xy - 0 

17 


Vi 4- xy « 0 

38 


xyi — yi 4 - y = 0 

19 


2/2 4 - x 2 y « 0 

20 


X 2/2 — 42 /i + k~xy = 0 

21 


:3 a /2 - (a 2 4 - ^*)y - 0 

22 


z 4 2/2 4- 2x 3 2/i - (a 2 4 2x 2 )2/ = 0 

23 


2 x 2 j /2 — xyi 4- (1 — x 2 )y = 0 

24 


2 x 2 2/2 — xyi 4- (1 — 2 a 2 ) 2 / = 0 

25 


2/2 — n 2 x 2 s~ 2 y — 0 

26 


2/2 - bcx m y — 0 

27 


2 x 32/2 4* ax 2 2 /i 4 262/ = 0 

28 | 


2 4 2/2 4~ gx 3 2 /i 4“ 62 / = 0 

29 


£ 2/2 4- nyx 4- Hv = 0 

30 


xyi 4 (v + l)j/i 4 - y ~ 0 

31 


£ 2 /* 4- (v — 1 ) 3/1 4- y = 0 

32 


£ 2/2 + nyi 4- Xy = 0 

33 


xyi 4 - x 2 (g ~ 2 m) 2/1 4* 

[x 2 (m 2 — mg) — 2 ]y - 

34 | 


xyi 4 * 2 (n 4 - l)xy\ ± x 2 y = 0 

35 

( 20 ) 

x 2 2/2 4- 2 nx 2 /i + mfix 2 y = 0 

36 

£ 2/2 4- ( 2 n 4 - 1 ) 2/1 4 xy = 0 

37 


£ 2/2 4 <32/1 + & 22 / ~ 0 

38 


X 2/2 — nyi 4~ x 2n +iy — 0 

39 


z 2 yi -f 3 x 2/1 4- [£ 2 — n 2 4- l]y =* 0 

40 ! 


x 2 2/2 - a 2 x 2 2 /i — p(p 4* 1)2/ — 0 

41 


X'Vi 4- (£ 2 — n(n 4 * l)]y =0 

42 


c 2 2 /z + 2 x 2 /i -{- [xfy 2 — n(n 4 - 1 ) 12 / **> 0 

43 


£ 2 2/2 4- 4(x 4- a)y = 0 

44 1 


2/2 4- [Bx 4- c]y — 0 

45 


£ 2 2/2 — (26x -f 0 ) 2 / ~ 0 

46 


x 2 2/ 2 4- 2 x 2 /i — [n 2 x — 2 ]j/ * 0 

47 


£ 2 j /2 4" nxyi 4- (6 4- cx 2 m )i/ — 0 

48 

(30) 

£ 2 2/2 — [n 2 x 2 — m(m — l)]y — 0 

49 

z 6 w 3 4 * 6 z*W 2 — V) ~ 0 

50 


1/3 4- g 3 y - ^yi = 0 

51 


9x 2 2/3 4- 27x2/2 4- 8yi — y = 0 

52 

(21) 

£ 2 2/2 — (1 - 3x)yi 4- y = 0 

53 


£ 2/2 4* (1 4- £)2/i 4* 2y = 0 

54 ' 


£ 2/2 4- (1 4" ax 2 )2/i 4 6xy = 0 

55 


£ 2 2/2 4- (3x — D 2/1 4 - 2/ - 0 

56 


x 2 yi 4- (1 4* 2 x)xyi — 4y = 0 

57 ! 


£ 2 2/2 4- (2x 4- 3)xj/i 4* (£ — *) 2 2/ = 0 

58 


x s ys 4- (x 4- a)yi — by = 0 

59 


x s 2/2 4- xyi — (5 — 2x 3 )y ~ 0 

60 


£* 2/2 + £(4a — x)yi — (6a 4- 2£ar)l/ = 1 

61 


z 2 wi 4" 2 2 wi — 2 w ~ 0 
zw 2 4" 2(1 — z)toi — w = 0 


Ince 

Cohen 

Ince 

Forsythe 

Forsythe 

Cohen 

Whittaker and Watson 
Smithsonian Mathematical 
Tables 
Piaggio 
Forsythe 
Ince 

Forsythe 

Cohen 

Cohen 

Ince 

Forsythe 

Piaggio 

Forsythe 

Forsythe 

Forsythe 

Cohen 

Cohen 

Forsythe 

Piaggio 

Forsythe 

Forsythe 

Forsythe 

Smithsonian Mathematical 
Tables 

Smithsonian Mathematical 
Tables 
Ince 

Forsythe 

Smithsonian Mathematical 
Tables 
Forsythe 

Whittaker and Watson 

Ince 

Piaggio 

Ince 

Forsythe 

Smithsonian Mathematical 
Tables 

Smithsonian Mathematical 
Tables 
Forsythe 

Whittaker and Watson 
Ince 

Forsythe 

Forsythe 

Ince 

Forsythe 

Piaggio 

Piaggio 

Cohen 

Forsythe 

Forsythe 

Forsythe 

Bateman 

Forsythe 

Forsythe 

Forsythe 

Ince 

Ince 
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Equation 


* 4 2/2 4 xyi 4 y = 0 
* 3 2/2 -f 2xyi — y = 0 
xy« -f- 2(1 — x)yi — y 
yi — xyi — xy — 0 
2/2 4 x*yi 4 xy = 0 
2/a _ 32^ xy ~ 0 
1/2 — *2/i + ny = 0 

70 zws 4" (z 4 1 4 m)ui 4 

(" + 1 +- 2 )“ = 

. y -2 - xyi -f mj/ = 0 

2 I 3 (21) — (* — 7 ) 2/1 ~ ay — Q 

xyi - (a+l- x)yi 4 ny = 0 
zu« + 2 (mi — 2z 2 ti 4 2(*» — y)u = 0 
2/2 — xi/i ~ ay — 0 

3*2/2 4 api 4- by * 0 
z 2 !/2 4 (2 4 x) 2/1 — 42/ = 0 
, z 2 U ‘2 4 [pa — 2 2 ]mu — rsw> a= 0 

2 I 4 (22) (x - * 2 ) &2 4 (1 - 5*) i/! - 4y - 0 

(* — x 3 )2/3 4 (1 — 3* 2 )y\ — xy — Q 
*0 - x)yi 4 [1 - (a 4 5 4 l)*3l/i - 


82 


aby 

(x — x 2 )2/2 4 (1 — x)yi — y = 0 

83 


* 2 (1 4 x)y z — (1 4 2x)(xyi - y) = 1 

84 


4(x 4 - *2)2/2 4 8 x 3 2/i - y = 0 

85 


^(1 — 3)2/2 -(14 3*) 2/1 - y = 0 

86 


*(1 — x)y 2 — 3*2/1 — y - 0 

87 


4x(l - x)y 2 - (6 - 8x)pi - y = 0 

88 


*(* - D2/2 4 (* 4 2)2/1 - 4p = 0 

89 


(1 — x 3 )y* — x 2 2/ 4 *2/ = 0 

90 


x(x - l)y 2 4 (* - 3)2/1 - 4y = 0 

91 


* 2 2/2 4 as(l 4 *)l/i 4 (2* — 1)3/ = 0 

92 


*0 - x)2/ 2 - Zyi 4 2y « 0 

93 


2*(1 — x)2/2 4 Pi 4 4?/ = 0 

94 


2*0 - x) 2/* 4(1- *)i/i 4 3?/ = 0 

95 


9*(1 - *)2/ 2 4 3(1 - 2*) 2/1 4 202/ = 

96 


x(2 4 *2)2/2 — yi - 6xpi - 0 

97 


9*(1 - x)2/ 2 - 122/1 4 Ay = 0 

98 


0 — z 2 )«2 — 2zwi 4 6w = 0 

99 


2(2 — *)* 2 2/2 — (4 — *)*2/i 4 

100 


(3 — x)y 

(1 — *2)2/2 4 2*2/1 4 y - 0 

101 


(1 — *2)2/2 4 2*2/1 4 = 0 

102 


2/2 4 * 2 2/i 4 *p - x* 

103 


9*(1 - *)2/2 - 12*2/i 4 = 0 

104 


(1 — z 2 )w 2 4 2(n — 1)3101 4 2ni0 = < 

105 


(1 — a* 2 )y2 — 5*2/i *- cp = 0 

106 


(1 — *2)2/2 — xyi 4 a 2 y = 0 

107 2 | 4 

(22) 

(1 — X s ) y n - 2 (a 4 0*2/1 4 

108 


n(n 4 2a 4 l)p > 
(1 - z 2 )w2 - (2a 4 Dzui 4 

109 


n(n + 2 a)u ■ 

(1 - * 2 )y2 4 2 (m - ])*2/i 4 

110 


tn — w 4 1)(^ 4 m)y = 
(1 - *2)2/2 - 2(m 4 0*2/1 4 

HI 


(n 4 w 4 l)(n - ra)p = 
(* 2 ~ O2/2 4 2 (n 4 l)2/i - 

112 


m(m 4 2n 4 1)2/ = 
*(1 - x)y 2 4 It - (a 4 ^ 4 l)x]2/i - 

113 


z(zD 4 a)(zD 4 b)u — 

114 


(zD — a)(zD — j 8)u = 
(1 — x 2 )y 2 4 2*2/1 4 n(n 4 1)2/ = 0 

115 | 


(x 2 — 1)2/2 4 (2/t — l)*2/i — 

116 


v(v 4 2y)y = 

(1 - *2)2/2 - 3*2/i 4 4 2)2/ = 0 

117 | 


*(1 - *) 2/2 4 M(« 4 & 4 0(1 - 2*) 2 

118 j 


— a@y = 

x(x 4 D2/2 4 32/i - 2y - Q 

119 1 

(31) 

x 2 y 3 4 3*2/2 4 (1 — 3)2/1 — y = 0 


Souri 


Cohen 

Forsythe 


Cohen 

Cohen 

Whittaker and Watson 


Forsythe 


Whittaker and Watson 
Ince 

Forsythe 

Forsythe 

Ince 

Forsythe 

Forsythe 

Piaggio 

Forsythe 

Piaggio 

Piaggio 

Cohen 

Cohen 

Cohen 

Cohen 

Cohen 

Forsythe 

Forsythe 

Piaggio 

Whittaker and Watson 
Forsythe 

Piaggio 

Cohen 

Cohen 

Cohen 

Forsythe 

Forsythe 


Whittaker and Watson 

Forsythe 

Forsythe 

Whittaker and Watson 


Whittaker and Watson 


Whittaker and Watson 


Cohen 
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' i | 3 \ 

P 

Equation 

Source 

120 

2 

5 

(32) 

2/3 — x-y* — [1 — (a -f b)]xyi — aby — 0 

Forsythe 

121 




x 3 2/3 + (x + 3)2:23/2 + (5x - 30)xz/i + 

Forsythe 




(33) 

(4x + 30)2/ * 0 

122 


6 

x 3 (l + x)y 3 — 2(1 -f 2x)x-y« 

+2(2 + 5x)xy\ — 4(1 + 3 x)y — 0 
x 3 (l + a: 2 ) 2/3 - 2(1 + 2 x 2 )x 2 y 2 

Forsythe 


123 




Forsythe 





+ 2(2 + 5 x*-)xyi - 4(1 + 3x 2 )y = 0 

124 



(2n,0) 

(1 - x)x 2 y 3 + 1(5 + e + 1) 

— (a + /3 + y + 3)x]xy« 

+ [0e — (a/3 + + ya. + a + /S + y 

+ l)x]pi — afiyy = 0 

Ince 

125 


2n 

x m y<im — y = 0 

Forsythe 

126 

3 

2 

(200) 

4^/2 + (4 n + 2 — x*)y — 0 

Ince 

127 




z 2 2/2 - (az- + 26s + c)y = 0 

Ince 

128 




zy 2 — (1 + az-)y — 0 

Forsvthe 

129 




4 ip 2 + (8/fc - z-)w = 0 

Whittaker and Watson 

130 




4x 2 yn + (l — 4 m-)y — (x 2 — 4 kx)y — 0 
xy« + (4x 2 + l)t/i + 4x(x 2 + 1 )y = 0 
xy 2 + [m + n + (ce + 0)x]y\ 

Ince 

13] 


3 

(210) 

Forsythe 

132 








+ [ml 3 + iia + a{3x]y = 0 

Forsythe 

133 


3 

(120) 

x 2 2/2 + 2/i — (3 + 2x)p = 0 

Forsythe 

134 


4 

(220) 

z(l - z)u 2 + y 2 { 1 - 2z)wi 

+ (az + 6)ii = 0 
(2 + x 2 )p 2 + xyi + (1 + x)y = 0 
(1 — x)x~y 2 + (5x — 4)xpi 

Whittaker and Watson 

135 




Piaggio 

136 


5 

(212) 

Forsythe 




+ (6 - 9x)2/ = 0 


137 




(1 - x*)y 2 + 2[6 + (0 - l)xlj/i 

+ 2ap = 0 

Piaggio 

138 




(1 - x 2 ) 2/ 2 ( 0 : + £ + 2)xpi 






+ O - «)2/i + (* + a + 0 + 1 ) 2 / - 0 


139 




(1 — x 2 )p 2 — (m + l)xyi 






+ (w - 1 - 2 q) 2 /i + (n + 7n)p = 0 


140 

3 

6 

(222) 

(x + x 2 + x 3 )p 2 + 3x 2 pi — 2j/ = 0 

Piaggio 

141 



(1 — x 2 )j/o — 2 x 2/1 






+ [w(n + 1) - x “ 0 


142 




( z - o) 2 tP 2 + -4(z — o)un + Bw => 0 

Bieberbach 

143 




(z 3 - 1 ) 2 U2 + (.3 - l)2z%l 

+ 9yy'zu = 0 

Whittaker and Watson 

144 




(1 — z 2 ) 2 U 2 + n(n + 2)u — 0 

Whittaker and Watson 

145 


6 

(330) 

z 2 (z 3 + 6)lP3 





+ (z 3 + 12)(3ziP2 + 3iei — z-w) = 0 

Ince 

146 

4 

3 

(2100) 

ZWi — (1 + z)io 1 + 2(1 — z)w = 0 

Ince 

147 


3 

(1130) 

x 2 yn — (1 — 2x + 2x 2 )yi + (1 — x) 2 y - 0 

Forsythe 

148 


4 

(0220) 

x 4 (l — x-)y» + 2x 3 yi — (1 — z 2 ) 3 y — 0 

Piaggio 

149 


6 

(2121) 

z(2 — z 2 )w 2 — (z 2 — 4z + 2)* 

Ince 




[(1 — z)w\ + w] = 0 



§48. Systems of Linear Differential Equations. 

(1) Consider the set of equations 

XFifa D)' V i = Mx), (i = 1, 2, * • • , n) (A) 
y — i 

where each Fi 3 - is of the form (x) * D k and <j>k(x) is of the form 

h 

^a h x h . Using the ^-transformation [see §43], i.e x = e z 

h 

and x n D n = | n ~J \(& — a), we get 
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Fij(x y D ) to be of the form * ekz , or ^(z, $) 

k 

Then (A) becomes 

n 

#) ■ Vi = ( B ) 

j = i 

Here the characteristic determinant is 

I $</(*, *) I 

and the characteristic equation is 

I M*, *) I = o (C) 

(2) The general complementary function V of system (A) is 
determined by the equation 

Mz, *) 1-7 = 0 (2)) 

This is a single general linear differential equation similar to 
those treated in §47 of Chap. XI. Its solution is of the form 

V = ^ C m g m (x ) (E) 

where the g m (x) are particular solutions of ( D ). The number m 
is the degree in & of the ^-coefficient in expanded form of the 
characteristic determinant used as a divisor [see §45, Theorem IV]. 
These particular solutions g m (x ) may be finite polynomials or 
infinite series, either ascending or descending, or Laurent. 
Equation (D) is the eliminant of the homogeneous case of 
system (A) and is the parallel of Eq. ( B ) of Theorem I of §23. 

(3) Two restrictions are placed on the characteristic determi- 
nant | &) | ; it may not be identically zero in # or a function 

of z alone. In these cases respectively the function V is zero or 
indeterminate. 

(4) According to the algebraic theory of equations we may 
now T write 

Vi = ■ v, j = 1 , 2, • n; 

fnr every i. (F) 



§481 


SOLUTIONS IN SERIES 


225 


0 J 

These are the complementary functions for the y h provided there 

„ re no common factors in all the &/(#)• . 

(5) If the cofactors 4*0) have a common factor, a device 
similar to that in §24 (8) to (12) will be used to obtain the proper 
number of arbitrary constants in the complementary functions. 

Ifil Also if the characteristic determinant is singular, i.e., 
if it is of rank less than the order of the set, a reduced number 
of equations will be used and arbitrary values assigned to some 

unknowns as in §24 (15). Reference is made to §24 for the 

retails of method. , 

(7) For the particular integrals we have but to use Cramer 

rule upon the set (A) ; i.e., 

| d) | • Vi = f = 1, 2, • • , n 

where Ki is the characteristic determinant with the jth column 

replaced by the column of f (e 2 ) . Then 

y,-| «»,(*,*) l" 1 -^ j = 1, 2, • - • , « (<?) 

onerationally performed give the integrals desired. 

(8) The operational management of the integrals ( ) is es • 
done by turning | *,(*,*) I" 1 into a power-series operator ; by the 
Reciprocal Theorem I [see §45]. That senes may be obtai y 
a slight modification of the work of solving (D) in paragrap ( 

° f (9) 1S Adding the particular integrals to the complementary 
functions respectively will give the complete set of.solutions. 

(10) An illustrative example: 

The system 

X *D 2 ■ 2/i + x 2 D 2/2 = 1 (x, D ) form 

x*D ■y L + xP-ys=0 

by the substitutions x - „ sD - **D* - - D 

+ {l > imm 
e z & ■ y\ + # ' Vi = 0 


Here 

I <fo/(z, #) I = 




- 1) d 
e z d A 


= i?(t? — l)d — e z & ■ & 

= (d - 1 - e 2 )# 2 
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Then | $,,( 2 , &) | ■ V = 0 is 

(d - 1 - e*)& 2 V = 0 

Substitute & 2 V = W, and solve for W; thus, 

-<?.«■ 

In this 
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i(-CHO - - -C'2 Ifr+VT!** 1 ’’’ 

V fc= 0 

;e have the respective complementary functions for yi and y«.. 
The particular integrals yi and y« are worked out as o ows. 

1 J e - d 1 . | * e ~ Z 

2/1 = f0(0 - 1) ' ~0~[ ’ ! 0 1? i 0 0(0 - i) j ; ^ 0 

0 I ; 0 (0 ~ 1)«* ! 


_ g ( fc + 2)J 


1 j e~ 3 0 i = _ 

nn* - 1) 0 r ! o i? ! 0 

. e 3 0 0 I 0 

1 ( — $e~ z ) = — — — 

w-cr »- e 


(~# e 2 ) = ' 0 - l ‘ 0' ^ e 


= _ - (1 — 0e -3 ) -1 e -3 [since 0 - e 2 
26’ 3 

= iV(-i)v (Hli;i { i(i + i) 

2e z ^-/ i 1 

A--0 

[since <p = de 


= (0e~ 3 - l)e 3 } 


a c-^l , 1(0 - *) 


i,* e -x = (-l) fc e -( ' !+1 ”: . | (A + 1) 




e-( ft + 2 > 3 • k\ 


-1 j 0(0 - 1) e~ 3 

y- = d( 0 - ez ) I 0 

• = 1 - . — • - ■ e z &e~~ z 

$ — e z # — 1 $ 

= ^- 1 — , • \i f for = § ~r~ l 


0 — e 3 i? 


1 0 - i, Ii 


0 - e 3 


= i(l - 0c- 3 )- 1 • 3 
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Now, we have 

so 

(1 - tfe -*)- 1 = (1 - 0)- 1 « 2 ) 4 > k 


k = 0 


cf) = $e z , <j) k ~ e 


(# — h) 


We can expand the products 


(# — h) into polynomials in & 


and need only the constant term and that of the first power of 
# in each one; thus, 

k 1(0 ~h) = (-1 )*[M* - N0 + • • • ] 


1 


where 

and 

Thus, 


Mk — kPk = h\ 

k 


N k - h hPk 

h = l 

~Jz- z = %(-l) k e- k *lM k - N0 + • ■ - ]z 
\( — l) k e~ kz [M k z - N k ] = y 2 


where 

Finally, 
yi 

2/2 = -Chi 


k=* 0 
co 

0 


00 

0 


-X’ 

k = 0 


00 

0 


w+w e(k+lu + C * + A 

i 


00 

0 


( k -{- 2) • h\ 


g(k-h 2) a 


+ Ca + 


or, in terms of x, 


Vi = Ci 
212 = -Cl! 


(F+l^^ 1 + C2 + 


00 

0 

CO 

0 


(-1 ) k k\e-&+»* 

(-1 )*er*’[M& - 


00 

0 


1 


r k+2 


(Jo -j" 2Jk ! 

+ Ch + 


00 

0 


(-1 )hr*[M k log Z-Nd 



CHAPTER XII 


THE DIFFERENTIAL EQUATION IN MATHEMATICAL 

PHYSICS 

§49. The Nature of a Differential Equation. 

(1) Differential equations in one sense are a mysterious inven- 
tion. As they are written down from but one point of view, they 
presumably represent but one fact; but in reality they include 
vastly more than that one fact — even more than is suggested 
by their form or implied in the notation used. In general, a 
differential equation is the description in mathematical symbols 
of an observed physical fact or set of facts; but for it to be really 
useful we must add other facts and transform it by well-known 
mathematical processes. To say, for instance, that a body under 
the influence of attraction of another has a force acting on it 
seems quite simple or trivial, but to see in that statement the 
picture of the relation between time and the velocity and position 
of the body when it moves under that influence is not quite 
so simple. We can, however, write down the statement of fact 
in mathematical language and proceed confidently with our 
mathematical transformations to derive our time-velocity and 
time-position relations. Let us illustrate. 

(2) The stated fact is that the force of gravity is equal to gm 
and downward. Symbolically, 

F = —gm (a) 

Now, a force can be represented in calculus symbolism by 
where v stands for velocity, and t for time. Thus, 

= ~ gm ® 

By observation we know that a force on a free body produces 
motion. We shall have to assume that throughout the moticm-, 

229 
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the force will remain the same. The body is in what is called a 
“ uniform ” field; i.e the lines of force are straight and parallel. 

(3) Now apply the process of integration, first dividing out 
the m: 

v = —gt + Ci (c) 

Integration brings in velocity and ail arbitrary constant; i.e.., 
the Ci is unknown unless something else is brought into our 
picture. To say anything about the arbitrary constant, we must 
begin to particularize. Up to this point we have been talking 
about any body in any position in the field of force — gm. 

(4) Now we must think of a particular body in a particular 
position at a particular time with a particular state of rest or 
motion . We may say that it is at rest at beginning time 

v = 0, t = 0 (d) 

Inserting these in Eq. (c), we have that 


which gives 


Ci = 0 

v = - gt 


to 


This equation now applies only to bodies initially at rest but 
starting to move in the direction the force is pulling at beginning 
time. 


(5) A velocity is represented in calculus by 
distance. Thus: 


dy 

dt’ 


v r here y is 


v 


= dy 

dt 


= - gt 


Now r integrate again : 


to) 


y = - 9 f- + C 2 (/) 

and obtain distance and another arbitrary constant which 
requires some more particularizing. We may now talk about, 
say, a body at the position of origin of coordinates w'hen time 
begins; i.e., 


(g) 


y = o, 


t = o 
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Insert these in Eq. (/), and obtain that 
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C 2 = 0 

or 

y = -HgP if) 

This equation connects position with time. All three equations 
(&), (e), and (/') apply to the same body and describe the force 
acting on it, its velocity for any time as long as it is in the uniform 
field — gm, and its position in that field. Whereas the original 
Eq. ( b ) was of boundless application, Eq. (/') has a very restricted 
application. 

(6) The reason that the calculus gives the differentiation- 
integration relationship among acceleration, velocity, and 
distance is as follows. The first derivative is defined as a rate of 
change of one variable with respect to another in terms of which 
it is known. If distance is y and is a known function of time, 
then its first derivative with respect to time is a rate of change of 
distance with respect to time, or what we also call velocity. 
Naturally, then, a velocity, if a function of time, can by the inverse 
process of integration bring distance into the picture. Also, if 
velocity is a known function of time, its first derivative is the 
rate of change of velocity with respect to time, or what we call 
acceleration, or applied force per unit mass. Again, if accelera- 
tion is a known function of time, it can by the inverse process of 
integration bring velocity into the picture. Thus we may again 
by a second inverse process bring in distance. These mathemati- 
cal processes inherently, therefore, possess the power to connect 

dv 

acceleration, velocity, and time. When we set F = 

we insert our knowledge of the mathematical and physical rela- 

dv 

tion between force and velocity. When we set v = we 

insert our knowledge of the similar relation between velocity 
and distance, both relations being inherent in the structure of the 
mathematical symbolism used to describe our actual observations. 

(7) As another illustration, consider a body of mass m at a 
distance x from the center of the radiating field of force of the 
earth of mass M. The differential equation 
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d 2 x _ jj. 


(*) 


states that the force is proportional to the inverse square of the 
distance. Each side represents a force; it really says: action 
and reaction are equal. It could have been written 


d 2 x 7 mM 
m-rrr = -k—^- 


(*') 


where k is the universal gravitation constant. 

(8) Now particularize: 


(a) 

X = C 

t - 0 


(b) 

v — 0, 

t = 0 


(c) 

d 2 x 

w ~ g ’ 

x — a 



Out of (A) and the use of (i) we obtain by two integrations the 
time-position relation for the body m with respect to M, with 
ix and the two arbitrary constants of integration evaluated — a 
very particular picture as compared with that represented bv 
Eq. (A). 

(9) The foregoing represent the “ force ” type of differential 
equation. Another type is that of equality of momenta. The 
“law of natural growth or extinction” is representative: 


or 


dy 

mv = m-r— — 
dt 


±kmy 


dy 

dt 


±ky 


(10) The differential equations of differential geometry 
describe geometric properties of analytic curves and surfaces. 
These are particularly applicable to engineering use, for they 
enable one to describe -geometrically various mechanical prop- 
erties of the materials of construction. Bending moment, 
shear, and deflection in beams are related in a mathematical 
manner, as are force, velocity, and distance in the preceding 
illustrations. 
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(11) Differential equations relating to stresses and strains and 
resulting distortions and waves give us powerful tools in the study 
of elasticity. 

(12) Now let us look at the symbols that appear in differential 
equations — pure mathematical and dynamical. 

I. Mathematical sy??ibols: 

t , time 

x , y, z, s, lengths 

u, v, w; ^ ^ ^ velocities, rate of change of distance 

with respect to time 

du dv dw dv d 2 x d'~y d-z d 2 s , 

a ’ di’ Tt’ Tt’ v Tx dr-’ T’ dU T-’ acceleratlonS; rate of 

change of velocity with respect to time 
dv md 2 s 


ma , mv~r~i 


force (mass X acceleration) 


dx dt 2 

II. Dynamical units and dimensions: 
m, M, mass 
x, y, z, s, L, length 
t, T, time 

v, td, velocity 


’ T 

v 

J?’ rpi' 


a, br, > acceleration 


F, H, Ma, My My, force 

W, FL, MaL, Mv 2 , My, work, energy, couple 

P, y My, power, work per unit of time 


stress, force per unit area 


~ F ML 1 M 
L- T- L 2 ’ T 2 L’ 

I, ML 2 , inertia 

Mv, My momentum, quantity of motion, force of motion 
Mv 2 , FL, My, energy, work 

- , rr do „ dV 

V, 12, potential; H = — y * ~ ~dL 
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Fa, Ma 2 , > couple 

Any one or more of I and II may be elements or terms of differ- 
ential equations. In the next section, we shall show the make-up 
of some well-known differential equations of mathematical 
physics. 

§50. Some Differential Equations of Physical Problems. 

(1) The Equation of Energy m~ = Xm. Both sides represent 
force, i.e., an action and reaction equality. Multiply by v: 

mv^r = Xmv 


tvt • dv d 1 1 1 

Now, smce v ^ and ^mv 2 = E = energy, we have 


d 

dt\ 


~mv 2 


dE 

dt 


— mXv 


and the left side represents rate of change of energy. 
(2) Force Equations, a . Forced oscillations: 


d 2 x 


,dx 


dt >+^+F*=X 


Multiply through by m, and separate the second derivative term : 


d 2 x 

= ~ k mv ~ pmx 


In this form, it is a statement of the equality of action and 
reaction. The left side is the reaction and the right the actions. 
The term -kmv represents a resistance proportional to the 
velocity (momentum); the term -p.mx, a force proportional to 
the distance, or a restoring force; while Xm is the sum total of 
the applied forces to maintain the oscillations, which are periodic 
in character. If the equation is used without the m, it represents 
only the equality of forces per unit mass. From the dimensional 
standpoint, the terms kmv and nmx are not in form of dimension 
Ma; but since they are in the equation with an Ma, they must be 
thought of as having that dimension. Thus we may say that 
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l: has dimension ^ and, by the same reasoning, p, has dimension 

_ 1 _ 

T'i 

6. Vertical oscillations of a ship: 


pl dF = " gpAx 


Here p = density, V = volume, g = gravity, A = area of cross 
section of water line, x = distance vertically of metacenter. 
Since g is an acceleration and pAx a mass, and pV also a mass, 
both sides represent a force. 

c. Lateral oscillations of a particle on a stretched wire : 


d 2 x 

m W ~ ~ iP l 


The right side is a restoring force, and the left the impressed force. 

d. Constant propelling force with resistance : 

= mf — m4)(u) 


Left side is the reaction; right side, first term is the constant 
propelling force, and second term the resistance of the medium. 
This latter term may take various forms : 

k 

4>(u) = kUj ku 2 , ku z , -) etc. 

e. Motion of a chain over an edge : 

du m 

Tt =w x ~ T 


Here nx is a mass, an acceleration; both the reaction. The 

term gnx is a weight, and T a tension; together, the actions. 

/. Damped oscillations, single impulse: 
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d 2 x 

All terms are forces: the impulse; mux, the restoring force; 

dx 

and the resisting or damping factor. 

g. An electric circuit: 

+ fit + $ = E 

Here the electromotive force E is equated to the reactions in the 

di 

circuit. Of course, at all times they are in equilibrium. L— 

(XI 

is an e.m.f. of self-induction due to a coil in the circuit; Ri is a 
reaction due to the current and the resistance of the wire; and 

^ is the back e.m.f. due to the accumulated charge in a condenser. 

h. Pendulum: 


. d 2 d g . Q 

m-jj? = — mj sin 0 
dt 2 l 

Both sides are forces, i.e., action of gravity, reaction of the bob. 
(3) Other Types, a. D’Alembert's equation: 

P-B % 
dx 


die 

Here P is a stress; ^ is a strain; and E is the coefficient of com- 

pressional elasticity. 
b. Torsional oscillations: 


jdM 

dt 2 



Here I is moment of inertia; and Kjj a restoring couple; K is the 

modulus of torsion. 

c. Equation of angular momentum: 


a< 7 "> N 
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As this stands, it is in the nature of a moment equation, as N 
is the sum of all external forces with respect to a fixed axis of 
rotation. Multiply by co : 


= Nw 

= No, 

at 


T dd dffe 
1 dt dt 2 


== No, 


This is in the form of (6) above. Or, it has the form 



the energy equation for rotation 


(4) Geometrical Differential Equations . We shall not illustrate 
these, as they are fully covered in elementary texts on the calculus 
and differential equations. 

(5) In advanced texts on mechanics, elasticity, strength of 
materials, etc., many other types of differential equations are 
found of higher order than the second, with constant or variable 
coefficients. Enough has been said already to indicate that they 
all, when arising from physical problems, must show some 
equilibrium condition or state an identity of forces for all times. 



CHAPTER XIII 


INITIAL OR TERMINAL CONDITIONS 

§51. Introduction. 

(1) In §49 (Chap. XII), we illustrated the make-up and use 
of the differential equation of a falling body and noted the 
necessity of particularizing in our picture to make our equation 
useful. The differential equation stated a fact true for a double 
infinity of physical configurations. The particulars necessary 
to restrict the results of the mathematical operations of integra- 
tion to a specific configuration we call “initial” or “terminal 
conditions.” Initial is used in the sense of “at the start” or 
when we begin counting time, and terminal in the sense of 
“at an end point” initially or finally or “at some critical position” 
where a particular relation is seen to be true. A wide variety 
of such particular situations is available in most physical setups, 
but the most commonly used is to set time zero and the other 
coordinates according to the picture at that time. Or, we may 
fix coordinates at initial values arbitrarily and count time from 
that configuration. In experimental work, a piece of apparatus 
is set up; a force or motion provided ready to be set into opera- 
tion; and, when the operation starts, the counting of time is 
begun. 

(2) Now, with the differential equation alone nothing can be 
done. It has to be integrated to be effective. We shall suppose 
the integration to be completed and the solution to be in hand, 
with its complete set of arbitrary constants and particular 
integral. The pure mathematician is usually content when this 
is done; but not so the applied mathematician, physicist, or 
engineer. The last of these is even inclined to belittle the 
“general solution” with its “arbitrary constants” and, like 
Oliver Heaviside, to wish to get his “particular solution” without 
ever having to think of the constants; and any device that tends 
to hide the very presence of them is welcomed with great glee, 

238 
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despite the very obvious fact that the particularizing process 
is always present in some form or other. 

(3) The process of using initial or terminal conditions is an 
easy one, and we shall now discuss it in detail. 


§52. (1) In dynamical systems, we may generally say that we 
shall start time zero when everything is at rest. That is. all 
coordinates are zero. This includes velocities as well as coordi- 
nates of position. External forces which are fed into the system 
may or may not be zero at start. Thus, if Zi are coordinates of 


dxi 

position, -rj£> 


those of velocities, we may set down 


I _ A dXi 

Xi\ t - 0 0, dt 


t= 0 — 0, 


t = 0, 


Oi| 




for our set of initial conditions. 

(2) In mechanical systems , certain of the coordinates may be 
zero, and others may not be zero. Whatever the latter are, when 
the system is set in motion, they are called the “initial values.” 
Thus, 


t = 0 — *TiO, 


dxi 

It 


f=0 — tf*o, 


Cti\ iaaO CLiO. 


t = 0 


(3) In geometrical problems , the geometrical picture will provide 
us with a finite or infinite number of possibilities for such special 
conditions. 

(4) In general, as many sets of initial or particular conditions 
are needed as the number of arbitrary constants in the general 
solution, or, we may say, as the order of the differential equation. 
These sets of conditions, however, must be independent of one 
another. 

(5) For a single equation with m arbitrary constants, we must 
have m sets of conditions. Say, 


y = 2 ) C k Zk 

k~m 

where the Zj c are of the form e** x or x k e a * x ; then we. must have 
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These sets are inserted into the solution. We then have 


1 

J/j = Ck2k\ X=-C/ j 1? 2, , 171 

k-m 


These are a nonhomogeneous set of algebraic equations in the m 
constants C k . If the z k \ ^ Xi are independent of one another, 
this set of equations can be solved for values of the C* in terms 
of the yi and x 3 by Cramer’s rule. Let us illustrate this process. 

a. A dynamical system (single equation). An electrical circuit 
where self-induction and capacitance neutralize each other. 

The differential equation: 



operational form 


Solution: 


i = Ci cos kt + C 2 sin kt, 



Initial conditions: 


(1) i = 0, t = 0 

(2) i = /max, t * im (to be determined) 

Insert (1) in the solution, obtaining 

0 = Ci 
or 

1 — C% sin kt 


Then, for the maximum, 


-j" = kC-z cos kt — 0 
dt 

cos kt = 0 

to - I. / = JL 

" 2' 2k 



Now insert (2) : 
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i.e 


i - / mas sin fcf 


6 . A dynamical system (simultaneous equations). The path 
of a corpuscle of mass m and charge e repelled from a negatively 
charged sheet of zinc illuminated with ultraviolet light, under a 
magnetic field H parallel to the surface. 

The differential equations: 

d-x v u dy 


d-y dx 

m-r 7T = He-^r 

dt- dt 

m, X, e constants, u = 


He 

m 


Solutions : 


x = m(C ii cos cat + Cw sin cat) + CA 4 


Zm- 


H 

y = m(Cn sin w/ — Ci 2 cos c*>f) + Cu + 
Differentiate : 

Dx = mca( — Cu sin cat + C12 cos ut) 

Dy = ?? 26 ;(Cn COS cot C 12 sin cat) 4 — jj 
The conditions: 


Xmr 


(a) 

Q>) 


x = y = 0 = t 

Dx = Dy = 0 = t 


Inserting (a) and ( 6 ) in (1), (2), (3), and (4): 
vnC\ + C 13 


Im 2 


— 7)lC 12 

m<aCu 


4* C 14 — 0 
= 0 


rrnaCn 

By Cramer’s rule 
Cm = » Cu = 0, 

CO 


Cu = 


Xm* 

' H 


Xem _ Im 2 

ET 


( 1 ) 

(2) 

(3) 

(4) 


Cu = 0 
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Particular solutions : 


Xem^ 

x = — — (l — cos cot) 

OT 

Xem . 
y = — 2 ” (a d — sm cot) 


§53. Geometrical Conditions. 

Conditions for the elimination of the arbitrary constants 
can often be obtained from the geometry of the physical situation. 
For instance, in §52 [illustration (a)], we obtained one of the sets 
of conditions from the zero slope of the i = C 2 sin kt curve, i.e. 
for the maximum. Another such illustration would be the prob- 
lem of the simple pendulum. 

(a) A simple pendulum of length l and mass m swinging in a 
vacuum, amplitude small: 

The differential equation: 


Solution : 


cPd 
dt 2 


+!« -o 


6 = Ci cos kt + C 2 sin kt, k = 


Condition (1): 0 = 0 O , t = 0, giving do 
amplitude of swing 
Condition (2) : 

0 = 0, t = 34 period 

_ 1 rji _ 1 2?r __ 7T 

“4 ~ 4 "k ~ 2fc 


0 — 6q C 2 sin — = 0o ~h C 2 

C 2 = 00 

i.e., 

0 = 0o (cos kt — sin kt) 

= \/26o cos (^kt — ^ 

The geometrical picture shows us that we could have obtained our 
first condition from either 


0 = 0 O , * = 0 , 



or 


0 = 0 , 


t = KT 
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and the second from either 

9 = -0o, t = Y 2 T or (9 = 0, i = %T 

.Or, we could have started t = 0 when the bob was at the lowest 
point; thus: 

Condition (1): 


giving 

Plotting, 


9 = 0, t = 0 

0 - Cl 


9 = Co sin kt 



or 

9 0 = C 2 sin - = C 2 
£ 

giving 

0 ~ 0 o sin H 

(h) Given the differential equation 

(Z) 3 — 3 D 2 + D — 3)y = sin x [Bateman] 

Determine the integral curve so that it may (1) have a point of 
inflexion at the origin and (2) have the x-axis as flexion tangent. 
The third condition, of course, is that the curve may pass through 
the origin. 

Solution: 

x 

y == C ie 3x + C 2 cos x + Cs sin x + g cos x 
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Conditions : 


C 2 sin x + C z cos x 


(3) 0 = Ci + C, 

(2) y’ — }g( — x sin x + cos x) 

+ 3 C,e 3 * 

0 = J-g + 3Ci + Ci 
(1) y" = — %(x cos x — 2 sin x) 

+ 9C ie 3x — Ci cos x — C s sin x 
0 = 9Ci - C 2 

Then 

Ci + C% 

ZCi 

9Ci - C 2 

Cramer’s rule gives 

Cl = C 2 = 0, 

so that 

y = Y(x cos x — sin x) 

(c) An interesting problem where one may use the same num- 
ber of conditions as arbitrary constants, and still not obtain the 
latter uniquely is the following. A further condition is necessary. 

The lateral displacement of a vertical shaft in rapid motion, 
supported in vertical bearings, is described by the differential 
equation 
d^y 


= 0 

+ Cz — —}■£ 
= 0 


Cz — ~Ys 


dx* 


m^y = 0 


The solution is 


y = Cie mx + C 2 e~ mx + Cze imx + Cie~ imx 
y' = mCie mx — mC 2 e~ mx + imCze imx — imC^e~ imx 


Since the deflexion y is zero at both ends, 

(1) x = y = 0 

( 2 ) x = l, y = 0 
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Also, since the shaft is constrained to be vertical at both ends, 

(3) x=0, |-0 

(4) |-o 


Inserting these conditions in the solution, we have 


(1) 

Ci + 

C 2 + 

Cz ~h 

C 4=0 

(2) 

e ml Ci + 

e~ ml C 2 + 

e iml Cz + 

e~ iml Ci = 0 

(3) 

niC 1 — 

7YlC 2 -j~ 

imCz ~ 

imCi = 0 

(4) 

me ml Ci — 

me ml C 2 + ime iml Cz — 

ime~ iml Ci = 0 


Dividing out the m from (3) and (4), rearranging the equations, 
and writing out the determinant of the system, we have 


1 

-1 

i 

— i 



1 

1 

1 

1 

e ml + e~ ml e iml + e~ 

-iml 

1 

e ml 

e -ml 

girnl 

g~iml 

2 2 


p ml 

— e~ ml 

ie iml 

— ie~ iml 


= 0 


as the condition for consistency. Now, since the rank of this 
determinant is 3, we may solve three of the equations for the 
proportions 

Ci = C2 ^ Cs = C_4 

Ai A 2 A.z A4 

where the Ai are the cofactors of the elements of the first row. 
Thus, the four constants are not uniquely determined. We 
shall have to look at our picture again. Perhaps, but we are 

not sure, the maximum deflexion occurs midway, or at x = 

where ^ = 0. Let us try this. 
ax 

+ C3«H + c*-*"* 

Inserting C 1 , C 2 , C 3 in terms of C 4 : 
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or 


C 4 = where M is the bracket. 


We see, therefore, that we shall have experimentally to deter- 
mine the maximum deflexion and its location. As a matter of 
fact, we might determine any pair of values of x and y and find 
C 4 . Thus, using (xi, y 1 ) as our experimental pair, we have 


Q 

■yi = -r^[Aie wxl + Aoe~ tnxi + A%e imxi + A 4 e~ imxi ] 
a 4 



Here, of course, neither A 4 nor N may be zero. We then have as 
our particular solution, devoid of arbitrary constants, 


y = + A 2 e-” IX + A 3 e imx + A 4 e ~ inlx ] 

This needs also the preceding condition that 
cosh ml • cos ml = 1 


N is also the determinant of the system using x\ in one row and 
then expanding by that row; i.e. f 

jy _ 0 mx 1 e z?nx l 

1 1 1 

Qml jj—ml giml 

fi-ml p—nil ^piml 

§54. Remarks. 

Of course solutions of differential equations are inexorably 
tied up with existence theorems and regions of convergence of any 
infinite series solutions. But a word of caution is necessary 
here, because most of the solvable problems of mathematical 
physics will give no trouble owdng to the insertion of conditions 
in the solutions of the differential equations used for any finite 
picture. The differential equation usually covers exactly the 


e ~im Xl Q 

1 

g—iml 

— ie~ iml 
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conditions in the region of experiment. The trouble comes when 
the physicist endeavors to reason mathematically without resort 
to experimental checking. He experiments mentally and obtains 
results that he asserts to be true without thoroughly checking 
both mathematically and physically throughout the range of 
his mental experimentation. The mathematical check must 
resort to finding the region of convergence of any infinite series 
in his solutions, and his physical check must involve just as wide 
a range of experimenting as is possible and then rejecting from 
his mathematics the region in which he cannot physically experi- 
ment. The scope of this book does not permit further discussion 
of these two questions, which -will be found adequately covered in 
any good text on advanced function theory. 
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FORMULAS 

|55. Algebra. 

(1) Distributive law: m ■ (a + b) = m ■ a + m ■ b 

(2) Commutative law: a ■ b = b • a 

(3) Index law: a m ■ a n = a m+n 

(4) Partial fractions: 

/ \ f( x ) _ x'l" A ^ Ak Ax + B 
{ ) <Kx) ~ A[x - a f(x - af (x - a) 2 + b 2 ’ 

X AkX + Bk 

k [(* - a y + b 2 f_ 

(b) References: 

Edwards, Joseph, “Integral Calculus,” vol. I, 
§139, pp. 143#. 

Williamson, “Integral Calculus,” §41, pp. 
49# 

Rietz and Crathorne, “College Algebra,” 
§124-127, pp. 177-181. 

(5) Expansions into series of ascending or descending 
powers of the variable by algebraic division: 

J n—0 

(6) = %b n x-* 

n = 0 

(6) Theory of Equations: 

(a) Synthetic division. 

(6) Horner’s method. 

(c) Newton’s method. 

(d) Reference: Rietz and Crathorne, “College 
Algebra,” Chap. XIII. 

(7) Complex equality: 

a + ib = x + iy, only when a = x, y = b 
249 
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(8) Solution of a quadratic: 

ax 2 + bd + c — 0 

= ^[ — 5 ± Vb 2 ~ 4 ac\ 

(9) Rationalization, by the use of factorization : 

(a) ( x — a)(x + a) = x 2 — a 2 

(b) (x ± a)(x 2 + ax + a 2 ) = x 3 ± a 3 

~n-l 1 

(c) (x ± a) ^ ( + 1 ) k x k a n ~ l ~ k J s x n ± a 71 

U = o 

(10) Binomial theorem: 


n 

(a + b) n = ^ n C* • a”- 4 • b k 


where n C k = 


&=0 
n\ 


(n - k)\k\ 

§56. Trigonometry. 

(11) sin (a ± 0) = sin a: • cos 0 ± cos a • sin 0 

(12) cos (a ± p) = cos a: • cos + sin a * sin f3 

(13) a cos a; + 6 sin x = V a 2 + 6 2 * sin (a; + 0) 

where <£ = arctan - 
a 

(14) sin a * cos /3 = Mfsin (a + /3) — sin (a — /?)] 

(15) cos a ■ cos /3 = ^[cos (a + £) + cos (a - 0)] 

(16) sin a • sin 13 = >^[cos (a - f3) - cos (a + /S)] 

ay, •*, - . |(-i)-^ - ~ ■ n(x - 2g) 


J. , . 

= ( p'ictx 

2i {e * 


(18) sin ax — 0, 


(2 n + 1)1 

g-iai) = —i sinh iax 
ax = ±kir, k 0, 1, 2, 


as, c«~-:sc-i>^-n 

n=0 n — 0 


71 =0 


1 ~ 


4^2^ 2 


y 2 (e %otx + e *“*) = cosh iax 


(20) cos ax = 0, ax = ± — ^ 7 r, 


(2n + 1) 2 * 7r 2 

A -0,1, 2, • • 


9 . 


« • 
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(21) 

III 

9 

£ 

• r— t 

02 

■%r\ iax) 2n+1 
3 0 (2» + 1) 

! ~ 

0G , 

« n 

n = 1 

1 +~ 
L n* 

5 ] 


= 

34(e aar — e~ ax ) = 

= —2 sin 

iax 


(22) 

sinh ax = 

0, ax = 

+ 2*A’7T, A* 

= o, 1, 

2, 

1231 

r>ofih <yT = 

-O (ax) 2B 

oo 

TT 

[\m 

4ar;c 2 



v v_/ Oil U.U, 

A' (2»)! “ 

n— 0 ' 

11 

n®0 

L (2n + 1) 2 7 t 2 


== 

}4ie ax + e~ ax ) = 

= cos iax 


(24) 

cosh = 

0, ax = 

±2 ■ 

2k + 1 

O 

• ^ 






k 

= 0, 1, 

2, 

(25) 

crrp ( ± arr) 

^ (±«x)' 

~ A n! 

« . = 0 


cosh ax 

± sinh 

ax 

(26) 

exp (± iax) 

00 

(±z’aa;) w 

"An! 

A 

= cos a.r 

± i sin 

ax 

(27) 

(cos <t> ± i 

ft — V 

sin <$>) n = cos ?i<t> ± i sin 

n<t) 



[DeMoivre’s Th.] 


57. Calculus. 


(28) y = fix)', % -l pL±»~m 

(29) « = fix, y ) ; dz = + ^dy 

(30) Fix, y, z) = 0; f +f '|=0 

dF . dF dz _ _ 
dy ' % 

(31) Taylor’s theorem: [Methodus Incrementorum (1715) 

P- 23] 


(a) f(x) = ’ ( * ~ 

k~0 


(b) fix + a) = ^^/ (i, (a) • [Lagrange’s notation] 

fc = 0 

(32) Maclaurin 7 s theorem: 

[James Stirling, “Lineae Tertii Ordinis New- 
tonianae/ 7 p. 32] 

a = 0, in (316) 
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00 

/(*) = 


k = 0 


(33) Leibnitz’s theorem: [Commer. Epis. Leib et Bprn 
II, 46, 99] 


d n W = X* Ck ' dku ' dn ~ kv > W = u-v 

k = 0 

(34) Taylor’s theorem for two variables: 

(a) F(x, y) 

oo 

= X i] ■ F ^ m+n (a, b)‘(x- a) m (y - &)« 

m,n =0 

[Goursat-Hedrick, “Math. Anal.,” II. I., p . 226 (12)] 

(b) F(x +h,y + k ) 

d m 

^ dx m ■ dy n 

m,n = 0 


fim+n 

• ' F ( X ’ yS) 
mini 


■ h m ■ k n 


[Goursat, loc. at., p. 224 (4)] 
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§58. Table of Operational Formulas. 

With Q = p- q-r, Q - 1 = r~ l ■ q~ l ■ p~ i [I §3 (8)] 

With D~^f Qdx + c 


= fjQdx [II §4 (1)] 

D n = D ■ D ■ D • ■ • D 


“ D D D D~ Iff f® dx ~ 

i *= 0 

£ 

K 

III 

( 4 ) 

J£)m . jyn = J^m+n 

( 9 ) 

D m ■ D = D~ m ■ D m = 1 

(10) 

[F(D)] m • [F(D)]-» ^ [F(D)]-“ • [F(D)]”* = 1 


n^r- a ■ X ak ~' D ~ k - 

(12) 


Partial fraction types: 

I. (D - a) III. [(D - aY- + b 2 ] 

II. (D - ay IV. [(D - ay + b*Y 

Fundamental theorems in D : 

I. F(D) • = e* (x) F[D + <p'(x)] 

II. F[x + <j>'(D)] ■ e*™ = - F(x) 


III. F(D 2 ) ax = F(—a 2 ) 


COS 


sinhl 


sin 
cos 
sinh " 


IV - W> Tosh - = W cosh 


\ax 


\ax 


v. D n 



Uic 


n (si!) 

k~i . 


( 18 ) 
[§5 ( 1 )] 


253 
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VI. FiD) = XB Dlk ' Flk,{Di) 


*- o 


n -i- 

= e ''dD^(D 2 ) 

la. F~\D)e * u> = + 4>'(z)] 

16. F(D)^ X = e ax F(D + a) 

l c. FCD)^ 2 ! = e^FCa) 

p&X/yT 

l d. F-KD)** 1 = ^ 

Ila. e^F-Kx) = F- X [x + <A-D)]e* <D) 
116. e fcc F(x) = F{x + k)e kD 
lie. e* D F(a;)l = F{x + k) 

lid. a D F{x ) = F(x + log, a)a D 

lie. a D Fix) ■ 1 = Fix + log, a) 


HI §5 (4)] 

(5) 

(6) 

( 8 ) 

(9) 

(10) 


F{D) = 4>(D 2 ) + ZW 2 ) 


(12) 


n 

Y a. Z>(u • p) = ^»Ca * D k u * D n ~ k v [Leibnitz formula] (17) 

k = 0 


nC, 

= 

(n 

nl 

- k)\ k\ 





Y6. D» 

O 

■ V ' 

w) 








■ (Di + A 

i + D z ) n (u • v • 

w) 

(20) 

YII - • 

y±±. p 

X 11 

= 

1 1 
H 

1 

^1 l- 1 

n 

1 

' F 


(28) 

(D - 

a)' 

— ! ; 

= e CXXj)-l e ~OLX 



[§6 (3)] 





= 

f x < r ' a(x ~ n) Qdu 


(5) 

(Z> - a)- 

i 







= 

e al D- 

-n^> — acx 




(6) 

= 

M 

'‘ eaU_ "' = fj 


- . . j* U e a(x~u 

'() du n 



(n 

1 

1)1 ' M 1 ^ x ' 

~ 

n— lpa( x — u) 


(7) 

= 

(n 

1 

iyif (x ~ 

V) 

Qdu 




n n 

JJ (Z> — a,-)- 1 = ^.4 t e“‘ j 'D“ 1 e'- aia: 
• - »=i 


( 8 ) 
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(x— u) 


= 'Z'Airrhr'* 

i = 1 
n p ki 

TJ(D - oa)- k ' = X X Ni ^ D ~ ai) ~ 

. i — 1 _ 8 = 1 

n 

= XI ff- ki e al(x ~ u) 

i = 1 

( D 2 + 0 2 )" 1 - - ^ t )- 1 - (-D + ^ 

= ^/i -1 sin fi{x — u ) 

0 

= Ij^sin jS(x — w ) ()du 

f(D — a) 2 + 0 2 ] -1 

== e ax (D 2 + p)- l e- ax 

= sin /3(* — w)‘ 

= i f x e“(*~“) sin |3(x — m) ()<iw 

fiJ 

(D 2 4. l s 2 ) - " = Jjm -1 sin j8(x - w) 

f(D - <*) 2 + 0 2 ]-* « e-(-D 2 + 

o 

y.k 


[II 


D-n.Q = V C^* 
k=n — 1 

0 

( 2 ) _«)-»• 0 = e az D~ n - 0 = e ax X CkX> ° 

k—n — l 
m 

IX (JD - ai )- x • 0 = X CieMI 

i = 1 


i = 1 


fe -1 


«* X C ^ S 


s = 0 


II (D - a £ )- fe • 0 = X| 

(2)2 _l /3 2 ) -1 • 0 = Kie^ x + l?:t 

= Ci cos (3a: + C 2 sin fix 

[(D - a) 2 + J3 2 ]- 1 ’ 0 

= e«*(D 2 + P 2 ) -1 ‘ 0 
= e ax (Ci cos fix + C 2 sin (3a:) 


§6 (9)] 


( 10 ) 


(ID 


( 12 ) 

(13) 

[57 (2)1 

(3) 

(4) 

(5) 

( 6 ) 

( 7 ) 
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(D* + ft)-" • 0 


x XC lh x h + e«*'2 C “** 


[n §7 ( 8 )] 


= cos fix + 2 K 2 3 x* [ sin (3x 

„s = 0 J s = 0 

[(D - «) 2 + ft]-" • 0 = e<~(Z> 2 + ft)~ n • o 

[see II §7 (8)] 

w to 

TT (& 2 + fo 2 )"" 1 -0 = ^ (Ch cos fix + C 2 ; sin /5a;) 

t = l z — 1 

TO 

]J[(-D - a*) 2 + ft 2 ]- 1 • 0 

k = 1 

m 

= IJe a ^(D 2 + ft 2 )- 1 • 0 

4 = 1 

[see II §7 (10)] 

m m r //i* ~ 1 \ 

II (o 2 + ft 2 )-“ -0 = 2(2 ^*** ) cos &* 


= iL \ s =o 

/hk-l 


J sin p k x 


- ^) 2 + fo 2 ]-** • o 


E^(D> + ft 2 )-** • 0 

4 = 1 

[see II §7 (12)] 


D-" • 1 = 


•1 = (-«)- 


JJ(D - « 4 ) 1 ' 1 = JJ(-ai)- 1 


[88 ( 2 )] 


U(Z> - a<) *< • 1 = JJ(_ a .)-4 f 

i=i i-i 

(D 2 + ft) - ” • 1 = fi- 2>- 
[(Z) - a) 2 + ft]-" ■ 1 = [( — a ) 2 + ft] n 


( 5 ) 

( 6 ) 
( 7 ) 
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XJ[(Z> - «<)* + ft 2 ]- 1 • 1 = + ft 2 ]' 1 

•i — l i = 1 

II KD - ad- + ft*]"* ■ 1 = I[K -«‘) 2 + ft 2 ]' 1 " 

i’ = l i = 1 

F(Z)) • 1 = F(0), provided F( 0) « 

‘ 1 = D k G{D) 1 = (7(0) ‘ F! 

F(D) • 2/ = f(x) 

y = F~ 1 (D) ■ fix ) + F _1 (D) • 0 

Heaviside expansion theorem: 

7(0) v 7(p)«* 

y z(o) + A ~dF~ 

p„ ps ." p 3- 

Systems of L.D.E. with C.C.: 

m 

^■(D) • Vs = X it i = 1, 2 • • • m 
; = 1 

Theorem I: | F«(D) | • F = 0 

Characteristic equation : | F^D ) | = 0 
Theorem II: y j = fa ■ V 

s + p = p ■ q 

Theorem III: y-, = | Fu(D) | _1 • | Kj \ 


§11 ( 1 )] 


(§23 (B)] 

(C) 

(D) 


25 ( M ) 
§28 (1)] 


Special case of two variables: 


dr 1 = f x Qdx +f(y) = f* Qfo 

d 2 - 1 = f\)dy + <Kx) » 

dr n ^ /*/* • • • pOdsr + E(y) 

-IT 7 >- 
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" “ f"f“ ■ ■ • /'()ar + P(») 


•rs: r w 


d\d /2 = ct< 2 ,(l\ 

f(di, d 2 ) ■ <t>(d h d 2 ) = ^(dj, d 2 ) -/(d 1; 4) 

but 

[VII §28 (5)] 

/(^i, d 2 , z, 2/) • 0(di, <i 2 , #, ?/) ^ 0 •/ 

jf 971 • fn = jm+n 

di m dc n = di~ n di m 
di m di~ m = dr m d { ™ = d.-o = l 

f m f~ m = j—'mjm — y> __ ^ 

(6) 

( 7 ) 

Partial fraction forms in two variables with 
d 2 ) and F(d 1; d 2 ) factorable into 

I. (di — ad 2 )f(d h d 2 ); 

[§28 (11)] 

PF = 1 1 

TT , d 2 f(a, 1) dj — a d 2 

II. (di - ad 2 )* -/(d lf d 2 ); 


i(a) 1 

j-Tj d 2 ^~ l (di — ado) * 

k the degree of / in do 

III. [(dx - ad 2 y- + 0 *d,*] ‘/(di, d 2 ); 

M + Md 2 

d^[(d, - erf,)* + 0**,*] 

IV. [(di - ad 2 ) 2 + / 3 2 cZ 2 2 ]p ./(d 1; d 2 ); 


V -Wi + Mid 2 

Ad 2 A -2[(di - a d 2 )2 + d 2 d 2 2 ]^ 
Fundamental theorems : 

I. F(di, d 2 ) • 

[§29 (1)] 

*««*.*)p[rf l+ |£ d 2 +^' 
dz dy 

II. e^ d ^F(x, y ) J 


■'[* + S' » + «>** 

III. F(d 1; d2)<t>(ax + by) 

= F(a, b)<j>^(ax + by) 
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IV. F(di, ch) = e P ' a9l+,> ■ F(qi, q«) 


- Sn[”4 + n "'- 5,) 

U — A L. 2 -* 


Homogeneous inverses: 

(dl _ m d 2 )~> = e-'-tfr'e-'* - ^' ir 


(di - md»)- p = e mxi *dr p e mld ‘ = yr p e m ^-'" i "- 
= ‘ ‘ ’ j’ X e mU -“" 1 H)du p 

_,(x - uy-\ mlx _ llld „_ 

= M1 1^I)T 

J (p — 1)! 

(d, 2 4- 0^ 2 2 )-i = p-'di-'iJ .- 1 sin £(* - u)d 2 

= /3 _1 f V dyf X sin P(. x ~ It) 0 du 

[(di — ad*) 4 + |3W] _1 

= ^(dr 2 + (3 wy i e~ aldl 
[see VII §30 (5)] 
(d ; 2 + p 2 d, 2 2 )- p = p- p [dA~ V 1 sin |3(:r - w)^]” 

[(di — ad 2 ) 2 + ^ 2 <^2 2 ] - p 

= e ald -{di‘ 1 + p-dr)- p e-‘‘ Td ’- 
[see VII §30 (6)] 

Nonhomogeneous inverses: 

(dx - md 3 - a)“ l = e m * i >+ ax dc l e- mxi '- ax 

— lg(x— w) (mds-ra) 


s j* X g(z—u)(md 2 +a>Qfru 


(di — mdz — a) p 

= eJ -lmd 1 -fa)^ 1 -p e -x(md 2 -ra) 

jj— pg(x— u)(.md*+a) 


__ J' X J" U ■ • ■ J' u e < " r ~ , ‘ >< md ' J+a 'Qdtt p 

-i4 n) ? „(i— m(mdi+»i 

= m (p _i)^ 

/ * (g ^) P ^.(g— nK»»l:rra>Q/b; 

(p ~ 1) ! 


(3) ] 

(4) 

(5) 

( 6 ) 

(9) 

( 10 ) 
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[(dl ~ “ e asd <dS + [VII 830 fmi 

= (jjl i 2 + p 2 )~ 1 e a( - x - u '> d 2 ^ ^ 

[(<ii — ad 2 ) 2 + /3 2 ]- 1 == (/X! 2 + B*)-p e a( x -u) d 2 
(rfi — a) 2 + (d 2 — /J)- 1 ^2) 

= e°*+f>y(dS + dtf-'e-^+M m 

= {pi~ + J U2 2 ) -1 e“ (:c- “l)+/S(!'-U2) ' 

Homogeneous operations on zero: rim s,,, 

dr 1 • 0 = 0(2/) lvu » 31 J 

^ 2 -1 • 0 = f(x) 

n — 1 

dr n ■ 0 = 2 ) \x k <t> k {y ) 

i = 0 

n— 1 

d2 ~"-o = (*) 

k = 0 

dr m d 2 ~ n • 0 

»-l n — 1 


= (cos #rd 2 ) 


r p i 

2,.^u( 2/) + (sin fixdO I 

J L*-i J 


L 1 

m - a d % y + /s 2 d 2 2]-i . o 

= e axd *(di 2 + p*d , 2 )- J • 0 

[see VII §31 (7)J 

= e c,xd *(di 2 + /3 2 d 2 2 )-r • o 

[see YII §31 (8)] 


( 2 ) 

(3) 


’% xk( t>k(y) + ^£,y k fk{x) 

, *=0 i=o 

(4) 

(“! ~ « d2 ) _1 • 0 = + ax) 

P-1 

(5) 

(rfi — ack) - * • 0 = ^x k d>iy - f a#) 

i = 0 


A, 

U (dx - 0=2) My + ct k x) 

k—1 h—\ 

(6) 

(di 2 + /3 2 d 2 2 )-i • 0 


= 4>i(y + i/3: x) + «£ 2 (y _ *£*) 

m\ 

tt* + + <si " W,) * !W 

P-1 

\V 

= ^a:*[0u(y + i#c) + ^(z/ - z^)] 
fc = 0 

( 8 ) 


( 9 ) 



§ 58 ] 


APPENDIX II 


261 


JjKdx - a k d * ) 2 + i SMS}- 1 ■ 0 

k= 1 


= + AW)" 1 • 0 [YII §31 (10)] 

k— 1 

[see VII §31 (7)] 

- a k d 2 y- + &W]-** ■ o 


0 


= 2) ]>v^(^i 2 + ft 2 d 2 2 )-> 

k j —l 

[see VII §31 (8)] 

Nonhomogeneous operations on zero: 

(a) (di — md 2 — a) -1 • 0 = e l(mi!+a ) c ^ 1 -i . o 

[see VII §31 (2)] 

(b) (di — mdi — a)~ p • 0 = e x(md ^dr p ■ 0 

[see VII §31 (3)] 

(c) [(d x - ad 2 ) 2 + pt 1 • o 

m e“^(di 2 + (3 2 ) -1 • 0 

[see VII §31 (5)] 


(d) [(d t - ad 2 y- + p*]-r • 0 

= e axi °-(di 2 + /3 2 )- ? • 0 
[see VII §31 (8)] 
(< e ) [(di - a) 2 + (dt - P) 2 }- 1 • 0 

= e ax+fiv (d 1 2 + ds 2 )- 1 • 0 
[see VII §31 (7)] 
(/) [(di - <*) 2 + (di - /3) 2 ]- p • 0 

= d 2 2 )~P - 0 

[see VII §31 (8)] 

Homogeneous operations on unity: 


x p yP 

dr* • l = dr * ' l = 

p! p! 

(di — ad 2 ) -1 • 1 = — — az) 

(di — ^ 2 ) p • 1 — ^2aj p pfo ~~ aX ^ P 

m w 

XI (di - a^)- 1 • 1 = Xd^ (v ” akX) 
-1* *=1 fc 


( 11 ) 

( 12 ) 


( 1 ) 

(3) 

(4) 


( 5 ) 
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]J(di — OLkd i )~n -1 = 1 

i._i z\ 


+ U (-« k ) p *y‘ 


*=i 


2 = ftp* 

(di +pd 2 ) 1 = 2^(2^[r >m + (ftf)*"] [VII §32 (7)] 

[(^i - ad 2 ) 2 + d‘ 2 d 2 2 ]~ m • i W 

= 1 

2 (“M r 7 i p r (2TO)!^ 2m + (“ 2 + i3 2 ) m z 2m ] 

— a^ 2 ) 2 + • 1 

k — l 

2_ n(vw^ b “” + + A ’ ) * 1 

A- 1 

The single partial L.D.E. with C.C.: 


^ ' * = /(*, 2/) + 0 
y F (di, d 2 ) -/(*, ^ ^ . 0 

Systems of P.D.E. with C.C 

m 

d 2 ) * zj — Xi(x, y ) i — i 2 . . 

y = i } > 

Theorem I: | d a ) | ■ F = 0 
Characteristic equation | F,,^, <f,) | = 0 
Theorem II: z, = fn(d h d 2 ) • F 

8 + V = p ■ q 

Cramer’s rule:,, = | Fi ,{d u d 2 ) |-. . K . 


[VIII §36] 


(1) 


I §37] 


m 


(4) 

(5) 

(8) 

( 10 ) 


, rxi > I a j rim 

di 1 * / 0d*« + y = i2.. rTV . (10) 

J ^ ’ >n [IX §38 (i)] 

Fundamental theorems in a variables : |lx ^ 

I- F{di)e^ ix ^ =5 _j_ djfil 

L 1 dXi J 
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II. e^f(xi) a / 


Xi + 


d<f> 

ddi 


g4>(di) 


III. F(ir ) • 0 m = 0 m • F(ir + m) 


IV. Fk(di)4>(ir) = J? t (Oi)^»(T) 



i=l 


V. F(di) = 




F(g,-) 



•F(ffO 


ex p\ X(Xp-)dt F(Psi) 

_ % — I \ J = 1 

The noncommutative operator & xD [X 

D -’S *‘i 

# = /'[<£(*)] • D, X = /(«), 3 = <Kz) 

( 5 ) + l 

Fundamental theorems: 

I-VL For each set in (x, D), 

a similar set in (z, #) 

i 

VII. # n = ^A k x*D k 

k — 7l 

n - 1 1 

VIII. ®»D» = JJ («?-«) = ^B h $ k 

«=0 k-n 

IX. F(&)x m = + m) 

X. F(tf) • <f>(x) * SF! [i?(WW ' *(*>*>* 

& = C) 

Stirling numbers: [X 

fflm+l, 4+1 = (m — k + l)&m4 + ®m, 4+1 _ 

Um+1, 4+1 “WMml + Ujtt,4+1 

e M -/Or) = f(xe k ) 


( 1 ) 

(3) 

( 6 ) 


(7) 

( 13 ) 
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Fundamental theorems for solutions in series of 
linear differential equations: [XI §45] 

I. <t>-F = l 


i = 2 >», f - 

k k 

k 

^ fifa-i ~ 0 

t=0 




0 1 00 • 

fa 01 00 • 

03 02 01 00 


( 2 ) 


0i 04- 1 

III. Max Mason’s theorem: 


} = 9 + S-f, 
(1 ~S)f = g. 


IV. Boole’s theorem: 


%ft( #)e h ■ u = 0 

4=0 



for any i 
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§59. Historical Note. 1 

The name “symbolic calculus” is given to those operations in 
the differential and integral calculus and in differential equations 
which are indicated by the use of letters whose combinations fol- 
low certain of the laws of algebra. Robert Carmichael and 
others call them the “calculus of operations Salvatore Pincherle 
speaks of them under the name “functional operations”; and 
George Boole uses them in his book on differential equations 
under the title “symbolic methods”; while Salvatore Pincherle 
also calls them the “distributive operation.” 

The historical development of these operations or methods is 
very interesting and seems worthy of being set down in Englis h- 
There are two foreign sources and two British where the main 
outline of what follows may be secured, but they are either not 
readily available or out of print, and moreover they are not 
complete or entirely accurate. 

All the methods of the symbolic calculus appear to have origi- 
nated from the symbol by which G. A. Leibnitz represented the 
operation of differentiation, viz., d, dr, d 3 , etc. He first recognized 
an analogy between the successive differential terms of Taylor’s 
series and the terms of a binomial expansion. Under date of 
May 16, 1695, we find him writing to Jean Bernoulli as follows: 

Multa adhuc in istis summerum & differentiarum progressionibus 
latent, quae paulatim prodibunt. Ita notabilis est consensus inter 
numeros potestam a binomio & differentiarum rectanguli; & puto 
nescio quid arcani subesse. 

To this under date of June 18 Bernoulli replied: 

Nihil elegantius est quam consensus quem observasti inter numeros 
potestam a binomio & differentiarum rectangulo; haud dubie aliquid 
arcani subest. 2 

1 From an article by the author on “Symbolic Calculus” in the 1 \ ashing- 
ton University Studies, sd. ser., 12 , No. 2 (1925), 137-141. 

2 (G. A. L. to J. B.) Many things thus far lurking in these summations 
and progressive differentials will gradually come forth. Thus notably 13 

265 
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They, as well as J. L. Lagrange, A. M. Lorgna, and J. Ph. 
Gruson, entered heartily into the discussion about this analogy, 
but it was reserved for L. F. A. Arbogast, who was then professor 
of mathematics at the University of Strasbourg, in the year 1800 
to suggest the “ method of the separation of the chain of opera- 
tions” from the thing operated upon and to substitute a capital 
D for the little d of Leibnitz. He says: 

J’applique aux differentielles, aux derivdes g6nerales, aux relations 
entre les diffdrdntielles et les differences (finies), une mdthode de calcul 
qu’on peut nommer methode de separation des echelles d’ operation: 
elle donne le moyen de presenter sous une forme tres simple des formules 
compliquees et de parvenir avec une extreme facilite a des resultats 
importans. Consider^ gen6ralement, cette m6thode consiste a detacher 
de la fonction des variables, lorsque cela est possible, les signes d’opera- 
tion qui affectent cette fonction, et a traiter P expression form6e de ces 
signes m£les avec des quantites quelconques expression que j’ai nom6e 
echelle d’ operations, a la traiter, dis-je, tout de meme que si les signes 
d’opdrations qui y entrent dtoient des quantity ; puis a multiplier le 
r^sultat par la fonction. ‘Preface’. 

And again: 

En d6signant par D P operation qu’l faut faire sur F a pour en d^duire 
6, il est clair qu’on aura b = DFa, c — D • DFa = D 2 Fa, d = D z Fa, etc. 

x 2 + 

peut aussi s’exprimer de cette mani&re: 

DFa D 2 Fa 

F(a + x) = Fa + + ~ ~ ~'X 2 + etc. [page 2] 

Of Arbogast’s work we have appraisal by Samuel Roberts, in 
which he says: 

The work of Arbogast ... is so remarkable for the generality and 
power of its processes, and for the distinct expression of the fundamental 
principle of the calculus of operations, a method nonexistent at that 

the agreement between the power numbers of the binomial and the differ- 
entials, and I believe I do not know what is hidden there. 

(J. B. to G. A. L.) Nothing is more elegant than the agreement which 
you have observed between the power numbers of the binomial and the 
differentials; without doubt there is something hidden m it. 


Ainsi la s6rie prec6dente |V(a + x) = a + bx ■ 
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time in any systematized form, that it seems right still to connect his 
name with the general subject of development. 

It appears to me that the distinguishing feature ... is the substitu- 
tion of an operation on one set of letters (or quantities symbolized by 
them) for an equivalent operation on another set of letters (or quantities 
symbolized by them). This is the doctrine of equivalent operators. 

Arbogast did not successfully and correctly actually separate 
the symbols of operation from the variable, but this was done by 
his son-in-law M. J. F. Frangais, in 1811, and also a year later 
by F. Servois, who Gregory incorrectly says was the first to do 
it. Witness the actual example by which M. Frangais illustrated 
this separation: For 

a * F(x, y) + b * F(x, y) + • ■ • = (a + b + c + • * • )F(x, y) [he put] 
fM b, c • • • )F(x, y) + Ma, 6, c * * • )F(z, ?)+••• = (/i +/•> + 

• ■ * )F{x, y). 

This practically closes the first period, the origin of the sym- 
bolic calculus, for it is worthy of note that so far as the symbolic 
character of the operations is concerned nothing extensive further 
appears in the French journals for many years; and although 
the theory of linear differential equations and that of finite 
differences have profited immensely by the later developments, 
the French seem to have ignored the symbolic method almost* 
entirely. Of this attitude D. F. Gregory says: 

Fourier, in his “Traitd de Chaleur,” published in 1822, has shown that 
the series which are obtained in the solution of several partial differential 
equations may be conveniently expressed by the separation of symbols 
of operation from those of quantity. . . . Other French writers seem 
to have avoided carefully entering at all on the track which Fourier 
opened. . . . 

Mr. Greatheed, in a paper published in the number of the Philosophical 
Magazine for September, 1837, was, I believe, the first to call the atten- 
tion of mathematicians to the utility of this method in the case of 
partial differential equations, but he had not then reduced it to its. 
greatest degree of simplicity. 

The second period was ushered in by Greatheed with the 
article mentioned above by Gregory. Three distinct' lines of 
development have to be noted — that leading to the theory of 
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finite differences, that to fractional or general differentiation (or 
rather, to the use of symbolic methods in fractional differentiation 
for it was Liouville who originated that subject), and that to 
symbolic methods in the calculus and in differential equations. 
It is particularly with respect to the two latter that my study 
has been made, and I am neglecting entirely the development of 
finite differences. Papers appeared rapidly between 1836 and 
1860, and a complete body of theory was built up. Two text- 
books embodying it were in print by 1860 — one by Robert 
Carmichael, and one by George Boole, with pretty nearly all the 
theorems in the shape that we now have them. In 1866, G. S. 
Carr published his “Synopsis of Elementary Results in Pure 
Mathematics,” in which he listed under symbolic methods, all 
the theorems by all the writers prior to that date on that subject 
but not disclosing to whom each was to be credited. Up to the 
end of the century more than one hundred papers had appeared. 
It is not my. purpose in this section to analyze the contributions 
made by each writer. I wish, however, to note briefly those who 
made the largest contributions. 

As will be seen from the bibliography, D. F. Gregory, Robert 
Carmichael, and George Boole wrote the largest number of, and 
the most voluminous, papers, and each is credited with a text- 
book. Other distinguished names are Arthur Cayley, J. J. 
Sylvester, Augustus De Morgan, J. W. L. Glaisher, Oliver 
Heaviside, and George Chrystal. The last two names deserve 
special mention because of the epoch-making character of their 
work. 

In 1892-1898, there appeared in the Electrician , of London, 
Oliver Heaviside's applications of the calculus of operations 
to electromagnetic problems. These are peculiarly interesting 
for the boldness and freedom with which he uses the symbolic 
methods and fractional differentiation and the remarkable 
practical results that he obtained. It appears, however, that 
he was either not aware of the complete body of theory on this 
subject which had been in existence more than twenty years 
before he wrote or he drew freely, though inadequately, upon it 
and gave no one credit. That he drew inadequately seems to be 
true, for we find him complaining bitterly of the severe criticism 
of his lack of rigor by the mathematicians of his day. 
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In 1897, George Chrystal tried to remedy some of the defects 
of the theory, especially as regards the equivalence of systems 
of ordinary linear differential equations. His paper closes the 
second period in the development of the subject. 

The third period I should call that of the practical application 
of the operational theory by a wide group of electrical engineers. 
The “Heaviside method” became the rage. Many hastened to 
“explain” his “shifting theorem” and his “exp ansi on theorem.” 
Quite a number of papers appeared during the years 1910 and 
1925 on the “Heaviside operational calculus.” A significant 
feature of these papers was the lack of a full bibliography of the 
subject. Prominent in this were John R. Carson, Louis Cohen, 
E. J. Berg, H. W. March, W. O. Pennell, and J. J. Smith. This 
period ended with the publication of three books, viz., those of 
John R. Carson in 1926 and of E. J. Berg and Vannevar Bush each 
in 1929. 

The last decade has seen the entry of the mathematicians into 
the field of the exegesis of operational methods. Harold Jeffries 
with his “Operational Methods in Mathematical Physics,” 
Cambridge, 1927; Paul Levy, “Le Calcul Symbolique D’Heavi- 
side,” 1926, F. D. Murnaghan in 1927 and 1928; Norbert Wiener, 
1926, Burchnall and Chaundy, H- Bateman, J. V. Neumann, 
H. S. Carslaw, E. L. Post, H. T. Davis, and others have endeav- 
ored to call attention to the necessity of rigor in the use of the 
operational or “symbolic calculus,” with more or less success. 

The difficulty has seemed to the author to be the general lack 
of knowledge of what the literature has to offer and the correla- 
tion and extension of that large body of information and basic 
work. 

This text has aimed to bring that basic work into the open, 
elucidate it in as simple a manner as possible, fill in the gaps, and 
extend it to as wide a field of application as possible. A large 
part of this text is new. The examples have been drawn from 
many fields. It, however, is but a beginning, and it is the author’s 
hope that the whole subject will eventually become of considerable 
use to all workers in the field of applied mathematics. Below 
is given a complete bibliographical list of all papers and works 
on operational methods and applications from their beginnings 
in 1765 to date. 
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Since this text is based on the work already in the literature 
from 1800 to 1900, it is only just that the fundamental theorems 
of the originators of the methods should be exhibited here. 
This is the more necessary because their work shows the opera- 
tional method in its virgin purity, entirely uncontaminated by 
modern fads; and to understand the method properly its study 
should be free from the nonoperational or pseudo-operational 
methods employed in prior texts and in higher mechanics. The 
following three sections are abstracts of the work of three 
distinguished men, Robert Murphy, George Boole, and Charles 
Graves, whose work still can be drawn upon for further develop- 
ments in operational method beyond even the limits of this text. 
The careful reading of these sections by the student is 
recommended. 

§60. Theorems of Robert Murphy. 

This section follows very closely some of the work done by 
Robert Murphy in his First Memoir on the Theory of Analytical 
Operations, Phil. Trans. London (1837), pp. 179-210. The 
notation has been modernized, and the arrangement has been 
changed to become consistent with the rest of this text. Addi- 
tions and simplifications have been made wherever possible. 
The section, however, is Murphy's and no modern analysis has 
in any way altered the fundamental validity of his work. 

(1) Linear operators are distributive: 

p(a + h) = p * a + p • b 
Pi /(*) + <i> (*)] = /(* + A) + 4>(x + h) 

= P */(:r) + p • <t>(x) 

(2) Polynomials, compounds, or any function of linear 
operators are linear and thus distributive: 

(D + d)(X + R) = (D + d) X + (I) + d)R 
D • A(X + R) = D * A • X + D • A • R 

(3) The composition of polynomial operators is affected as in 
algebraic multiplication; but when noncommutative, order must 
be preserved. 

If A, B , H, and K are linear operators, then 

(A + B)(H + K) = (A + B)H + (A + B)K 
ss AH + BH + AK + BK 
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(A + BY = (A + B)(A + B) 

= (A + B)A + (A + B)B , 
= A 2 + BA + AB + B~, if 
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but 


if 


AB jk BA 
AB = BA 


A 2 + 2AB + B'\ 

(A + BY 

= (A + B)(A + B)(A + B) 

= (A 2 + AB + BA + B 2 )(A + B) 
s A 3 + ABA + BA 2 + B 2 A + A 2 B + AB 2 + BAB + B 3 


Placing 

BA C2) = A 2 B + ABA + BA 2 


and 

] g(2>A = AB 2 + BAB + B 2 A 


we obtain 

(A + BY - 

A 3 + BA (2) + B (2, A + B 3 , 

when 

AB # BA 

but 

A 3 + 3A 2 B + 3AB 2 + B 3 , 

when 

AB = BA 

And in general, similarly, 



(A + BY 

= ^ B (n-i) • A w , 

k = n 

when 

AB # BA 


0 

= A", 

when 

AB = BA 


k = n 


n\ 


where n C k = _ k)\k\ 

(4) From (3) we can immediately obtain expansions of two 

+«-*>• ““ setti,,g 

^ s A + 1, we shall have 

* ■/(*) = (a + 1)/(*) = A ' ^ 

= /(x + fc) - /(*) + /(*) - + ^ 

which defines 
b. Then 

A = \p — 1 
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A" = (vi- — l)" 

0 

— 2) ( — l) n ~ A * • n C k • \p k } since ^*1 = 1 • ^ 

k = n 

c. \J/ = A -f- 1 

i^ n = (A + 1)» 

— 2) since A • 1 == 1 • A 

k = 0 

d. Operating on /(x) by \p n } 

n 

r ■ fix) = 2 X* • A* • /Or) = fix + nA) 

it =*0 

[Taylor’s th. for finite differences] 

e. In (d) put nh = k; we have 


fix + k) — ^ k/h C { ■ A 1 • f(x) 


i = 0 


= x* 0 * • 


But 


i = 0 


*Y 

hi 


fix) 


T — T u z d 

*~ih * ~ ^~h = di' u = D - u ’ 


h-i 0 


h-+Q 


which applied here, together with letting n -> oc with nh = k 
a constant, gives 


/(* + *) = t^-fix) 

i = 0 

[Taylor’s th. for the differential calculus] 

/. We can easily derive what other forms the operators ^ and A 
must have from the foregoing theorem. Let h = k, and omit the 
subject: 


i m ■ e hD 


i = 0 
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X = rp - 1 = e hD 1 = y £ / ^D < 

1=1 

(5) Immediately are dedueible some of the properties of 

a. e hD ■ e kD = e ih+k)D^ since h , k, and 7) are commutative 

-yj- —tHl; 

b . j I e Hk = ek H k linear operators 

k 

c. Applying these to the subjects /(j, y) and 

fix i, x 2 , .r 3 • • * ) s /(.r t ), 
respectively, we shall have 

e hdi+kd« . y ) _ y( x -f- A ? ~h k ) [Taylor’s th. for two variables] 

~hidi 

e* ' fUi) — f(xi + hi) [Taylor’s th. for many variables] 

(6) Inverse operations lead to the introduction of an appendage , 
which when operations are linear must be annexed to the result 
to give it the most general value to which it is susceptible, for 
the inverses of such operators are themselves linear. 

With H(X +P) = H * X + H • P 
set 

H • X = Xi, II • P = P a 

Then 

H-KX 1 + P i) = tf~ l * X! + H • Pl 

showing the linearity of J5T" 1 . Now, suppose the nature of H to 
be such that H * P = 0. Then if 

HX = y 
H {X + P) = y ■ 

Hence 

H-'-y = X+P 

Rather 

tf-iQ/ + 0) - H~ x y + ff’ 1 - 0 

The appendage therefore in a linear operation is the result of ros 
action on zero. P will express a form, but its magnitude must be 
susceptible of an infinity of values; i.e., it contains arbitrary 
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constants which enter as multipliers, for if A is such a constant 
then, in general, 

H • A • P = A • H • P 
and if P = 0, we have 

H-[A-0]=A-[H- 0] 

Therefore, whatever particular value may be assigned to H • 0 
a more comprehensive value is attained by its arbitrary multipli- 
cation by A. 

A is a multiplier when X = X(x), but it admits of more 
extended forms in case of several variables. Thus: 

$&) * f(y ) = f(y), * or e hd 1 -f(y) = f(y) 

A (x) ■ f(y ) = 0, or ( e hd ‘ - 1) -f(y) = f(y) - f( y ) = 0 

Then if Z is any function of x, and P any particular value of 
A -1 (#) • X, we shall have, more generally, 

A ~Kx) ■ X = P + f{y) 
or 

A-'(z) • l<Kx) + 0] = P +f(y) 
which includes the former. 

(7) In compound operations, the appendage obtained by the 
first simple operation becomes a new subject for the succeeding 
operations, each of which may in like manner introduce a new 
appendage. Thus: 

D~ s ■ 0 = D _2 [D _1 • 0] 

= D- 2 [<7 2 ] = D-'[D-'C 2 ] 

= D-i[Czx + Ci] 

= D~'C 2 x + D-'Ci 

— Cix + Co 

(8) We give the derivation of two types of appendage and 
simply state others. 

a. If D- 1 ■ 0 = 4>{x) 
then 


and 


D ■ cj>(x ) = 0 
D n ■ 4>(x) = 0 
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so that 

4>(x -f ' h) — 4>(x) -j- h I) • 4>(x) -f- • <j>(.x) 

= 4>(x) 

Setting h = —x, we have 

4>( 0) = 4>{x) 

or 4>(x) is constant relative to x. Therefore, if C* be any arbitrary- 
quantity independent of x we have 

D~ l • 0 = C k 

D~~ - 0 = Ck'x T" Ci ; — i 

D~ n -0 X Ci ’ x * 

k — n — 1 

b. It is easy to see that </dy) = e hdi taken directly or inde- 
pendently is incapable of introducing any appendage, for if 

*-Kx) ■ 0 = 4>{x) 

Xp(x) ■ <j>(x) = 0 = 4>{x + h ) 

4>{x) = 0 
if/~ n {x) -0=0 

n — 1 

0- • o = (log x) k 

k = Q 

dr 1 -0 = <j>(y) 

n - 1 

dr” • .0 = • (f> k (y ) 

£ = 0 

(9) When the simple operators of a compound one are rela- 
tively commutative, their order of performance is indifferent; 
but when noncommutative, a transmutation of place (or change 
in order of performance) requires an alteration in the operators 
themselves. This is clearly seen from the following theorems. 

(10) If I, K, and H are operators connected by the relation 


then 

i.e., 

Therefore 

(c) 

(d) 

(e) 


IK^Hl 


(I) 
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then 

I ■ K n = H" ■ I (II) 

• I ■ K- = H— ■ I (III) 

I-f(K) -/(//)•/ (IV) 

For, by operating on the right of (I) by 7 _1 , we have 

(a) I - K - I~ l = H * I • I~ l 

S H 

This is simply equivalent to supplying a subject I~ x • S for the 
identical operators of (I), using the identity I • I~ r = 1, and 
then abstracting the operators. Now, on (a) operate on the left 
by H, and substitute H • I for I ■ K, obtaining 

(i b ) I • K 2 = H 2 ‘ I 

Similarly, in general, 

(c) I - K n = H n - 1 

Upon (c) operate on the left by H~ n , and on the right by K~ n , 
with H~ n H n = K~ n K n = 1 ; we obtain 

(d) I ’ K~ n = • / 


With (c) and (d), by taking various values of n, multiplying by 
the constants a n , and adding, we easily find that 


M WOO =/(H)-r 


(11) Thus if / and Z£ are known, we can obtain ZZ. A very 
interesting theorem can at once be derived. 

a. With K = D, I = e p(T) in IK- I~ l = H, and subject S, 
we have 


But 


e P(x) . D . e -P (x) . S = H . S 


D • • S = *£>•£ + S(-P'(x))e- p <*> 

= - P'(x)] • 5 

so that 


and 


D - P'(x) = H 

e p(x) ’f(D) s/[D - P'fs)] ■ «**> 


(V) 
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b. Setting P(x) = ax in (V), we have 

e ax ■ f(D) = f(D - a)e?** 

(12) Again, with a subject S = fix, y ), K = Di, and I = e 
defined by the equation 

/•/Or, y ) =f[x,y + 4>'(x)] 


should have 


H ■ S = / (X) * • Di • e • S 


~^ x) Ty . $ = e“* W * • Di ■ S + « d!/ • S 


d -£(*b 


r* (I) ^ • [dx - ^(*)^] • s 


whence 


H = D — <S>'(x) Ty 


= /[di - (x)d 2 ] • c* ( * 5<i * 


where 


7 -/(di) =/[di - ^Wd 2 ] •/ 

(13) The same method for many variables will give the form 

(VII) 


where / = e^ x)di , 

3 7 _ 3 

and di = ^> ai “ dy 4 

• k - — « ■ " .rs sr s 

prior to its appearance in Jleavisiae s papeis 
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(14) Examples of the use of the foregoing: 

(a) D - a = e? x • D • e~ a * 

(&) (Z> - a)- 1 s e ax ■ ■ e~ a * 

n - 1 7i - 1 

(c) JJ (Z> - ah') = JJ • D ■ e~ ahz 

« = 0 « = o 

(d) (a + WW = /[-r + log (a + *0] 

71-1 

(e) JJ(D - a)e" z m {De*y 

a = 0 

(15) Thus when / and are given, tf may generally be found, 
but it seemed to Murphy more difficult to discover I when K 
and H are known. The latter problem was more easily solved 
by analysis developed by George Boole and Charles Graves, 
each from a different fundamental assumption, and given in the 
following sections. 

§61. Theorems of George Boole. 

For his paper entitled On a General Method in Analysis, 
Phil Trans. London (1844), pp. 225-283, George Boole was 
awarded one of the Royal Society's gold medals in that year. 
That paper was influenced by the criticism of David F. Gregory, 
the editor of the Cambridge Mathematical Journal , who most 
generously sent it to the Royal Society as more worthy of being 
published by them than by him. It illustrates the genius of 
Boole for digging down to fundamentals, which later showed up 
so brilliantly in his work on symbolic logic. 

(1) Boole develops the elementary theory of operations from 
a single operation defined as follows: With p and tt distributive 
operators and X a functional symbol operating on tt in such mam 
ner as X */( r) = /[<#>(7r)], Boole writes 

P • /(tt) = X • fir) ■ p (1) 

Then 

p 2 • /M = k 2 ■ fW • p 2 

p“ -/W = X“ ’/Wp" 

(2) Let us expand /(ir + p) in ascending powers of p. 

Set 


( 2 ) 
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Then 

Since v is linear, 
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or 


/(tt + p) = /( 17) 

v ■/(’?) = /O?) ■ n 

(tt + p) ' /(«■ + P) = /( x + P) ' Or + p) 

Now, assuming 

/(tt + p) = ^ /«W • p " 1 

ill 

Then 

(ir + p) ' /( lr + p) = (tt + p) ' ^ fm(ir) ■ p m 

m 

~ ^ ’ X * p m + p * x * p m 

m m 

= • /«0 r ) ' p” + ■ /»W ■ p” ■ 

m in 

= %T ■ fmW ■ P m + X X • /«W ' P m+1 ( 3 ) 

m m 

Also, 

/(it + p) • (it + p) =5) f m ^ pm d~ p) 

711 

= ^ /mW'p" ‘ ^ + 5 ) fm(ir)p m ' P 
m m 

= 2) /«to*"*P“ + 2) /™WP m+l ( 4 ) 

m 4 1/1 

Equating coefficients of p m in (3) and (4) we have 

/ m (x) • X m x -f- /m— i(ir) = ’ ir /»»( 7r ) d - ^ '/*-iW 

from which 

- , s _ (X - 1 ) -/m-ipr) 

JrnW (\ m — 1) • 7T 

, 1 \ — ^ (\ — f) ‘/m-l(x) > 

/(ir + p) = 2 , (X" - 1 ) ' v P 


whence 
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The first term is /o(x), or rather K ■ / 0 (x). By using 

/(w + p) = + p, 

we can see that K = 1, and/ 0 (x) = /(x) 

Now, if 

P -/(x) = /(x + Ax) • p 

i.e., 

X -/(x) = /(x + Ax) 

we shall have 

(X — l)/ ro _l(x) = — /m_l(x) 

= + Ax) — / m _j(x) 

= A/ m _i (x ) 

(X OT - l)x s X”* • x - x 

= X + mAx — 7 r 

= ?ttAx 


And 


/(t + p) “ (i) 

m \ / 


(3) If in (I) Ax > 0, then J_j — — — > p and x become com- 

A7T—^0 

mutative, and (I) becomes 

/(x + p) = /(x) • P m [Taylor’s th.] 

(4) If x = x and p = e ,I) ^where D = then x and e rD 
combine according to 

e rD f(x) = f{x + r) • e D 
for, with a subject Six), we have 

e rD f(x) ■ S(x) = fix + r ) • S(x + r ) 

= /(* + r)e rD S(x) 

Abstracting the subject, we have the theorem. 


(5) If x V£ 5 and _ r i> 

/yt " 
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then 


np — x 


for 


and e rD combine according to the theorem 

p •/(*) = /(*- - 1) • p 


• s - /( ” - ( * + r) )y . S 




1 )e rD S 


= /(, r - l)e rB S 

whence the theorem by abstraction. 

(6) If x s and p = xe rD 


Then 

for 


P • /W S /(ir - 1) • p 


p */(x) = x ■ e rD ■ f\ 


(^) 






p - (s + r) 


x ■ e r ‘ 


= /(»- 1) • P 


By induction, 
Also, . 


P m ' /W = /(’r — m) • p” 

p •/(«■ + 1) — /O) • p 


P m •/(«■ + m) = /(x) • P" 

(7) Expand /(x + m) by Taylor’s theorem: 

/(x + m) S /(m) + /'(m) • x + • x 2 + 


with a subject S = 1, 


1 = 


xe 


,rD __ 


-1 = 


x — X 


= 0 


(II) 


x n • 1 = 0 
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so that 


and 

p m ■ f(ir + m) ■ 1 = p»> -/(m) 


/(tt) • p“ ■ 1 = p m ■ f(j -j- . ' 


= p m ■ f(m) ■ 1 

By abstraction, 

= f(m) ■ p m ■ 1 


f{ir) ■ p m = /( W ) • pm 

(8) If T = — 

ai vl p s x • e rD , 

then 

p-i.x_p-i.P-*^ 1 -P- 1 

But 

T 

III 

T 

Q. 

Thus 

= e rD • x~ l ■ x = e^- 0 


„_i 1 — e~ 

P ‘ 7T = 


(p 1 ‘ t)» b ~\ 

Again, 

(p-x. T )(p-i. T) 

~ P 2 (tT — 1)tT = p -2 ■ tj-(w — 1) 

(r 1 ■ t)» » p-» • x(x - i)V - 2) • •' • V - („ _ i)] 

so that we shall have 


(p 1 • 7r) n = 




- 

~ / 



= p 




• (tt - l)(x - 2) • ■ • [x - (n - 1)] 
= 5 t(tt — l)(x - 2) • • • [x — (n — 1)] 


But 


p 5£ 

p 2 = * • e ri> . x . e rD = 3.(3. _J_ r ^ 2ri) 

p” = x ■ (x + r) (x + 2r) • • • [ z + ( n + l) r ]e nrD 
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We then have 

x(x + r) (as + 2r) •••[* + (» - 

= tt(i r — l)(ir — 2) • ’ ' [7T — (n — 1)] 



And as 



we 


shall have 


n-l n-1 / rU __ A n 

n (» - a) = n> + — f — ) 


ct = 0 


which with e f 1 = ^ gives the theorem 


n-l 1 / a \ 71 

n> - «) - nc* + ar) w (IV) 

x = 0 a==0 

(9) Since L ^ = D > and with * = e ‘ s p and * m Jz ~ 


Ax — > 0 


we shall have the following theorems: 

/(#) • e” = e m =/(i? + m 'y 

f(&) ■ e mz -1 =/(»»)• e“ 

n — 1 

JJ(t? - a) = x n D" 


(V) 

(VI) 

(VII) 


a = 0 


The rest of the earlier work of Boole desls with ‘ h » 
theorems of operators which aid in the solution 

equations. 

§62. Theorems of Charles Graves. 

Charles Graves was the Erasmus Smith Pro >essor o a 

matics at Dublin University from 1843 to 1862 and Bis p 
Limlrick from 1866 to his death. The simplicity and power of 


* See footnote to §61 (11)6. 
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his mind are well attested by the following beautiful develop- 
ments, covered in his paper printed in the Proceedings of the 
Royal Irish Academy for 1853-1857, pp. 144-152. It is well to 
quote the first two paragraphs from his paper. 

(1) Letir and p be two distributive symbols of operation, which com- 
bine according to the law expressed by the equation 

p -7T = 7T ' p + a (1) 

a being a constant or, at least, a symbol of distributive operation com- 
mutative with both 7 r and p. 

(2) In this fundamental equation, if we change ir into p and p into — tv 
it [is unchanged]. From this it follows that in any symbolic equation 

p) = 0 (2) 

which has been directly deduced from the fundamental equation (1), 
without any further assumption as to the nature of the operations 
denoted by 7 r and p, we may [deduce the correlative equation] 

4>(p, - tt) = 0 (3) 

for this latter will be deducible from the primitive by the same processes. 

(3) With p • 7r = 7r ■ p + a, 
then 

p • 7T 2 = 7T • p ' 7T + aiT 

= tt(tt • p + a) + air 

== 7r 2 • p + 2anr 
p • 7T 3 = 7T 3 ’ p + 3a7T 2 


and 


P * 7T n S T n • p + 7&a7T n 1 (4) 

[for n any positive integer] 

(4) Again, p • 7r = x * p -f a. 



T 1 * p * 7T * 7T 1 = 7T X (7rp + 


7T' 1 ■ P = pTT ~ 1 + a7T“ 2 

or 

P7T” 1 =5 7T~"^p — a7T~ 2 

Then 



p7T 2 = 7T~ 2 ■ p — 2a7r~ 3 , 
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p . T ~n == T ~n p __ anir ~n - 1 

Thus Eq. (4) holds good for any integral value of ft, positive 
or negative. 

(5) Using Eq. (4) with various values of n and multiplying 
by appropriate constants, we have 

do p — P 

di p7T ss Tp 4 a (1) 

<22 p7T 2 = 7T 2 p 4 2ax 
a3 p7T 3 s= 7T S p + 3a4 


<2 n pTT n = 7T 1l p + ft^T 71 1 

Adding, 

P * 0(tt) = (f>( tt) ■ P 4 a<t>' (tt) (5) 

(6) With equation (5), 

p * cf> ( tt) S 0(4) * p 4 a<f>'(7r) 
p 2 • </>( 7 r) s [p • ^>(tt)] * p + ap • 0'(?r) 

= [<^(7r) * p + + nf^Mp + a<t> r/ (ir)] 

(£>(i r) * p 2 4 a4>'(ir) • 2 p 4 

p 3 • 0 ( 71 -) = [p0(4)]p 2 4* cl[p * < # >/ ( 7r )]2p + a 2 [p0"W] 
s [^W * p 4 a# W]p 2 

4 a[<^'(x) * p + a0"(ir)]2p 

4 aV'Wp 4- 

= 0(7r)p 3 4- aft M ’ 3p 2 4“ a 2 <i>"(ir)3p + <2 3 0 7// (t) 

== 0(4) * p 3 4- a(j> r (r) * 3p 2 4 • 6p 4 g-,0'"^) * 6 


p 4 • 0 (tt) 2= 0(71*) * p 4 4 a<j>' (ir)4:p z 

+ ^"(x)12p* 

+ !^'"(t)24 p 
+ j|^> ic (' j r)24 


Similarly, 
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And 

p n ■ = 4 >(t ) ■ p” + jj <f>' (ir)np n ~ l 

+ ^"(i)«(n - 1 )p»- 2 
+ ^'"W«(n - 1)(» - 2)p-* 

+ ( 6 ) 

Now, form the function 

iKp) — + 0>l p + a 2p 2 + * ’ * 

as well as 

ip (p) * = ^o^(tt) + aipcpiir) + a 2 p 2 0 ( tt) + * ■ • 

Substitute in the latter from the preceding equations, and obtain 

\Hp) ‘ * ^(p) + a&W ■ ^'(p) 

+ ■ ^"(p) 

+ 

+ -j0 (n) W * ^ Cm) (p) (7) 

+ * • ■ * 

(7) Two correlative theorems can be formed from Eqs. (5) 
and (7) by the use of Theorem (3), viz., 

TT • ^(p) ~ 1 J/(p) • 7 r — ai//(p) (8) 

<#>W * ’A(p) = ^(p) ‘ 4>M “ a^'(p) ' 0'W 

-^ (n, (p)-* (H) (x) (9) 

* For the study of noncommutative operators, this theorem is a very 
powerful one analogous to Taylor’s and Leibnitz’s theorems. 
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(8) If p — D and ir = x, Eq. (7) becomes 

<£(D) • 4>(x) = <j>(x) ■ \p(D) + a<t>'(x) ■ t'(D) 

+ ■ *"(D) 

+ 

+ ( 10 ) 

+ 

This theorem is an extension of Leibnitz’s theorem from which 
has been abstracted one of the functions, i.e., (a = 1). 

*(D) ■ 4>{x) ■ S{x) = *(*)[*(!>) • <&(*)] + 4>'(xW(D) ■ S(x)] 

+ ±*"{x)[r(j>) ■ s(x)] 


+ ^ M ix)[r(D) ■ s(*>i 
+ 

(9) Using Eq. (1) with p s= D and t = x, we have x and D 
combining according to the equation 

D * x = x ■ D + a (11) 

Directly from (11) we can obtain (10) and its correlative. 

(10) Another set of results of far-reaching importance can be 
obtained as follows: In Eq. (5), set 7r = e* M and a = 1, obtaining 


or 

giving 


p • • p + e* M • 0'(x) 

= e^ w [p + <t> f (w)] 
p -f- 4 >f (' 7r ) = g — * p * 


* Equation (10) was obtained in 1848 by C. J. Hargreave by the use of 
Leibnitz’s theorem; Phil. Trans. London (1848), 31-54. It can be written 
in the symbolical form. 

HD) • *(*) ^ • *(*) * (D) 

where D = and A s (10a) 
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from which by induction we have 

f[p + 4 >'{t)} = ■ f{p) ■ e* w (12) 

The correlative theorem is 

/[x + *'(/>)] = e* {p] 7(x) -e~* w (13) 

(11) In Eq. (13), set ir = a: and p = D, obtaining 

j[x + 4>'m s S w -Kx)‘<r*< D) (14) 

the correlative being 

/[D + *'(*)] /(D) (15) 

These last two equations are remarkable extensions of Taylor’s 
theorem. They will be found useful in the interpretation of 
symbolical expressions met with in the solution of differential 
equations. 

d d 

(12) By using operators ^ and Graves developed from 

Eq. (1) the following very general theorem which also applies to 
the study of differential equations. The method of induction 
only was used to derive it. 

/x i + ^j 7r 2 + ^~ = ./( T]j X2 ) • (i6) 

(13) It is evident that when Charles Graves gave up his 
professorship of mathematics for the bishopric, mathematics 
lost a powerful generalizing type of mind. This paper was his 
last. 
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